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Preface
This thesis has been written to partially fulfill the graduation requirements of
the Philosophiae Doctor (PhD) degree at the Department of Petroleum
Engineering, Faculty of Science and Technology, University of Stavanger,
Norway. I was engaged in writing this thesis from May to October 2017.
This research was conducted under the main supervisor, Prof. Reidar B.
Bratvold at the University of Stavanger and the co-supervisor, Dr. Geir Nævdal
at the International Research Institute of Stavanger. It was funded by the
National IOR Centre of Norway from October 2014 to October 2017. The work
was conducted mainly at the University of Stavanger and partially at the
University of Texas at Austin from February to July 2017.
This work intends to illustrate and discuss the implementation of decision
analysis tools to manage geological and petrophysical uncertainties for better
decision making in reservoir management contexts. I believe that this work will
be of great interest to both managers and engineers in oil and gas companies
and to scholars and researchers at academic and research institutes, who are
engaged in improving the quality of oil and gas operation related decisions.

Aojie Hong
Stavanger, November 7, 2017
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Abstract
Reservoir management (RM) is a decision-oriented activity where decision
makers use their current knowledge to search for production strategies that
maximize the value of hydrocarbon production from a reservoir. Two central
components of RM are history matching (HM) and production optimization
(PO). HM draws on information from data. The information is then used to
support decisions on production strategies. The optimal production strategy is
identified through PO.
Decisions will not be good unless they account for relevant and material
uncertainties in a given decision context. Uncertainty is a result of not having
perfect (i.e., complete) information. Although the oil and gas industry has long
been aware of the importance of uncertainty understanding and management,
decision-driven approaches that include consistent uncertainty quantifications
are not commonly or comprehensively used. The intent of using decision-driven
approaches is to manage uncertainties for good decision making.
This work intends to address three of the main challenges of using decision
analysis (DA) tools for managing geological and petrophysical uncertainties in
RM. The first challenge is in describing the geological and petrophysical
uncertainties using probability distributions that result from HM. The second
challenge is in the computational complexity of modeling flow behaviors and
solving for the optimal production strategy when given a description of
geological and petrophysical uncertainties. The third challenge is in the PO
approach that can allow for learning over time. The ultimate goal of this work
is to illustrate and discuss how these challenges can be overcome and to
facilitate the application of decision quality in RM contexts.
The first challenge is addressed through illustrating and discussing the
implementation of probabilistic HM approaches. Unlike a deterministic HM
approach which results in a single combination of production model parameters
that best matches the given production data, a probabilistic HM approach
produces numerous combinations of production model parameters, each of
which has a probability, to quantify the geological and petrophysical
uncertainties. Modeling with these combinations of production model
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parameters propagates the geological and petrophysical uncertainties to the
uncertainty in future production.
The second challenge is addressed through illustrating and discussing the
implementation of robust optimization (RO) algorithms and proxy production
models. RO approaches identify the optimal production strategy that maximizes
the expected value over many geological and petrophysical realizations. To
speed up the process of solving an RO problem, we use a proxy production
model to supplement a grid-based reservoir model. The proxy model captures
only the most relevant physics and mechanisms affecting production prediction
and thus is much more computationally attractive than the grid-based reservoir
model.
The third challenge is addressed through illustrating and discussing the
implementation of a fully structured reservoir management (FSRM) approach.
The FSRM approach is based on the fully structured decision tree for a
sequential decision-making problem in a RM context. It allows for learning
over time by considering both the uncertainties associated with current
available data and the uncertainties associated with future data. Therefore, the
current decision does not depend only on the uncertainties that a decision maker
has learned so far but on the uncertainties that the decision maker will learn in
the future. The FSRM approach provides the optimal production strategy,
whereas the state-of-the-art RM approach—closed loop reservoir management
(CLRM)—might give a sub-optimal production strategy. Furthermore, we
illustrate and discuss an a priori analysis on information valuation, known as
value-of-information (VOI) analysis, in RM contexts. It evaluates the benefits
of collecting additional information before one gathers the data and makes a
decision. It can also be used to assess the value of accounting for learning over
time in PO.
This work presents numerous examples to demonstrate the value of applying
DA tools in RM. The main contribution of this work is the illustration and
discussion of the implementation of decision-driven approaches for good
decision making in RM contexts. To achieve this purpose, we:
1. show how to integrate model uncertainty in probabilistic decline curve
analysis for unconventional oil production forecasting;
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2. illustrate and discuss how to use a capacitance-resistance model as a
proxy model to speed up the process of robust production optimization;
3. implement a fast analysis of the optimal improved-oil-recovery start
time using a two-factor production model and the least-squares Monte
Carlo algorithm;
4. illustrate and discuss how to implement a robust discretization of
continuous probability distributions for VOI analysis;
5. show how to apply the VOI concept for production model parameter
updating through HM.
Although other challenges remain in implementing some specific approaches
in a real-world setting, we believe that this work is useful in conveying to RM
professionals the benefits and implementation of DA techniques, and it can be
used as guidance for future research.

iv

Acknowledgements
This thesis would not have been possible without the help and support from
many people, to whom I owe my deepest gratitude.
Firstly, I would like to express my sincere gratitude to my supervisor, Prof.
Reidar B. Bratvold, for the continuous support of my PhD study and related
research. His insightful supervision and guidance helped me throughout the
research and writing of this thesis. Working under his supervision is one of the
best things I have experienced in my life.
My grateful thanks also go to my co-supervisor, Dr. Geir Nævdal, for his
support and guidance. I appreciate highly his help in my understanding of
mathematical formulations and advice on coding and programming.
I am deeply indebted to Prof. Larry W. Lake for providing me the opportunity
to visit his research group at the University of Texas at Austin. His tough
questions spurred me to widen my research from various perspectives. His
taking good care of me made me really enjoy the stay at Austin.
I gracefully acknowledge the financial support of the National IOR Centre of
Norway, the Research Council of Norway and their industry partners
(ConocoPhillips, Skandinavia AS, BP Norge AS, Det Norske Oljeselskap AS,
Eni Norge AS, Maersk Oil Norway AS, DONG Energy A/S, Denmark, Statoil
Petroleum AS, ENGIE E&P NORGE AS, Lundin Norway AS, Halliburton AS,
Schlumberger Norge AS, and Wintershall Norge AS) for my entire PhD period.
My sincere thanks also go to the University of Stavanger and the Petroleum
Research School of Norway for offering me the scholarship to visit the
University of Texas at Austin.
I would like to thank all my colleagues at the University of Stavanger,
especially my office mate, Philip Thomas, for his stimulating discussion and
daily chat.
Last but not least, I would like to thank my family—my parents, wife and baby
boy—for their spiritual support throughout my PhD study and my life.

v

I would like to apologize that I could not name here all those who helped me
during my PhD period or were important to the completion of this thesis and
my PhD study.

Aojie Hong

vi

List of Papers
Paper I: Integrating Model Uncertainty in Probabilistic Decline Curve
Analysis for Unconventional Oil Production Forecasting
Hong, A.J., Bratvold, R.B., and Lake, L.W.
To be submitted for publication.
This work was presented at the SPE Workshop: Petroleum Economics—
Optimisation versus Growth in Uncertain Times, 27–28 September 2017,
Dubai, UAE.
Paper II: Robust Production Optimization with Capacitance-Resistance
Model as Precursor
Hong, A.J., Bratvold, R.B., and Nævdal, G.
Published in Computational Geosciences (2017), 21 (5): 1423–1442.
https://doi.org/10.1007/s10596-017-9666-8
This paper was also in the proceedings of the 15th European Conference on the
Mathematics of Oil Recovery (ECMOR XV), 29 August–1 September 2016,
Amsterdam, the Netherlands. https://doi.org/10.3997/2214-4609.201601840
Paper III: Fast Analysis of Optimal IOR Start Time Using a Two-Factor
Production Model and Least-Squares Monte Carlo Algorithm
Hong, A.J., Bratvold, R.B., and Lake, L.W.
To be submitted for publication.
Paper IV: Robust Discretization of Continuous Probability Distributions
for Value-of-Information Analysis
Bratvold, R.B., Thomas, P., Begg, S.H., and Hong, A.J.
Submitted to Journal of Petroleum Science and Engineering.
This paper was also in the proceedings of the International Petroleum
Technology Conference, 10–12 December 2014, Kuala Lumpur, Malaysia.
https://doi.org/10.2523/IPTC-17975-MS

vii

Paper V: Value-of-Information for Model Parameter Updating through
History Matching
Hong, A.J., Bratvold, R.B., Thomas, P., and Hanea, R.G.
Submitted to Journal of Petroleum Science and Engineering.
Similar content, titled “Value of Information from History Matching—How
Much Information is Enough?” was also in the proceedings of the IOR
NORWAY 2017—19th European Symposium on Improved Oil Recovery, 24–
27 April 2017, Stavanger, Norway. https://doi.org/10.3997/22144609.201700327

viii

Contents
Preface............................................................................................................... i
Abstract............................................................................................................ ii
Acknowledgements ......................................................................................... v
List of Papers ................................................................................................. vii
Contents .......................................................................................................... ix
List of Figures................................................................................................. xi
List of Tables ................................................................................................xiii
Abbreviations ............................................................................................... xiv
Symbols ......................................................................................................... xvi
1

2

Introduction ............................................................................................. 1
1.1

Motivation ......................................................................................... 1

1.2

Research Goals.................................................................................. 3

1.3

Thesis Structure ................................................................................ 4

Managing Geological Uncertainty in History Matching ..................... 6
2.1

History Matching Approaches .......................................................... 6

2.1.1

Deterministic History Matching Approaches............................ 6

2.1.2

Probabilistic History Matching Approaches ............................. 9

2.2

Integrating Model Uncertainty in Probabilistic History Matching . 18

2.2.1

Calculating Model Probabilities Using Bayes’ Theorem........ 19

2.2.2
Example of Application—Probabilistic Decline Curve Analysis
with Multiple Models .............................................................................. 21
3

Managing Geological Uncertainty in Production Optimization ....... 24
3.1

Robust Production Optimization ..................................................... 24

3.2

Speeding up RO of Waterflooded Production Using CRM ............ 30

3.2.1

Proxy Models vs. Rich Models ............................................... 30

ix

4

5

3.2.2

Proxy-model Workflow for RO .............................................. 31

3.2.3

Value of Verisimilitude........................................................... 32

3.2.4

CRM for Waterflooding .......................................................... 33

3.2.5

Example of Applying the Proxy-model Workflow ................. 35

Managing Geological Uncertainty in Reservoir Management.......... 42
4.1

Closed Loop Reservoir Management .............................................. 42

4.2

Fully Structured Reservoir Management ........................................ 44

4.3

Least-Squares Monte Carlo Algorithm for FSRM .......................... 47

4.3.1

LSM Algorithm....................................................................... 47

4.3.2

Example of Applying LSM ..................................................... 48

Value-of-Information in Reservoir Management .............................. 55
5.1

Definition of VOI ............................................................................ 55

5.2

VOI Calculation for Continuous Probability Distributions ............ 58

5.2.1

High Resolution Probability Tree Discretization Method ...... 58

5.2.2

Accuracy of HRPT .................................................................. 59

5.2.3

Comparison of HRPT and MC-based Methods ...................... 61

5.3

VOI Calculation for Reservoir Management .................................. 62

5.3.1
Relationship between Terms in VOI Analysis and Reservoir
Management ............................................................................................ 62
5.3.2
Decision-tree Example of VOI Calculation for Reservoir
Management ............................................................................................ 64
5.3.3
VOI Calculation Using Ensemble-based Methods for Reservoir
Management ............................................................................................ 67
6

Overview of Research Papers .............................................................. 75

7

Summary and Conclusions................................................................... 78

8

Discussion and Future Research.......................................................... 81

References ...................................................................................................... 83

x

List of Figures
Figure 2.1—Moving window approach for approximating measurement error
SDs. ................................................................................................................. 11
Figure 2.2—Reservoir simulation model representing the “truth.” ................ 15
Figure 2.3—The initial PermH field (in md) of an ensemble member. .......... 16
Figure 2.4—The mean over the updated ensemble of the PermH field. ......... 17
Figure 2.5—Simulation results of the initial ensemble and the updated
ensemble. ........................................................................................................ 17
Figure 2.6—Synthetic dataset to day 200. ...................................................... 22
Figure 2.7—Boxplots of cumulative oil production forecasted using solely one
model and using the proposed approach given the synthetic data to day 200. 23
Figure 3.1—Illustration of the 2D model and well locations.......................... 28
Figure 3.2—Three realizations of the permeability field for the 2D model. .. 28
Figure 3.3—Iterative ENPV and cumulative simulation runs. ....................... 28
Figure 3.4—Optimal injection scheme for the EnOpt example. ..................... 29
Figure 3.5—CDF of NPV under the optimal injection scheme for the EnOpt
example. .......................................................................................................... 29
Figure 3.6—Traditional and proxy-model workflows for RO. ....................... 31
Figure 3.7—Schematic of (a) CRMT, (b) CRMP, and (c) CRMIP. ............... 34
Figure 3.8—Matching of total fluid production rate and water cut: (a) total fluid
production rate from the 2D model, (b) water cut from the 2D model, (c) total
fluid production rate from Coupled CRMP, and (d) water cut from Coupled
CRMP. ............................................................................................................ 36
Figure 3.9—Validation of total fluid production rate and water cut: (a) total
fluid production rate from the 2D model, (b) water cut from the 2D model, (c)
total fluid production rate from Coupled CRMP, and (d) water cut from
Coupled CRMP. .............................................................................................. 36
Figure 3.10—CDFs of NPV for the proxy-model workflow example. .......... 38
Figure 3.11—Optimal injection schemes for the proxy-model workflow
example. .......................................................................................................... 38
Figure 3.12—Decision tree with the optimal solution of the proxy-model
workflow. ........................................................................................................ 40
Figure 3.13—Decision tree with the optimal solution of the traditional
workflow. ........................................................................................................ 40

xi

Figure 3.14—CDF of the VOV for the example of applying the proxy-model
workflow. ........................................................................................................ 41
Figure 3.15—Sensitivity of EVOV to valve cost. .......................................... 41
Figure 4.1—Process flow of CLRM, adopted from Jansen et al. (2009)........ 43
Figure 4.2—Decision-tree representation for CLRM. .................................... 43
Figure 4.3—Decision-tree representation of FSRM. ...................................... 44
Figure 4.4—Water cuts of R1 and R2............................................................. 45
Figure 4.5—Decision tree for the example comparing FSRM and CLRM
solutions. ......................................................................................................... 46
Figure 4.6—Primary recovery as a function of time for three geological
realizations. ..................................................................................................... 50
Figure 4.7—Fully structured decision tree for the example of an optimal IOR
start time problem. All NPV values are in million USD................................. 51
Figure 5.1—Illustration of HRPT discretized outcomes and MC samples for a
continuous probability distribution. ................................................................ 59
Figure 5.2—Average relative VOI error as a function of the number of degrees
for the TALL-N problem. ............................................................................... 60
Figure 5.3—Relative error of VOI estimates using HRDT, BMC, and EnKF.
........................................................................................................................ 62
Figure 5.4—Oil production rate profiles of three realizations. ....................... 65
Figure 5.5—Uncertainty trees in (a) assessed form, and (b) inferential form. 65
Figure 5.6—Decision tree for the case with information. ............................... 66
Figure 5.7—Decision tree for the case without information........................... 66
Figure 5.8—Procedure of VOI calculation using the BvHJ approach. Adapted
from Barros et al. (2016). ................................................................................ 68
Figure 5.9—Schematic of VOI calculation using MC-based methods. .......... 71
Figure 5.10—PDFs of VOI estimates of BvHJ, F1, and F2 approaches with
ensemble size of 50. ........................................................................................ 73

xii

List of Tables
Table 2.1—Loss function value of MLE for the Arps model, SEM, and Pan
CRM for deterministic HM. ............................................................................ 22
Table 2.2—Statistics for cumulative oil production forecasted by the Arps
model. ............................................................................................................. 22
Table 4.1—Likelihood matrix for the example comparing FSRM and CLRM
solutions. ......................................................................................................... 45
Table 4.2—Injection rates for decision nodes solved using FSRM and CLRM.
........................................................................................................................ 46
Table 4.3—Likelihood functions for the measured primary recovery efficiency.
........................................................................................................................ 50
Table 4.4—Path of measured data for LSM. .................................................. 52
Table 4.5—NPVs for alternatives at time 2 for LSM. .................................... 52
Table 4.6—ENPVs for alternatives at time 2 for LSM................................... 52
Table 4.7—NPVs for alternatives at time 1 for LSM. .................................... 53
Table 4.8—ENPVs for alternatives at time 1 for LSM................................... 53
Table 4.9—NPVs for alternatives at time 0 for LSM. .................................... 54
Table 4.10—Table representation of optimal decision policy solved using LSM.
........................................................................................................................ 54
Table 5.1—Relationship between terms used in VOI analysis and those in RM.
........................................................................................................................ 63
Table 5.2—Likelihood function for the decision tree example. ..................... 65
Table 5.3—VOI estimates using BvHJ, F1, and F2 approaches with ensemble
size of 10000. .................................................................................................. 73
Table 5.4—Statistics of VOI estimates of BvHJ, F1, and F2 approaches with
ensemble size of 50. ........................................................................................ 73
Table 5.5—VOI estimates for the example with a reservoir simulation model.
........................................................................................................................ 74

xiii

Abbreviations
2D/3D
BHP
BMC
CDF
CI
CLRM
CRM
CRMIP
CRMP
CRMT
DA
DM
DWI
DWOI
EnKF
EnOpt
ENPV
EOR
EV
EVOV
EVWI
EVWOI
FOPR
FSRM
FWCT
HM
HRPT
HWS
IOR
LSE
LSM
MAP
MC
MCMC
MCS
MLE
NPV
O&G

Two Dimentional / Three Dimensional
Bottom Hole Pressure
Bayes Monte Carlo
Cumulative Density Function
Confidence Interval
Closed Loop Reservoir Management
Capacitance-Resistance Model
Injector-Producer-pair-based CRM
Producer-based CRM
Single Tank CRM
Decision Analysis
Decision Maker
Decision with Additional Information
Decision without Additional Information
Ensemble Kalman Filter
Ensemble-based Optimization
Expected NPV
Enhanced Oil Recovery
Expected Value
Expected VOV
EV with Additional Information
EV without Additional Information
Field Oil Production Rate
Fully Structured Reservoir Management
Field Water Cut
History Matching
High Resolution Probability Tree
Half Window Size
Improved Oil Recovery
Least Squares Estimation
Least-Squares Monte Carlo
Maximum a Posteriori Approach
Monte Carlo
Markov-Chain Monte Carlo
Monte Carlo Simulation
Maximum Likelihood Estimation
Net Present Value
Oil and Gas

xiv

OOIP
PDF
PO
RM
RO
SD
SEM
USD
VOC
VOI
VOPI
VOV
WBHP

Original Oil in Place
Probability Density Function
Production Optimization
Reservoir Management
Robust Optimization
Standard Deviation
Stretched Exponential Model
US Dollar
Value-of-Clairvoyance
Value-of-Information
Value-of-Perfect-Information
Value of Verisimilitude
Well Bottom Hole Pressure

xv

Symbols
ࢇ

ܾ

ܦ
ܧ
݂
ࢍ
ܫ
ܬ
݇
ܭ
ࡷ
݈
ܮ
݉
݊


ܲ
ݍ
ܳ
ݐ
ܶ
࢛
ݒ
ݓ
࢞
ݕ
࢟
ݕ
ߙ
ߝ
ࢿ
ߣ
ߪ
߬

Alternative
Decision space
Discount factor
Covariance matrix
Reference time for discounting
Recovery efficiency
Function
Gradient matrix
Water injection rate
Objective function value
Index of time step
Kalman gain
Kalman gain matrix
Index of iteration
Loss function value
Production model
Number of realizations (ensemble size)
Oil
Probability, or probability distribution
Price
Production rate
Cumulative production
Time, or total fluid
Total number of time steps
Control vector (vector of control variables)
Value
Water
Vector of model parameters
Measured data
Vector of measured data
Modeled data
Updating step length
Measurement noise/error
Vector of measurement noises/errors
Connectivity
Standard deviation
Time constant

xvi

ߗ
ߗԢ

Prior knowledge
Posterior knowledge

xvii

xviii

Introduction

1 Introduction
1.1 Motivation
The goal of an oil company is to maximize shareholder or stakeholder value by
maximizing the net present value (NPV), which in turn can be maximized by
minimizing capital investments and operating expenses while maximizing
economic recovery of hydrocarbon from a reservoir through reservoir
management (RM). Various definitions of “reservoir management” have been
proposed (Haldorsen and Van Golf-Racht 1989, Robertson 1989, Wiggins and
Startzman 1990, Satter et al. 1994). These definitions all emphasize that RM is
a decision-oriented activity where a decision maker (DM) seeks a production
strategy that maximizes the value (commonly quantified by NPV) of
hydrocarbon production from a reservoir based on the DM’s current
knowledge.
A common practice is to use a production model to describe the flow behaviors
in a reservoir. Such a model can be a decline curve model or a reservoir
simulation model. It is assumed that once the values for the model parameters
have been assessed, the model itself will correctly predict future production.1
Model parameters are updated through history matching (HM), 2 and the
optimal production strategy is determined through production optimization
(PO) on the history-matched model. Therefore, HM and PO are the two central
components of RM.
Begg et al. (2014) provided a formal definition of uncertainty— “Not knowing
if a statement (or event), is true or false”—which we will use in this work.
Numerous papers have shown the importance of uncertainty quantification in
1

Nobody really believes that this is the case, but it is viewed as a reasonable assumption
that will yield “good enough” results.
2
In other modeling contexts, the “matching” of models to measured data is usually
referred to as model calibration. We will use “history matching” and “model
calibration” interchangeably. Originally, HM referred to the adjustment of production
model parameters to reproduce the historical production data (rates and pressures) as
closely as possible. Today, the term HM is often used in a broader context and includes
model calibration using all relevant data and information (seismic data, log data, tracer
behavior, etc.).
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forecasting. Skov (1995) concluded that the quality of the production forecast
can be improved if one can quantify the range of uncertainty and obtain
feedback on the accuracy of the forecast. Jonkman et al. (2010) related a
company’s practices to its economic performance and found that the companies
that rigorously took uncertainty into account and planned for multiple
possibilities when planning for development, appeared to obtain better
production forecasting and decision making, and consequently had higher
economic performance. Wolff (2010) noted that it is more meaningful to
generate multiple outcomes on a set of models based on uncertainties than to
find a single ‘‘true’’ answer. Three comparative studies were done for the
PUNQ-S3 problem (Floris et al. 2001, Barker et al. 2000, Hajizadeh et al.
2010). In these studies, uncertainty quantification methods were applied to a
synthetic model. They illustrated the use of multiple history matched models
for uncertainty quantification.
After fast growth in the understanding of uncertainty within the oil and gas
(O&G) industry, many authors introduced the tools that can be used to capture
both geological 3 and non-geological uncertainties. Clarkson and McGovern
(2005) presented a coalbed methane prospecting tool that integrates reservoir
simulators with a reservoir model, Monte Carlo simulation, and economic
modules, and an infill-well locating tool that can evaluate the locations of an
infill-well by combining simulations and economics. When time constraints or
a lack of reservoir data make it infeasible to forecast by full-field reservoir
simulation, these two tools will be very useful. Jannink and Bos (2005)
suggested a fully probabilistic methodology that is able to model both discrete
and continuous uncertainties. Their work integrated the pollutant discharge
forecast uncertainties and decision making of asset investment, which means
that the discharge risk can be converted to financial risk. A model introduced
by Morgan (2005) can be used to predict a range of oil price in both the short
term and the long term, one of the biggest non-geological uncertainties in O&G
economics. His model utilized the oil price data from 1986 to 2003.
Numerous authors have emphasized that it is essential that relevant and material
uncertainties (no matter geological or non-geological) need to be represented
by multiple realizations or scenarios for decision making. This thesis focuses
3

For brevity, this thesis uses “geological” to mean “geological and petrophysical.”
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on managing the geological uncertainty for making good decisions in RM
contexts. 4 Non-geological uncertainty has been addressed in Thomas and
Bratvold (2015), which accounted for the uncertainties in future oil and gas
prices in a gas cap blowdown decision making context.
The O&G industry has long been aware of the importance of uncertainty
management, but decision analysis (DA), which leverages consistent
probabilistic approaches as a way to manage uncertainties for good decision
making, is not commonplace in the industry because of technical and nontechnical challenges. This thesis simply uses the phrase “uncertainty
management” to refer to “decision-focused uncertainty management,” meaning
that the intent of uncertainty management is for making good decisions, as
reflected in the statement by Bratvold et al. (2009) that quantifying uncertainty
has no value in and of itself and value can be created only through our decisions.
Based on our communication with many industry insiders, an example of nontechnical challenges is that many people are not comfortable working with
probabilities and thus refuse to use a probabilistic approach. Non-technical
challenges are outside the scope of this thesis. From the technical challenges
arise the following questions, which form the research problems of this thesis:
1. How can geological uncertainty in HM be managed?
2. How can geological uncertainty in PO be managed?
3. How can DA be incorporated with RM?

1.2 Research Goals
Given that value can be created only through the implementation of highquality decisions, which in turn rely on high-quality uncertainty assessments,
we intend to use decision-driven approaches to manage uncertainties for good
decision making. Through a literature review, we have identified three main
challenges to making high-quality RM decisions:

A good decision is “an action we take that is logically consistent with our objectives,
the alternatives we perceive, the information we have, and the preference we feel”
(Bratvold and Begg 2010).
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1. describing geological uncertainty using probability distributions as a
result of HM;
2. computational complexity of modeling flow behaviors and solving for
the optimal production strategy when a description of geological
uncertainty is given;
3. formulating a production optimization approach that can allow for
learning over time.
The goal of this research is to illustrate and discuss how these challenges can
be overcome and to facilitate the application of decision quality in RM contexts.
To achieve this goal, we will address these challenges through
1. illustrating and discussing the implementation of probabilistic HM
approaches, with a focus on how to integrate model uncertainty in
probabilistic decline curve analysis for unconventional oil production
forecasting;
2. illustrating and discussing the implementation of robust optimization
(RO) algorithms and proxy production models, with a focus on how to
use a proxy model to speed up the process of robust production
optimization;
3. illustrating and discussing the implementation of the fully structured
reservoir management (FSRM) approach, with focuses on how to use
a two-factor production model and the least-squares Monte Carlo
(LSM) algorithm for fast analysis of optimal improved-oil-recovery
(IOR) start time and on how to apply the value-of-information (VOI)
concept for production model parameter updating through HM.
We are concerned with providing good approaches to manage uncertainties for
good decision making. A good approach must be both useful and tractable. By
“useful,” we mean “providing clear insight for decision making” and by
“tractable,” we mean that the analysis can be done with the time and resources
available.

1.3 Thesis Structure
This thesis is structured in the form of paper collection, with two parts. The first
part is an introduction summarizing the research and clarifying how the topics
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of the included papers are interrelated. The second part consists of 5 papers
which have been published or submitted, or will be submitted for journal
publications.
The reminder of the thesis is divided into the following chapters:
x

x

x

x

x
x
x

Chapter 2 reviews deterministic and probabilistic HM approaches and
introduces an approach to integrate model uncertainty in probabilistic
HM using the moving window approach and minimum likelihood
estimation (MLE);
Chapter 3 reviews RO with the ensemble-based optimization (EnOpt)
algorithm and proposes a workflow of using a capacitance-resistance
model (CRM) to speed up the RO process for waterflooded production;
Chapter 4 reviews the state-of-the-art reservoir management tool—
closed loop reservoir management (CLRM), discusses how it will
improve decision making, and compares it with FSRM;
Chapter 5 reviews the concept of VOI, which can be used to value the
information in an RM context, and presents a workflow of assessing it
using state-of-the-art HM and PO tools;
Chapter 6 provides an overview of the research papers included in the
second part of the thesis;
Chapter 7 summarizes and concludes this research;
Chapter 8 presents a discussion and suggestions for future research.
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2 Managing Geological Uncertainty in
History Matching
The purpose of a production model (a decline curve model, a reservoir
simulation model, etc.) is to predict future production for our decisions on
production strategy. Thus, the quality of a production model can affect our
choice of the optimal production strategy. The quality of a production model
means the similarity of the predicted production to the real production. This in
turn relies on the similarity of the geological properties described by the model
and its corresponding parameters to the real geological properties of a field. The
higher similarity the model has, the higher quality the model has.
A production model is mathematically formulated based on our understanding
of the underlying physical principles. Its parameters are based on our
knowledge of the geological properties of a field. This knowledge comes from
information provided by seismic data, core data, well log data, production data
and so on. Our research focuses on the information provided by production
data. The parameter settings of a production model are usually determined
through an HM process where the model parameters are tuned such that it can
closely reproduce historical production. The goal of HM is to correctly forecast
production so that the forecast can be used for decision making.
However, the data we can access today represent only a part of the reservoir,
and we can never know the subsurface in all its detail. Thus, geological
uncertainties always exist in a production model, although HM can reduce the
uncertainties. Because of the uncertainties, a more realistic goal of HM is to
quantify our lack of knowledge (i.e., to quantify our uncertainty) about the
future production, for the purpose of making good decisions.

2.1 History Matching Approaches
2.1.1 Deterministic History Matching Approaches
In a deterministic world, the goal is to identify the true nature of the relevant
parameters of a given model. We do this by applying HM, which is an
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optimization process where the objective function is a predefined loss function
that we seek to minimize by tuning the model parameters. The model with its
parameter settings which minimizes the loss function is referred as the best fit
model.

2.1.1.1 Least Squares Estimation
An extensively used HM approach is least squares estimation (LSE) where the
loss function is defined as the squared difference between model forecast and
data:
்

ܮௌா ሺ࢞ሻ ൌ ሾݕ ሺ࢞ሻ െ ݕ ሿଶ ǡ

(2.1)

ୀଵ

where ܮௌா ሺ࢞ሻ is the loss function of LSE which is a function of the vector of
model parameters ࢞, ݕ ሺ࢞ሻ is the model forecasted production at time step ݇,
ݕ is the measured production (i.e., the data) at time step ݇, and ܶ is the total
number of time steps of data.

2.1.1.2 Maximum Likelihood Estimation
Another approach is maximum likelihood estimation (MLE), which aims to
maximize the likelihood function (i.e., the probability of observing the data
given a set of model parameter settings). Assuming that the data measurements
are independent, we can define the likelihood function as
்

ሺݕଵ ǡ ݕଶ ǡ ǥ ǡ  ்ݕȁ࢞ሻ ൌ ෑ ሺݕ ȁ࢞ሻǡ

(2.2)

ୀଵ

where  denotes probability, and ሺݕ ȁ࢞ሻ denotes the conditional probability
of measured data ݕ given parameters ࢞. Applying a Gaussian random error for
the measurement with zero mean and standard deviation (SD) ߪ , we obtain
ሺݕ ȁ࢞ሻ ൌ

ͳ

ሺെ

ටʹߨߪଶ
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Thus,
ሺݕଵ ǡ ݕଶ ǡ ǥ ǡ  ்ݕȁ࢞ሻ
ൌ

ͳ

்

ሾݕ ሺ࢞ሻ െ ݕ ሿଶ
ͳ
ሺെ 
ሻǤ
ʹ
ߪଶ
ଶ

ටሺʹߨሻ் ς்ୀଵ ߪ

(2.4)

ୀଵ

Maximizing the likelihood function is equivalent to minimizing
்

ܮொ ሺ࢞ሻ ൌ 
ୀଵ

ሾݕ ሺ࢞ሻ െ ݕ ሿଶ
Ǥ
ߪଶ

(2.5)

If ߪଵ ൌ ߪଶ ൌ  ڮൌ ߪ் , Eq. 2.5 can be reduced to Eq. 2.1. Therefore, LSE is a
special case of MLE. The advantage of using Eq. 2.5 instead of Eq. 2.1 is that
ߪ acts as a weighting factor so that a more accurate data point (i.e., with
smaller ߪ ) will receive more weight than a less accurate data point (i.e., with
larger ߪ ).

2.1.1.3 Maximum A Posteriori
In the maximum a posteriori approach (MAP), we work on a posterior
distribution. The posterior (i.e., the probability of a set of model parameter
settings given the data) is derived using Bayesian inference that requires
assessments of likelihood and prior:
ሺ࢞ȁݕଵ ǡ ݕଶ ǡ ǥ ǡ  ்ݕሻ ൌ

ሺݕଵ ǡ ݕଶ ǡ ǥ ǡ  ்ݕȁ࢞ሻሺ࢞ሻ
Ǥ
ሺݕଵ ǡ ݕଶ ǡ ǥ ǡ  ்ݕሻ

(2.6)

where ሺ࢞ሻ is the prior that describes our a priori knowledge about the model
parameters and ሺݕଵ ǡ ݕଶ ǡ ǥ ǡ  ்ݕሻ is the preposterior.5 Because the preposterior
is merely a normalizing constant, it can be ignored for maximization. Thus,
MAP maximizes ሺݕଵ ǡ ݕଶ ǡ ǥ ǡ  ்ݕȁ࢞ሻሺ࢞ሻ . In contrast to MLE (maximizing
ሺݕଵ ǡ ݕଶ ǡ ǥ ǡ  ்ݕȁ࢞ሻ), MAP includes ሺ࢞ሻ that can be regarded as a weighting
factor for the likelihood. If we have an uninformative prior (i.e., a uniformly

More detailed description of the terms “prior,” “likelihood,” “posterior,” and
“preposterior” can be found in Paper V and in Raiffa and Schlaifer (1961).
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distributed prior), ሺ࢞ሻ is independent of the value of ࢞ and is constant. In such
case, maximizing ሺݕଵ ǡ ݕଶ ǡ ǥ ǡ  ்ݕȁ࢞ሻሺ࢞ሻ is equivalent to maximizing
ሺݕଵ ǡ ݕଶ ǡ ǥ ǡ  ்ݕȁ࢞ሻ. Therefore, MLE is a special case of MAP.
We have shown that LSE, MLE, and MAP are related to each other and all
based on Bayes’ theorem. Although probabilities are considered, these
approaches give a single estimate rather than a distribution, which precludes
uncertainties from being included in further analysis.

2.1.2 Probabilistic History Matching Approaches
In HM, uncertainties come from measurement (or observational) errors, nonuniqueness of inverse modeling, and the production model itself. By
“measurement error,” we mean the difference between a measured value of a
quantity and its true value. It describes the inherent variability in the results of
a measurement process. By “non-uniqueness of inverse modeling,” we mean
that multiple good fits to the data can be obtained with various combinations of
model parameter settings. The third source of uncertainty (the production
model) will be discussed in detail in Section 2.2. For now, the production model
is a given. The mentioned uncertainties should be reflected by the model
parameters with their distributions.

2.1.2.1 Non-uniqueness in Inverse Modeling
Tavassoli et al. (2004) presented the issue of non-uniqueness in inverse
modeling (which they called the inherent uncertainty in HM) and demonstrated
that different combinations of model parameter values, which give almost
equally good HM results, can give different forecasts. To address this,
Sayarpour et al. (2011) started with different sets of initial guesses of model
parameters to history match data to generate numerous history matched
solutions of model parameters. This approach provides a probability
distribution that reflects the non-uniqueness issue, and it is applied in Paper I.

2.1.2.2 Bootstrap Method
Cheng et al. (2010) and Jochen and Spivey (1996) used the bootstrap method
to incorporate measurement errors in HM. The bootstrap method is a type of
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Monte Carlo (MC) method for approximate Bayesian inference (Hastie et al.
2009) and assumes non-informative prior. The bootstrap method is applied
through the following procedure:
1) Generate a sampled dataset by resampling data points from the original
dataset with replacement;
2) Use LSE to history match the sampled dataset to obtain a set of model
parameter settings;
3) Repeat Steps 1 and 2 numerous times to obtain numerous sets of model
parameter values;
4) Use these sets of model parameter values as MC samples representing
the distributions of the model parameters.
The bootstrap method does not require that explicit distributions be assigned to
the measurement errors because they are approximated by the perturbed data
(Hastie et al. 2009).

2.1.2.3 Probabilistic MLE Approach
Considering that a noisier data subset should be given less weight than a less
noisy data subset, and that a data subset with sharp charges is less reliable and
thus should be given less weight than a data subset with gradual changes, we
propose an approach named the probabilistic MLE approach (P-MLE). A
practical issue in using MLE is that distributions must be assigned to the
measurement errors, which are seldom known a priori. To approximately
estimate the measurement error distributions, we assume that measurement
errors are independent and normally distributed, and we apply a moving
window approach to estimate their SDs. Figure 2.1 illustrates the moving
window approach. For example, we want to estimate the measurement error SD
at time ݇. If we use a half window size (HWS) of 2, we take the two previous
data points (the data points at times ݇ െ ʹ and ݇ െ ͳ), the two next data points
(the data points at times ݇  ͳ and ݇  ʹ), and the data at time ݇ to form a data
subset. The SD of this data subset is used as the measurement error SD at time
݇. A large number of sampled datasets can be generated by sampling from a
normal distribution with the original data point as its mean, and the SD
estimated using the moving window approach for each data point. MLE is then
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used to history match each sampled dataset, yielding many sets of model
parameter settings. This proposed approach is applied in Paper I.

Figure 2.1—Moving window approach for approximating measurement error SDs.

2.1.2.4 Ensemble Kalman Filter
When a priori knowledge is considered, a fully Bayesian approach should be
used. Approaches for Bayesian HM include the ensemble Kalman filter (EnKF)
and Markov-chain Monte Carlo (MCMC). The present work applies EnKF
because it is easily implemented with any production model, it is
computationally attractive, and it can handle large datasets and a considerable
number of model parameters. The first use of EnKF in petroleum engineering
is probably that described by Lorentzen et al. (2001). Following its publication,
this method attracted significant attention, and the number of papers applying
and discussing EnKF increased rapidly.
The following briefly reviews EnKF. For a comprehensive introduction to
EnKF, see Evensen (2009). Aanonsen et al. (2009) provided an extensive
review of the application of EnKF in reservoir engineering.

2.1.2.4.1 EnKF Formulation
The basic idea behind EnKF is based on the Kalman (1960) filter. The Kalman
filter is a solution to estimating the state6 of a process in a recursive way and is
6

Given a dynamic system, a state is an unobservable (in most cases) quantity that is
required, and thus must be determined, to predict the system behavior (i.e., the future
state). A state can be a scalar or a vector.
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designed for linear filtering and prediction problems with discrete data. This
method seeks an optimal weight between measured data and model forecast.
Normal distribution is used to describe an uncertain quantity, say the production
rate ݍ, at a certain time: the forecasted  ݍby a model is normally distributed
ܰሺݍതௗ ǡ ߪௗ ሻ, where ݍതௗ is the model forecasted mean and ߪௗ is
the SD of model forecast, and the measured  ݍby a device is normally
distributed ܰሺݍത௦ ǡ ߪ௦ ሻ, where ݍത௦ is the measured mean and ߪ௦ is
the SD of measurement error. A linear combination of the model forecast and
measured data can be constructed as
ݍ௨ௗ௧ ൌ ሺͳ െ ܭሻ ή ݍௗ   ܭή ݍ௦ ǡ

(2.7)

where ݍ௨ௗ௧ is the updated estimate of  ݍgiven measured data, and ( ܭthe
Kalman gain) is a weighting factor for the model forecast versus the measured
data. ݍ௨ௗ௧ is also normally distributed ܰሺݍത௨ௗ௧ ǡ ߪ௨ௗ௧ ሻ, where ݍത௨ௗ௧
is the updated mean and ߪ௨ௗ௧ is the updated SD. Given Eq. 2.7, ݍത௨ௗ௧ and
ߪ௨ௗ௧ can be calculated, respectively,
ݍത௨ௗ௧ ൌ ሺͳ െ ܭሻ ή ݍതௗ   ܭή ݍത௦ ǡ
ଶ
ଶ
ଶ
ߪ௨ௗ௧
ൌ ሺͳ െ ܭሻଶ ή ߪௗ
  ܭଶ ή ߪ௦
Ǥ

(2.8)
(2.9)

If we consider the best estimate as the one with the smallest SD, ߪ௨ௗ௧ is
minimized by adjusting ܭ, yielding
  ߪ௨ௗ௧ ൌ  כ ܭൌ


ଶ
ߪௗ
Ǥ
ଶ
ଶ
ߪௗ
 ߪ௦

(2.10)

Replacing  ܭin Eqs. 2.8 and 2.9 with  כ ܭ, we obtain the mean and SD of a
normal distribution for the updated estimate.
Another way to obtain Eqs. 2.8, 2.9, and 2.10 is to start with Bayes’ theorem:
൫ݍ௨ௗ௧ ൯ ൌ ሺݍௗ ȁݍ௦ ሻ
ሺݍௗ ሻሺݍ௦ ȁݍௗ ሻ
Ǥ
ൌ
ሺݍ௦ ሻ
Using the properties of conjugate normal distributions, we can obtain
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ݍത௨ௗ௧ ൌ ቆͳ െ

ଶ
ଶ
ߪௗ
ߪௗ
ή ݍത௦
ή
ݍ
ത

ቇ
ௗ
ଶ
ଶ
ଶ
ଶ
ߪௗ  ߪ௦
ߪௗ  ߪ௦

(2.12)

and
ଶ
ߪ௨ௗ௧
ൌ

ͳ
ͳ
ଶ
ߪௗ



ͳ

Ǥ

ଶ
ߪ௦

(2.13)

Eq. 2.12 and Eq. 2.13 can be rewritten as Eqs. 2.8 and 2.9, respectively. Using
the Kalman filter, Bayesian inference is implicitly conducted.
Evensen (1994) introduced EnKF as a MC representation7 of the Kalman filter.
The prior distribution is represented by a set of realizations of model parameters
(i.e., the prior or initial ensemble). The posterior distribution is represented by
the updated realizations of model parameters (i.e., the posterior or updated
ensemble), which are obtained by (Burgers et al. 1998)
ࢅ ൌ ࢅ  ࡷ൫࢟ െ ࡴࢅ ൯ǡ

(2.14)

where matrix ࢅ consists of the vectors containing the updated states, updated
model parameters, and updated observations corresponding to each realization
in the posterior ensemble; matrix ࢅ contains the predicted states by forward
modeling, model parameters, and predicted observations by forward modelling
corresponding to each realization in the prior ensemble; ࡷ is the Kalman gain
matrix, which weighs the influences of the prior predicted observations and the
real-time observations (i.e., measured data); ࢟ is a matrix containing the
perturbed observations; 8 and ࡴ is an operator that links ࢅ to the predicted
observations. As does Eq. 2.7, Eq. 2.14 describes a linear combination of the
prior and the observations. The weighing factor ࡷ is calculated as
ࡷ ൌ  ࡴ் ሺࡴ ࡴ்  ௬ ሻିଵ ǡ

(2.15)

By “MC representation” we mean that a probability distribution is represented by its
corresponding MC samples.
8
When the EnKF is applied, an observation has to be perturbed with its corresponding
statistics in order to avoid insufficient variance (Burgers et al. 1998).
7
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where  is the covariance matrix of ࢅ encoding the covariance matrix of the
prior predicted observations, and ௬ is the covariance matrix of the
observations. As the measurements become noisier (i.e., the variance of an
observation increases) or the variance of a prior predicted observation
decreases, more weight is given to the prior; otherwise, more weight is given to
the observations.
EnKF embodies the prior in ࢅ , the likelihood in ௬ (when the model noise is
ignored), and the posterior in ࢅ ; and the preposterior is a normalizing constant
of the posterior. Thus, Bayes’ rule describing the relationship among the prior,
the likelihood, the preposterior, and the posterior is no longer shown explicitly
as in Eq. 2.11, but is implicit in Eqs. 2.14 and 2.15. Using EnKF in the context
of HM requires the initial guess of the model parameters (i.e., the prior
ensemble) together with a model that can predict both the production and
observations given a production strategy, observations, and their associated
statistics; and the result is the EnKF updated model parameters (i.e., the
posterior ensemble).
To perform Bayesian inference using EnKF requires only a few matrix
operations. Thus, it is very useful for updating a reservoir simulation model
which usually has thousands of parameters for determination. EnKF is applied
in Paper V.

2.1.2.4.2 Example of EnKF Application
Here is an example to illustrate the application of EnKF. A 2D, horizontal, twophase (water and black oil) reservoir simulation model is built to represent the
“truth.” A horizontal injector penetrates along the left edge of the reservoir, and
a horizontal producer along the right edge. For simplicity, the horizontal
injector and the horizontal producer are represented by 10 vertical dummy
injectors and 10 vertical dummy producers, respectively. The fluid injection
rate is fixed at 15 sm3/day in each dummy injector. The production rate in each
dummy producer is constrained by an upper bound of 15 sm3/day. Two highly
permeable regions, with horizontal permeability of 1500 millidarcy (md), are
used to mimic the water channels; and the horizontal permeability in the
background is 250 md. The geometry of the model, the horizontal permeability
field, and the dummy vertical wells are shown in Figure 2.2. The grid blocks
14
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are cubic with length, width, and height equal to 10 m. The reservoir model is
450 m × 450 m × 10 m which scales to 45 blocks × 45 blocks × 1 block.

Figure 2.2—Reservoir simulation model representing the “truth.”

The unknown is the horizontal permeability (PermH) at each grid block, which
means 2025 parameters for the entire grid. The base 10 logarithms of the
permeabilities are used as the model parameters in EnKF because grid block
permeability is usually assumed to be lognormally distributed and the use of
logarithm can prevent the updated permeability calculated by EnKF from being
negative. The state variables are the grid block pressures and the grid block
water saturations. The true observations are the well bottom hole pressures
(WBHPs) and oil production rates in all the dummy wells, obtained by running
simulation on the true model. The predicted observations (WBHPs and well oil
production rates) are obtained by running simulations with the updated model
and state variables. Observations are recorded every 50 simulated days over a
1000-day production period, totaling 20 data points. EnKF is implemented in
MATLABTM (2014), and the production model is an ECLIPSETM (2014)
simulation model, so an interface between MATLAB and ECLIPSE is
constructed: the updated permeabilities calculated in MATLAB are written into
the input files (the .DATA-files) of ECLIPSE, the forecasted and updated
pressures and saturations are read from and written into the restart files (the Xfiles) of ECLIPSE, respectively, the predicted observations are read from the
summary files (the S-files) of ECLIPSE, and the ECLIPSE simulator can be
called to run in MATLAB. The standard EnKF algorithm (Eqs. 2.14 and 2.15)
is used to calculate the updated model variables (PermH) and state variables
(pressures and saturations).
Initial ensemble members of the PermH field are generated by sampling from
a predefined multivariate normal distribution that describes our a priori
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knowledge about the PermH field. One of the initial ensemble members is
shown in Figure 2.3.

Figure 2.3—The initial PermH field (in md) of an ensemble member.

To avoid physically impossible PermH values, we truncate the permeability
values so that they are limited to a range (from 100 to 2500 md in this example).
We do the same for the updated saturations and pressures, such that the
saturations are always between 0 and 1 and the pressures are always positive.
Observations are perturbed by adding an error term drawn from a predefined
normal distribution that describes our a priori knowledge about the
measurement errors. In this example, we assign relatively small errors (a SD of
1 bar for all the pressure measurements and a SD of 1 sm3/day for all the oil
rate measurements). In a more realistic case, the measurement errors can be
much larger.
The mean over the updated ensemble of the PermH field is illustrated in Figure
2.4. Two high permeable channels similar to those illustrated in Figure 2.2
appear after applying the EnKF. The simulated results, WBHP for Producer 5
and Injector 5, field water cut (FWCT), and field oil production rate (FOPR),
are shown in Figure 2.5. The grey lines represent the results generated using
the initial ensemble. The cyan lines represent the results generated using the
updated ensemble members. The black dashed line represents the result
generated using the mean over the updated ensemble as shown in Figure 2.4.
The red line represents the result generated using the true model. The measured
WBHP from Producer 5, Injector 5, and measured FOPR are the red circles in
Figure 2.5(a), (b), and (d), respectively. The results show that the use of EnKF
not only reduces the spread of the initial ensemble (i.e., reduces the uncertainty)
16
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but produces a good match to the measured data. A significant impact of using
EnKF can be seen in Figure 2.5(c): none of the initial ensemble members
predicts the water breakthrough time correctly, whereas the updated ensemble
provides a nearly perfect match.

Figure 2.4—The mean over the updated ensemble of the PermH field.

(a) Producer 5: WBHP [bars] vs. Time [days]

(b) Injector 5: WBHP [bars] vs. Time [days]

(c) FWCT [-] vs. Time [days]
(d) FOPR [sm3/day] vs. Time [days]
Figure 2.5—Simulation results of the initial ensemble and the updated ensemble.
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The updated results (the cyan lines) do not capture the truth (the red line). This
does not mean that based on the updated results, the probability of the truth is
zero. Recall that the EnKF uses MC samples to represent a probability
distribution. The values on the cyan lines at a certain time are MC samples
representing a Gaussian distribution. This underlying Gaussian distribution
captures the truth.

2.2 Integrating Model Uncertainty in Probabilistic
History Matching
The probabilistic HM approaches presented earlier incorporate measurement
errors and non-uniqueness of inverse modeling and produce multiple
realizations of model parameters to reflect these uncertainties. However, all of
them assume a mathematical model that can “correctly” predict reservoir
performance. The uncertainty is only in the model parameters and not in the
model. This, of course, is never the case because “all models are wrong but
some are useful” (Box 1979).
In this section, the context is the use of decline curve analysis for
unconventional plays. Although numerical techniques for forecasting
hydrocarbon production have developed rapidly over the past decades, the
decline curve analysis technique is still used extensively in the O&G industry.
A decline curve model is computationally attractive, and only production data
that can be easily acquired is required for determining the model parameter
values through the HM process. The history matched model is further used for
forecasting hydrocarbon production and reserves.
One of the most extensively used decline curve models is the Arps (1945)
model. However, the Arps model is often not ideal for unconventional plays
(Joshi and Lee 2013). Several decline curve models have been developed in
order to capture the flow behaviors in an unconventional well; for example, the
power law exponential model (Ilk et al. 2008), the stretched exponential model
(SEM) (Valko and Lee 2010), the Duong (2011) model, the logistic growth
model (Clark et al. 2011), and the Pan (2016) CRM.
Given these models, a question arises that has not been discussed widely: which
is the best model? This question seems trite because the meaning of “best” is
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not well defined. In traditional practices, the model that can best fit the data in
a least squares sense is regarded as the best model. However, this ignores two
facts: the best fit model might not be the model that best describes the flow
behaviors, and there might be several models that fit the data almost equally
well.

2.2.1 Calculating Model Probabilities Using Bayes’
Theorem
Instead of identifying the “best” decline curve model for unconventional plays,
we propose to regard any model as potentially good, where goodness is
characterized by a probability. If a model has higher probability than the others,
we say that this model is more likely to be a good model. If several models have
close probabilities, we say that the model uncertainty is high because it is
difficult to tell which model is more likely to be a good model.
In this manner, the model uncertainty can be easily integrated in probabilistic
decline curve analysis, using the probabilistic HM approaches presented in
Section 2.1.2. However, the P-MLE approach (Section 2.1.2.3) will be used
here for the following reasons:
x

x

Data points should be weighted differently according to their noisiness,
and distributions of measurement errors need to be assigned for
calculating the model probabilities; thus, the Bootstrap method is not
used.
The parameters of different models have different physical meanings
and are related to the reservoir property. It is not easy to assign
distributions to the parameters of different models to represent the same
reservoir property based on our a priori knowledge. To compare
different models fairly, it would be better to assume an uninformative
prior. Therefore, a fully Bayesian approach like the EnKF, which
requires an informative prior, is not used.

Consider a given dataset ࢟ ൌ ሾݍଵ ǡ ݍଶ ǡ ǥ ǡ ݍ ǡ ǥ ǡ  ்ݍሿ where ݍ is the oil
production rate measured at time ݇ . The procedure to quantify the model
uncertainty is
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1) Estimate ߪ , which is the SD of the normal random error of the
measurement of ݍ , using the moving window approach.
2) Draw an MC sample from a normal distribution with mean ݍ and SD
ߪ , and repeat it for each data point to obtain a sampled dataset.
3) For a given sample dataset, use MLE to determine the parameters of
each model under consideration.
4) Calculate the probability of each model with its MLE parameters, given
the sampled dataset.
5) Repeat Steps 2–4 ܰ times, where ܰ is the total number of MC
iterations (we use ܰ ൌ ͳͲͲͲ).
6) Calculate the posterior probability of each model.
In Step 4, the probability of each model with its MLE parameters, given the
sampled dataset, is calculated using Bayes’ theorem:
൫࢞ொ
 ǡ ݉ ห࢟ ǡ ߗԢ൯ ൌ

ொ
൫࢟ ห࢞ொ
 ǡ ݉ ൯൫࢞ ǡ ݉ หߗ൯

ǡ
ொ
σᇲ  ቀ࢟ ቚ࢞ொ
ᇲ  ǡ ݉ ᇲ ቁ  ቀ࢞ ᇲ  ǡ ݉ ᇲ ቚߗቁ

(2.16)

where ࢞ொ
denotes the MLE parameters of model ݉ given sampled dataset

࢟ ; ߗ denotes a priori knowledge; and ߗԢ denotes a posteriori knowledge given
࢟ .

Applying a

noninformative

prior,

we

ொ
ǡ ݉ଵ หߗ൯ ൌ
have ൫࢞ଵ

൫࢞ொ
ଶ ǡ ݉ଶ หߗ൯ ൌ ڮ, reducing Eq. 2.16 to
൫࢞ொ
 ǡ ݉ ห࢟ ǡ ߗԢ൯ ൌ

൫࢟ ห࢞ொ
 ǡ ݉ ൯

Ǥ
σᇲ  ቀ࢟ ቚ࢞ொ
ᇲ  ǡ ݉ ᇲ ቁ

(2.17)

Inserting Eqs. 2.4 and 2.5 (MLE loss function) into Eq. 2.17, we obtain
൫࢞ொ
 ǡ ݉ ห࢟ ǡ ߗԢ൯

ͳ
ሺെ ʹ ܮொ ൫࢞ொ
 ൯ሻ
ൌ
ͳ
σᇲ ሺെ ܮொ ቀ࢞ொ
ᇲ  ቁሻ
ʹ

ͳ
ொ
ൌ ͳ൘ ሺെ ቂܮொ ቀ࢞ொ
൯ቃሻǤ
ᇲ  ቁ െ ܮொ ൫࢞
ʹ
ᇲ


Because ࢟ is a MC sample, ൫࢟ ൯ ൌ ͳȀܰ and
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ொ
൫࢞ொ
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The probability calculated using Eq. 2.19 is the probability of the estimate of
interest (e.g., reserves) forecasted by model ݉ with its parameters ࢞ொ
 . By
repeating this process over different models and different sampled datasets, we
obtain the distribution of interest, which includes uncertainties in measurements,
inverse modelling and models. The posterior probability of a model in Step 6
is calculated as
ே

ሺ݉

ȁߗᇱ ሻ

ൌ  ൫࢞ொ
 ǡ ݉ ǡ ࢟ หߗԢ൯Ǥ

(2.20)
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2.2.2 Example of Application—Probabilistic Decline
Curve Analysis with Multiple Models
We use an example to illustrate the impacts of using a deterministic approach
or probabilistic approach without considering the model uncertainty on decline
curve analysis, and to highlight the importance of integrating the model
uncertainty. This example considers only three models—the Arps model, SEM,
and Pan CRM—but other models can be easily added.
The “true” decline is generated using the Pan CRM. Random errors are added
to the “true” decline to form the synthetic dataset. Figure 2.6 illustrates the
synthetic dataset and the “true” decline of oil production rate as well as the SDs
of measurement errors assessed using the moving window approach with an
HWS of 10 data points. Our interest is the cumulative oil production from day
200 to day 10950 (year 30). The “true” cumulative oil production given by the
Pan CRM is 48.1 Mbbl. This value is used as a reference for the estimates.
We first use a deterministic approach to estimate the cumulative oil production.
The resulting loss function value of MLE for each model is listed in Table 2.1.
Because the Arps model best fits the data (minimum loss function value), it is
used for forecasting, providing an estimated cumulative oil production of 132.6
Mbbl. This estimate is more than 2.5 times the “true” value.
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Figure 2.6—Synthetic dataset to day 200.

Arps Model
171.65

SEM
171.75

Pan CRM
172.29

Table 2.1—Loss function value of MLE for the Arps model, SEM, and Pan CRM for
deterministic HM.

To produce a distribution of the cumulative oil production, we use the P-MLE
approach with only the Arps model. The P10, P50, mean, and P90 values are
listed in Table 2.2. The forecast of the Arps model is biased far from the “truth”
(48.1 Mbbl), and the 80% confidence interval (CI), from P10 to P90, does not
cover the “truth.”
Statistic
Cumulative Oil
Production [Mbbl]

P10

P50

Mean

P90

73.5

132.3

135.7

207.2

Table 2.2—Statistics for cumulative oil production forecasted by the Arps model.

We now integrate the model uncertainty in the P-MLE approach for this
analysis. Table 2.1 shows that the minimized loss function values of the three
models are indeed very close. Using Eq. 2.18 to convert these loss function
values to probabilities, the posterior probabilities of Arps model, SEM and Pan
CRM are 36.4%, 34.0%, and 29.6%, respectively. This suggests that the models
are almost equally likely to be good, given the dataset. This result seems
counter-intuitive as the correct model (the Pan CRM) is the least likely one.
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This is because the dataset does not provide enough information to identify the
correct model. Thus, the model uncertainty remains large even when the dataset
is given. Figure 2.7 shows the boxplots of cumulative oil production forecasted
using solely the Arps model, SEM, or Pan CRM, and using our proposed
approach. Among the three models, the Arps model has the largest uncertainty
in inverse modelling, as it gives the largest 80% CI, whereas the Pan CRM has
the smallest uncertainty in inverse modelling. Since the Pan CRM is the correct
model, its estimate is the best. Using our proposed approach, the “truth” is
covered in the 80% CI. This means that by integrating the model uncertainty in
the analysis, we can reduce the risk of selecting a poor model for forecasting.

Figure 2.7—Boxplots of cumulative oil production forecasted using solely one model and
using the proposed approach given the synthetic data to day 200.

The application of the proposed approaches for probabilistic decline curve
analysis for unconventional wells in two fields is illustrated and discussed in
Paper I.
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3 Managing Geological Uncertainty in
Production Optimization
PO is a powerful approach to design a production strategy. The goal of PO is
to maximize hydrocarbon production by adjusting the control (or decision)
variables (e.g., water injection rates and producer WBHPs). However, this can
be expressed in different ways, such as to minimize the water cut of a producer,
to optimize the WBHP of an injector, or to maximize the economic value over
the life of a reservoir. This work defines the objective of PO as, to maximize
NPV. The context in this work is waterflooding, and we assume that all
revenues stem from oil production and that all costs are induced by water
injection and water production. Thus, the objective function for a deterministic
case, where a single realization is considered, is defined as
ܬሺ࢛ሻ ൌ ܸܰܲሺ࢛ሻ



ൌ
ୀଵ


 ሺ࢛ሻܲ
ሾݍ ሺ࢛ሻܲ െ ݍ௪
௪ െ  ܫሺ࢛ሻܲ௪ ሿοݐ
ǡ
ሺͳ  ܾሻ௧ೖ Ȁ

(3.1)

where ࢛ is the control vector (i.e., a vector of control variables) defined as ࢛ ൌ
ሾ࢛ଵ ǡ ࢛ଵ ǡ ǥ ǡ ࢛ே ሿ , where ܰ is the number of control variables; ݍ is the field oil

production rate at time ݇; ݍ௪
is the field water production rate at time ݇;  ܫ is
the field water injection rate at time ݇; ܲ is the oil price; ܲ௪ is the water
production cost; and ܲ௪ is the water injection cost; ܾ is the discount factor; ݐ
is the cumulative time for discounting; and  ܦis the reference time for
discounting ( = ܦ365 days if ܾ is expressed as a fraction per year and the cash

, and  ܫ are forecasted by a given production
flow is discounted daily). ݍ , ݍ௪
model.

3.1 Robust Production Optimization
RO of production is performed over an ensemble of realizations representing
the geological uncertainty. For a risk-neutral decision maker, the objective of
RO is to maximize the expected value (EV) over the ensemble,
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ܬሺҧ ࢛ሻ ൌ


σୀଵ
ܬ
ǡ
݊

(3.2)

where  ܬҧ is the EV over all realizations (i.e., the objective function for a
probabilistic case), ܬ is the objective function (Eq. 3.1) for a deterministic case
with a single realization ݎ, and ݊ is the number of realizations (i.e., ensemble
size).
Maximizing Eq. 3.2 can be done iteratively using the steepest ascent method.
For each iteration, the control vector is updated as
ෝ ାଵ ൌ ࢛
ෝ   ߙ
࢛

ࢍ
ǡ
ԡࢍ ԡஶ

(3.3)

ෝ ାଵ is the currently
where the subscript ݈ denotes the iteration number, ࢛
ෝ  is the previously updated control vector, ߙ is the step
updated control vector, ࢛
length for updating, and ࢍ is the gradient for updating the control variables.
Several methods have been proposed to estimate ࢍ for each iteration. Nævdal
et al. (2006) used an adjoint method to calculate ࢍ. However, deriving the
adjoint equation requires access to the mathematical formulation of a
production model, which is impossible for commercial reservoir simulators,
such as ECLIPSE that is used in this work. Chen et al. (2009) proposed the
ensemble-based optimization method (EnOpt), to calculate ࢍ. The EnOpt treats
a production model as a black box (i.e., no requirement for its mathematical
formulation) and thus can be easily implemented with any type of production
model. Besides, EnOpt is specially designed for the case where an ensemble of
realizations is involved, so it can significantly reduce the number of simulations
required for gradient calculation. Thus, we use EnOpt for this work, as
discussed in Papers II and V.
In the original EnOpt proposed by Chen et al. (2009), the ensemble of values
for control vector ࢛ଵ , ࢛ଶ , …, ࢛ெ , where  ܯis the ensemble size,9 is generated
ෝ and predefined
from a multivariate normal distribution with predefined mean ࢛
covariance matrix ࢛, which is used to specify the temporal correlation of the

9

 ܯൌ ݊ if each realization is coupled with one sample of values for the control vector
(i.e., a 1:1 ratio is applied), as in this work.
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controls to limit the frequency of changes to the controls. The predefined mean
ෝ can be approximated by its sample mean ࢛
ഥ , i.e.,
࢛
ෝൎ࢛
ഥൌ
࢛

σெ
ୀଵ ࢛
ǡ
ܯ

(3.4)

ෝ ሻ can be approximated by
and the average objective value ܬሺҧ ࢛
ෝሻ ൌ
ܬሺҧ ࢛

σெ
ෝ ሻ σெ
ୀଵ ܬ ሺ࢛
ୀଵ ܬ ሺ࢛ ሻ
ൎ
Ǥ
ܯ
ܯ

(3.5)

Chen et al. (2009) used the approximation in Eq. 3.4 to calculate the meanഥ and the approximation in Eq. 3.5 to calculate the
shifted ensemble matrix ࢁ
mean-shifted objective function vector . However, Do and Reynolds (2013)
did not find any advantage, theoretical or practical, in approximating these two
terms. Hence, they calculate the mean-shifted ensemble matrix directly using
ෝ by
the predefined mean ࢛
ഥ ൌ ሾ࢛ଵ െ ࢛
ෝǡ
ࢁ

ෝ ǡ ǥ ǡ ࢛ெ െ ࢛
ෝ ሿ ܂Ǥ
࢛ଶ െ ࢛

(3.6)

Moreover, Fonseca et al. (2014) suggested calculating the mean-shifted
objective function vector  with respect to the objective value of the predefined
mean for each individual realization instead of the average objective value (Eq.
3.5), i.e.,

ෝ ሻǡ ܬଶ ሺ࢛ଶ ሻ െ ܬଶ ሺ࢛
ෝ ሻǡ ǥ ǡ
ൌ ሾܬଵ ሺ࢛ଵ ሻ െ ܬଵ ሺ࢛

ෝ ሻሿ ܂Ǥ
ܬெ ሺ࢛ெ ሻ െ ܬெ ሺ࢛

(3.7)

The cross-covariance matrix is then
࢛ࡶ ൌ

ͳ
ഥ  ൯Ǥ
൫ࢁ
ܯ

(3.8)

Chen et al. (2009) approximated the gradient by
ࢍ ൎ ࢛ࡶ Ǥ

(3.9)

Eqs. 3.6–3.9 and 3.3 constitute the modified EnOpt formulation. The original
ෝሻ
ෝ with ࢛
ഥ in Eq. 3.6 and ܬ ሺ࢛
EnOpt formulation can be obtained by replacing ࢛
ෝ ሻ in Eq. 3.7. Fonseca et al. (2014) showed that the
with the approximated ܬሺҧ ࢛
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modified EnOpt converges to a higher objective value and more quickly than
does the original EnOpt. Therefore, we use the modified EnOpt.
The step length ߙ significantly affects the rate of convergence. A naive line
ෝ  ሻ. The present
ෝ ାଵ ሻ ൏ ܬሺҧ ࢛
search procedure is to simply reduce ߙ by half if ܬሺҧ ࢛
work uses an interpolation-based line search procedure to find a relatively large
value of ߙ that satisfies the Armijo condition (Wright and Nocedal 1999). The
ෝ ାଵ ሻ  ܬሺҧ ࢛
ෝ  ሻ or a maximum number of
line search procedure halts when ܬሺҧ ࢛
iterations is reached, whichever comes first.
The stopping criterion of the iteration of the steepest ascent method is usually
that the increase in the objective function value is smaller than a user-defined
threshold value or a maximum number of iterations is reached, whichever
comes first. In our use of EnOpt, an optimal solution is usually found during
the first 5–15 iterations. In order to observe clear evidence of convergence, our
stopping criterion is that the number of iterations has reached 30, which is about
twice as many as have been required based on our experience.
We use a synthetic 2D reservoir model (the 2D model) to illustrate the
application of the EnOpt. The 2D Model is an isotropic heterogeneous model
with four injectors and one producer in a five-spot pattern. The heterogeneity
pertains to permeability only. Figure 3.1 shows the geometry of the 2D model
and well locations. The color map in Figure 3.1 shows a realization of the
permeability field in md. The producer bottom hole pressures (BHPs) are fixed
at 200 bars. The well injection rate is controllable and constrained from 0 to
200 m3/day. The control variables are injection rates for 50 time intervals of 30
days each (i.e., a life-cycle of 1500 days). For simplicity, the injection rates of
all injectors for a given day are assumed to be identical. Thus, there are 50
control variables. To incorporate permeability uncertainty, we generate 100
realizations of the permeability field from a multivariate normal distribution.
Three of these realizations are shown in Figure 3.2. NPV calculation uses the
oil price 315 $/m3, water production cost 47.5 $/m3, water injection cost 12.5
$/m3, and discount rate 8%.
For robust production optimization, we use the modified EnOpt to maximize
the expected NPV (ENPV) over all the realizations under a single injection
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scheme. The starting point (the base case) uses an injection rate of 100 m3/day
for all the producers and time steps.

Figure 3.1—Illustration of the 2D model and well locations.

Figure 3.2—Three realizations of the permeability field for the 2D model.

Figure 3.3—Iterative ENPV and cumulative simulation runs.

The ENPV and cumulative simulation runs of each EnOpt iteration are shown
in Figure 3.3. The ENPV increases sharply at the beginning and starts to
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converge after 7 iterations. The ENPV decreases at some iterations because the
maximum number of line search iterations (set to 7 in this example) was
reached. The optimal ENPV is $32.03 million, corresponding to an
improvement of 35.59% over the base case ENPV of $23.62 million. The total
number of simulation runs is 15700 for 30 iterations.
Figure 3.4 illustrates the optimal injection scheme. Its major trend is that the
injection rate decreases. Because of the discounting nature of NPV calculation,
the more oil produced at the early times, the better. At late times, the water cut
is high, so water injection rate is reduced to a sufficient rate for continuing
production.

Figure 3.4—Optimal injection scheme for the EnOpt example.

Figure 3.5—CDF of NPV under the optimal injection scheme for the EnOpt example.

29

Managing Geological Uncertainty in Production Optimization
The cumulative density function (CDF) of NPVs corresponding to the optimal
injection scheme on the 2D model with the 100 realizations is illustrated in
Figure 3.5. The 80% CI, from P10 to P90, is from $30.07 million to $33.61
million. The SD is $1.29 million, an order of magnitude smaller than the EV.
The distribution is quite symmetric.

3.2 Speeding up RO of Waterflooded Production
Using CRM
Although EnOpt has significantly reduced the number of simulation runs
required, RO can still be computationally intensive when based on grid-based
reservoir models using hundreds of realizations. This section presents an RO
workflow that embeds proxy models for further reduction of the computational
cost for RO.

3.2.1 Proxy Models vs. Rich Models
Whether using rich10 models or proxy models, one should keep in mind the
counsel of Box (1979), “All models are wrong but some are useful.”
Engineering uses models to support decision making. Good decision models
are both useful and tractable. By “useful,” we mean that the model must be
relevant and generate insight to resolve the decisions at hand. Usefulness also
requires the model to be credible and transparent—will the DMs believe the
result of the analysis and can the approach be clearly explained and understood?
By “tractable,” we mean that the required analysis can be done within the time
and resources available.
Both grid-based models and proxy models can be useful. However, a reservoir
simulator such as ECLIPSE, with its voluminous code, is so feature rich and
detail oriented that it is not transparent to most users. Furthermore, a rich and
computationally intensive grid-based model is often not tractable—particularly
when the underlying problem is uncertain.

We use “rich” interchangeably with “complex” and “verisimilar” to indicate a high
level of detail built into a model.

10
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Decision-making contexts require cogent (compelling) models. Companies
tend to build too much detail into their decision-making models from the start
and focus too much energy on specific cases or inputs that do not influence the
decisions at hand. As stated by Bickel and Bratvold (2008), “This level of
modeling detail is really a shirking of responsibility on the part of the decision
analyst who will and can build a model that includes only the most salient
factors. Building in detail is easy. Building in incisiveness is hard work.”

3.2.2 Proxy-model Workflow for RO
When geological uncertainty is considered and is represented by hundreds of
realizations, the EnOpt usually requires thousands of production prediction
runs. In the traditional workflow, production is predicted by running grid-based
reservoir simulation. The computational intensiveness of a grid-based reservoir
model can be reduced by having a useful and tractable proxy model serve as a
precursor. Figure 3.6 depicts the traditional and proxy-model workflows for
RO.

Figure 3.6—Traditional and proxy-model workflows for RO.

The proxy-model workflow starts with identifying reservoir characteristics and
drainage scheme for selecting potential proxy models. The potential proxy
models are screened by testing their qualities of matching and prediction.
“Pseudo production data”11 are generated by reservoir simulation that includes

We use the term “pseudo production data” because the data are simulated rather than
measured.

11

31

Managing Geological Uncertainty in Production Optimization
a random injection scheme. An HM process is used to tune the parameters of a
proxy model to where the production predicted by the proxy model fits the
pseudo production data. The production predicted by the history-matched proxy
model is then compared to that of the grid-based reservoir model, using another
random injection scheme for validation. If the difference is unacceptably large
either at the HM step or at the validation step, we test another potential proxy
model. If the difference is small at both steps, we use the proxy model for PO.
After using the optimization algorithm with the proxy model, we run simulation
again on the grid-based reservoir model with the optimal control vector of the
proxy model to get the final results (e.g., NPV). This last step is for evaluating
the optimal control vectors of the reservoir simulation and proxy models on the
same basis. This will be discussed later.

3.2.3 Value of Verisimilitude
Similar to the statement that “one cannot value information outside of a
particular decision context” (Bratvold et al. 2009), the value of using a more
verisimilar or richer model cannot be assessed outside of a particular decision
context. Using a more verisimilar model has no value in and of itself. It can add
value only if it holds the possibility of changing our decisions. We introduce
the value of verisimilitude (VOV) to quantify the economic impact of any
difference in optimal solutions obtained by the proxy-model and traditional
workflows.
VOV is the benefit that the verisimilitude can offer, and calculated as
ܸܱܸ ൌ ݒሺ࢛ ሻ െ ݒ൫࢛௫௬ ൯ǡ

(3.10)

where ݒሺ࢛ሻ is the true value of the decision given a control vector ࢛, ࢛ is
the control vector found by using the traditional workflow, and ࢛௫௬ is that
found by the proxy-model workflow. However, being that a given field can
support only one production strategy and cannot yield the true value until the
end of production, the rich model is assumed to represent the truth. For the case
with multiple realizations, Eq. 3.10 is used to calculate the VOV for each
realization. This results in a distribution of VOV.
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If VOV is zero, using a more verisimilar model does not create any value. The
VOV can be compared with the costs saved (converted to monetary terms) by
using a proxy model. The costs include the computational cost itself and the
costs induced by longer waiting time and later decisions 12 when a more
verisimilar model is used. If the costs saved exceeds VOV, then the proxy
model is preferable.
Bratvold and Begg (2009) noted, “Companies tend to build too much detail into
their decision-making models from the start.” This pitfall might be avoided by
calculating the VOV. Unfortunately, calculating the VOV is, in itself,
computationally expensive, as it can be assessed only by running both the rich
and the proxy models. Ideally, the VOV should be obtained without running
the rich model. One possible solution is to build a database of VOV
assessments, which can eventually be used to estimate the value of using a
richer model for similar cases. Another possibility is to formulate the VOV as
a sensitivity analysis problem, with the purpose of assessing what the value
with a rich model, ݒሺ࢛ ሻ, must be in order for the VOV to be greater than
the costs. This minimum ݒሺ࢛ ሻ can then be evaluated by the subject matter
experts, for determining whether it is realistic for a given decision context.

3.2.4 CRM for Waterflooding
The choice and usefulness of a proxy model is a function of the reservoir
characteristics, drainage scheme, and decision context. For RO of waterflooded
production, a CRM is a potential candidate.
A CRM is based on material balance and derived from the total fluid continuity
equation. It contains considerably fewer parameters and needs significantly less
computation time than does a grid-based reservoir model. Required input data
for a CRM are production rates, injection rates, and producers’ BHPs. The two
main parameters of a CRM are connectivity and time constant. For an oil-water
system, connectivity is the proportion of injected water in an injector that
12

An example of the costs induced by longer waiting time and later decisions is:
Suppose we need to decide the location of a new well. The waiting time of using a rich
model is 7 days and that of a proxy is only 1 day. Then, there will be costs associated
with having the drilling team wait for 6 days (the difference between the waiting times
of using the rich model and the proxy model) and delaying the production for 6 days.
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contributes to the total fluid production in a producer. The time constant
indicates how long a pressure wave from an injector takes to reach a producer.
Based on control volume, CRM can be divided into three categories: singletank CRM (CRMT), producer-based CRM (CRMP), and injector-producerpair-based CRM (CRMIP) (Sayarpour et al. 2009). As illustrated in Figure 3.7,
the control volume in a CRMT is the entire drainage volume of a reservoir
covering a single pseudo-producer (encompassing all physical producers) and
a single pseudo-injector (encompassing all physical injectors), enabling the
entire reservoir to be treated as a single tank with one inlet and one outlet. A
CRMP has producer-based control volumes, each of which covers all the
injectors influencing its corresponding producer. A CRMIP has one control
volume for each injector-producer pair.

Figure 3.7—Schematic of (a) CRMT, (b) CRMP, and (c) CRMIP.

This work focuses on CRMP. The fundamental equation of CRMP is the total
fluid production equation. For constant producer BHPs, the equation is
(Sayarpour 2008)
ೕ

ݍ௧ 

οݐ
οݐ
ൌ ݍ௧ ିଵ
 ቆെ
ቇ  ቈͳ െ  ቆെ
ቇ ቌ ߣ ܫ ቍǡ

߬
߬

(3.11)
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where sub/superscripts ݅, ݆, and ݇ are the indices of injector, producer, and time
step, respectively; ݍ௧  is the total fluid production rate of producer ݆ at time ݇;
οݐ is the time step length between times ݇ and ݇ െ ͳ; ߬ is the time constant
for producer ݆; ݊ is the number of injectors; ߣ is the connectivity between
injector ݅ and producer ݆; and ܫ is the water injection rate of injector ݅ during
the period οݐ . Both ߣ and ߬ are assumed to be constant with respect to time.
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Because Eq. 3.11 can predict only total fluid production, combining it with a
fractional flow model is necessary in order to separate oil production from total
production. Sayarpour et al. (2011) combined CRMP with a Buckley-Leverettbased fractional flow model, Gentil (2005) with an empirical fractional flow
equation, and Cao et al. (2015) with the Koval (1963) model. Cao (2014)
demonstrated that the Koval model might not yield a good match for mature
waterfloods because it might approach an abrupt end of 100% water cut. She
also noted that the Gentil model might not work well for immature waterfloods
because the relationship between the natural logs of water-oil ratio and
cumulative water injection might be non-linear at that stage. These concerns
prompted the development of a fully coupled two-phase-flow-based CRMP
(Coupled CRMP), which is applicable in all stages of maturity (Cao 2014, Cao
et al. 2015).
The parameters of CRM and fractional flow model are determined by historymatching the production data.
A detailed review of CRMP combined with the Koval model and Coupled
CRMP is provided in Paper II.

3.2.5 Example of Applying the Proxy-model Workflow
To illustrate the application of the proxy-model workflow with Coupled CRMP
and the concept of VOV, we use the 2D model with 100 realizations that was
presented in Section 3.1. Paper II applies this approach to a more realistic case
with a synthetic 3D reservoir simulation model.
It yields 100 sets of the parameters of Coupled CRMP (i.e., an ensemble of
Coupled CRMP) to repeat the procedure of matching Coupled CRMP to the
pseudo production data simulated by every realization of the 2D model. The
qualities of matching and prediction are shown in Figure 3.8 and Figure 3.9,
respectively. The matching quality is good: the minimal R2 (the worst
matching) for total production rate and water cut are 0.9950 and 0.9929,
respectively. The prediction quality is less good, but still satisfactory, with a
minimal R2 of 0.9946 for total production rate and 0.9546 for water cut.
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Figure 3.8—Matching of total fluid production rate and water cut: (a) total fluid
production rate from the 2D model, (b) water cut from the 2D model, (c) total fluid
production rate from Coupled CRMP, and (d) water cut from Coupled CRMP.

Figure 3.9—Validation of total fluid production rate and water cut: (a) total fluid
production rate from the 2D model, (b) water cut from the 2D model, (c) total fluid
production rate from Coupled CRMP, and (d) water cut from Coupled CRMP.
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For robust production optimization, we use the modified EnOpt to maximize
the expected NPV over all the realizations, under a single injection scheme. The
optimal ENPV of the 2D model is $32.03 million and of Coupled CRMP is
$31.12 million. The expected NPV of the proxy-model workflow is $31.84
million, which is close to that of the traditional workflow. Figure 3.10
illustrates the CDFs of NPV corresponding to the optimal solutions of the 2D
model and of Coupled CRMP, and to the 2D model under the optimal injection
scheme of Coupled CRMP. The optimal injection schemes are shown in Figure
3.11.
The proxy-model and traditional workflows lead to similar optimal expected
NPVs and similar NPV distributions (the solid red curve vs. the solid blue curve
in Figure 3.10), although they provide different optimal injection schemes. This
indicates that these two injection schemes are almost equally good if NPV is
the only criterion. To determine the better injection scheme, we could add
relevant criteria; for example, we might want to minimize the frequency of
significant changes in the injection rates and thus the optimal injection scheme
of Coupled CRMP is better than that of the 2D model.
Coupled CRMP underestimates NPV (the dashed red curve vs. the solid red
curve in Figure 3.10). We aim to investigate the difference in NPVs due to the
difference in decisions made based on the rich and proxy models. The
difference in NPVs should not include that due to the calculation of NPVs based
on different models. Therefore, we should evaluate the optimal control vectors
of the rich and proxy models on the same basis (i.e., the rich model). This is
why the proxy-model workflow runs the simulation again on the grid-based
reservoir model with the optimal control vector of the proxy model to get the
final NPV.
The total number of production prediction runs during EnOpt was 21800 for
Coupled CRMP and 15600 for the 2D model. The run times of Coupled CRMP
and the 2D model for a prediction of 3000 days were 0.17 and 4.1 seconds,
respectively, and the computational time of one HM was 1.1 seconds. The
1500-day run time of a life-cycle prediction is one half of the run time of a
3000-day prediction. The total computational time of the traditional workflow
is 31980 seconds, and of the proxy-model workflow is 2578 seconds. The
computation time required by the proxy-model workflow is therefore less than
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1/10 that of the traditional workflow. The distinction will become more
pronounced if the grid-based reservoir model has a finer grid block size or
higher geological complexity. Longer computational time or waiting time
caused by using a richer model can potentially come with significant cost of
decision delays (see the discussion related to Footnote 12).

Figure 3.10—CDFs of NPV for the proxy-model workflow example.

Figure 3.11—Optimal injection schemes for the proxy-model workflow example.

To calculate the VOV, we consider the following decision-making context that
involves three decisions in series. The first decision has two options: to
continue developing the field at a cost of $10 million or to walk away. The
second decision is whether to install valves on the injectors at a cost of $2
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million, given that water would be injected over the entire production life-cycle
at a constant rate of 100 m3/day without valves or at any rate from 0 to 200
m3/day with valves. The third decision is to choose a water injection scheme if
valves are installed. All the decisions will be based on our current knowledge
about the field. We assume a risk-neutral case, where the objective is to
optimize the EV.
The decision trees are illustrated in Figure 3.12 and Figure 3.13, where a
square, a circle, and a triangle represent a decision node, an uncertainty node,
and a payoff node, respectively. (Bratvold and Begg (2010) includes a detailed
description of using decision trees to solve hydrocarbon-production-related
decision-making problems.) The P10, P50, and P90 values are shown in the
decision trees. The distributions of the NPV are expected to differ because the
proxy-model and traditional workflows lead to different optimal injection
schemes. Given our objective of maximizing the ENPV of a particular decisionmaking problem, the solution of the proxy-model workflow gives an ENPV
very close to that of the traditional workflow.
The optimal choice is the same for the first and second decision nodes.
However, the two workflows make the third decision diverge, resulting in an
expected revenue of $19.84 million for the proxy-model workflow (applying
the blue line in Figure 3.11) and of $20.03 million for the traditional workflow
(applying the red line in Figure 3.11). The expected VOV (EVOV) is $20.03
million - $19.84 million = $0.19 million. Using a more verisimilar production
prediction model has no value in and of itself, as it must be material to
potentially change our decisions. Thus, the 2D model (a richer model) adds no
value to the first and second decisions in this case. It adds value only to the
third decision. The EVOV is positive because the 2D model can capture more
minor flow behaviors than can Coupled CRMP, giving a more accurate
production prediction under our assumption that the 2D model represents the
truth. However, the EVOV ($0.19 million) is more than an order of magnitude
less than the ENPV improvement ($19.84 million − $13.62 million = $6.22
million) by installing the valves and conducting the optimal injection scheme
found by performing EnOpt on Coupled CRMP. This is because Coupled
CRMP is already a good approximation to the 2D model. The CDF of the VOV
is illustrated in Figure 3.14 which shows that the chance of a negative VOV is
about 5.4%. The minimal VOV is −$0.096 million, and the maximal is $0.783
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million. This indicates that using a richer model for RO cannot guarantee a
better control than using a proxy model for each individual realization.

Figure 3.12—Decision tree with the optimal solution of the proxy-model workflow.

Figure 3.13—Decision tree with the optimal solution of the traditional workflow.

We investigate the sensitivity of the EVOV to the valve cost by varying the
latter. The results are plotted in Figure 3.15, which can be divided into three
regions: valve cost lower than $8.21 million (Region 1), from $8.21 million to
$8.41 million (Region 2), and greater than $8.41 million (Region 3). In Region
1, the EVOV is a constant $0.194 million because only the third decision is
affected by whether the proxy-model or traditional workflow is chosen. In
Region 2, installing valves is called for by the traditional workflow but not by
the proxy-model workflow. The linear decrease in the EVOV in Region 2 is
because the value with valves installed is a linear function of the valve cost and
the value with valves not installed is a constant. In Region 3, the EVOV drops
to 0 because neither the proxy-model nor the traditional workflow calls for
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installing valves. This illustrates that the value of using a richer model is
decision-dependent.

Figure 3.14—CDF of the VOV for the example of applying the proxy-model workflow.

Figure 3.15—Sensitivity of EVOV to valve cost.
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4 Managing Geological Uncertainty in
Reservoir Management
Previous chapters have presented approaches to managing geological
uncertainty in HM and PO. This chapter will present iterative approaches to
managing geological uncertainty that combine HM and PO for making
sequential RM decisions. This iteration is central to RM.

4.1 Closed Loop Reservoir Management
In CLRM (closed loop reservoir management—also known as “real time
reservoir management,” “smart reservoir management,” or “closed loop
optimization”), the loop of HM and PO is closed by continuously updating a
production model with several realizations and performing life-cycle
optimization whenever new data become available (Brouwer et al. 2004,
Nævdal et al. 2006, Chen et al. 2009, Wang et al. 2009, Jansen et al. 2009).
Figure 4.1 illustrates the process flow of CLRM. An initial ensemble of a
production model with numerous realizations is built based on prior knowledge
on the reservoir, and an initial production strategy for the whole life-cycle is
determined by performing RO on the initial ensemble. The initial production
strategy is applied to the real field until new data becomes available. The new
data are used to update the production model, and a new production strategy for
the remainder of the life-cycle is determined by performing RO on the updated
ensemble of the production model. The new production strategy is applied to
the real field until new data become available. Repeating the process keeps the
RM up to date.
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Figure 4.1—Process flow of CLRM, adopted from Jansen et al. (2009).

CLRM provides a myopic or naive decision policy in that the uncertainties and
decisions associated with currently available data are considered but the
uncertainties and decisions associated with future data are not (Kullawan 2016,
Thomas 2016). A decision-tree representation for this approach is illustrated in
Figure 4.2, where ܦ denotes decisions made at ݐ and ܷ denotes the
uncertainties associated with current available data until ݐ . ܷ is commonly
represented by a production model with numerous realizations. The production
strategy ܦ , ܦାଵ , …, ܦௗ is determined with the consideration of only the
immediate relevant uncertainty ܷ .

Figure 4.2—Decision-tree representation for CLRM.

CLRM greatly simplifies the structure of a RM decision problem and
consequently incurs less computational cost for solving the problem. However,
its failure to reflect the full structure of an RM decision problem might lead to
a suboptimal production strategy.
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4.2 Fully Structured Reservoir Management
The decision-tree representation of fully structured reservoir management
(FSRM) is illustrated in Figure 4.3.13 The problem structure required for using
FSRM is sequential decision making. If there is only one decision point (i.e.,
only ܦ and ܷ are included in the decision tree), then FSRM and CLRM will
yield the same solutions.
FSRM explicitly considers both the uncertainties associated with current
available data (ܷ ) and those with future data (ܷାଵ , …, ܷௗ ). Therefore, the
current decision (ܦ ) does not depend only on the uncertainties that a DM has
learned so far, but on the uncertainties that the DM will learn in the future.14
FSRM includes the DM’s learning (ܦାଵ , …, ܦௗ ) from the revelation of
uncertainties associated with future data (ܷାଵ , …, ܷௗ ).
Solving the decision tree in Figure 4.3 gives the optimal production strategy.
However, it can be computationally intensive or even prohibitive because of
the dependencies among the tree elements15 or the computational intensiveness
of a production model.

Figure 4.3—Decision-tree representation of FSRM.

An example illustrates the differences between FSRM and CLRM solutions.
Consider two geological realizations: Realization 1 (R1) has a high
permeability channel between the injector and producer, and Realization 2 (R2)
We call this approach “fully structured” because we intend to (approximately) solve
the fully structured decision tree (Figure 4.3), which reflects the real structure of a
sequential decision-making problem, rather than the “simplified” decision tree (Figure
4.2).
14
The uncertain quantities under consideration won’t change over time, but the
quantification of their uncertainties will change with new knowledge (learning) over
time.
15
For example, a value function depends on reservoir properties (uncertainties) and the
chosen production strategy (decisions).
13
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doesn’t. The prior probabilities of these two realizations are 0.5 and 0.5,
respectively. The water cut behavior for these two realizations is shown in
Figure 4.4. Because of the channel, R1 (red curve) will have earlier water
breakthrough than R2 (blue curve) under the same production strategy.
Consider a life-cycle of 120 months. The decision variables are the injection
rates for 3 time intervals (Time Interval 1 (TI1): Month 1–Month 40, Time
Interval 2 (TI2): Month 41–Month 80, and Time Interval 3 (TI3): Month 81–
Month 120). The injection rate is bounded at 0 to 150 m3/day. The decisions
will be made at the end of Month 0, Month 40, and Month 80. Before making
each decision, information from production data will be used to update our
belief on the existence of the channel. Assuming that the reliability of the
information is 0.9, we have the likelihood matrix listed in Table 4.1. The
decision tree for this context is illustrated in Figure 4.5.

Figure 4.4—Water cuts of R1 and R2.

Information
says

Given the truth is
R1
R2
0.9
0.1
0.1
0.9

“R1”
“R2”

Table 4.1—Likelihood matrix for the example comparing FSRM and CLRM solutions.
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Figure 4.5—Decision tree for the example comparing FSRM and CLRM solutions.

The FSRM and CLRM solutions are listed in Table 4.2. The FSRM solution
leads to the optimal EV of $45.963 million, and the CLRM solution gives a
lower EV of $45.927 million.
Decision Node D1
D21 D22 D31 D32 D33 D34
FSRM
150.0 56.4 150.0 0.0 150.0 82.6 136.3
CLRM
150.0 76.9 150.0 0.0 150.0 82.6 136.3
Table 4.2—Injection rates for decision nodes solved using FSRM and CLRM.

The only difference between the two solutions is that FSRM assigns a lower
injection rate to D21. Given that the first information indicates channel
existence (“R11”), the probability of channel existence (R1) is 0.9 and that of
no channel (R2) is 0.1; thus, CLRM assigns a moderate injection rate of 76.9
m3/day to D21. Indeed, given that the first information indicates channel
existence (“R11”), we can “foresee” that there is a high chance of 0.82 that the
second information will indicate channel existence, resulting in a probability of
channel existence (R1) of 0.99; thus, FSRM further reduces injection rate to
56.4 m3/day for D21. This example illustrates that FSRM and CLRM can lead
to different decisions and the CLRM solution can be suboptimal.
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The difference between the FSRM and CLRM solutions ($45.963 million vs.
$45.927 million) is very small for this example. The improvement of using
FSRM instead of CLRM depends on the characteristics of a problem
(uncertainties, decisions, and values). Paper III presents an example in the
context of determining the optimal IOR start time. That example shows a 6.7%
improvement in ENPV (from $2641.2 million to $2818.0 million) when FSRM
is used instead of CLRM.

4.3 Least-Squares Monte Carlo Algorithm for
FSRM
The LSM algorithm is an approximate dynamic programming algorithm, which
approximates the conditional future value of an alternative by regression. Thus,
it does not suffer from the “curse of dimensionality” induced by the
uncertainties. However, its computational time increases linearly with the
computational time of a production model and exponentially with the number
of alternatives. It is promising for solving an FSRM problem with a
computationally attractive production model and small number of alternatives.

4.3.1 LSM Algorithm
The LSM algorithm was proposed by Longstaff and Schwartz (2001) for
American option problems that involve a yes-no decision: at any time, an option
holder can decide whether to immediately exercise the option at the current
stock price or to continue holding the option for exercising it at a future stock
price. The stock price is an uncertain quantity in an American option problem,
whose uncertainty can be modeled as a Markov process, and thus an
alternative’s future value conditions only to the current stock price.
However, geological uncertainty depends not only on the currently measured
data but on the previously measured data, and consequently an alternative’s
future value conditions to currently and previously measured data. To address
geological uncertainty, we slightly modify the LSM algorithm to include the
dependency of the future value on the currently and previously measured data.
The two central steps of our modified LSM algorithm are
(1) Monte Carlo Simulation (MCS) Step:
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ܰ independent samples of model parameters representing geological
uncertainty are generated using MCS. For one sample of model
parameters, forward modeling is performed to provide modeled
production data from ݐ (time 0) to ݐௗ (end time); and then, random
noises generated based on the statistics of the measurement errors are
added to the modeled production data to provide a sample of measured
data. Because this sample of measured data consists of a series of data
points in time, it is also called a path of measured data. Repeating this
procedure for each of the ܰ sampled sets of model parameters, we
obtain ܰ paths of measured data, i.e., ሾ࢟ଵ ǡ ࢟ଶ ǡ ǥ ǡ ࢟ே ሿ.
(2) Least Squares Step:
For the ݅th sample of model parameters, the NPV of alternative ܽ is
calculated, giving ܸܰܲ ሺܽሻ. This is repeated for the ܰ sampled sets of
model parameters, resulting in ሾܸܰܲଵ ሺܽሻǡ ܸܰܲଶ ሺܽሻǡ ǥ ǡ ܸܰܲே ሺܽሻሿ .
To estimate the ENPV with alternative ܽ conditioned on the measured
data, ܸܲܰܧሺܽሻȁ࢟, we regress ሾܸܰܲଵ ሺܽሻǡ ܸܰܲଶ ሺܽሻǡ ǥ ǡ ܸܰܲே ሺܽሻሿ on
ሾ࢟ଵ ǡ ࢟ଶ ǡ ǥ ǡ ࢟ே ሿ . This procedure is repeated for each of the
alternatives.
The modified LSM algorithm is applied in Paper III.

4.3.2 Example of Applying LSM
An example illustrates the detailed steps of applying our modified LSM
algorithm to solve an FSRM problem.
A field has a life-cycle of 15 years. The decision-problem setting is relevant to
the optimal IOR start time. We consider a yes-no decision at the end of Years
0, 5, and 10: whether primary recovery should be shifted to secondary recovery.
The production is modeled using a two-factor model (Parra-Sanchez 2010) that
includes a factor for the recovery increment due to the change in recovery
mechanism and another factor for the time constant of a recovery mechanism.
For primary recovery, the model is formulated as
ஶ
ܧோଵ ሺݐሻ ൌ ܧோଵ
൬ͳ െ  ൬െ
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and for secondary recovery,
ஶ
ܧோଶ ሺݐሻ ൌ ܧோଵ ሺݐ்ଵ ሻ  οܧோଶ
൬ͳ െ  ൬െ

 ݐെ ݐ்ଵ
൰൰ǡ
߬ଶ

(4.2)

ஶ
where ܧோଵ is the primary oil recovery efficiency, ܧோଵ
is the theoretical ultimate
recovery efficiency for primary recovery, ߬ଵ is the primary recovery time
constant for production, ܧோଶ is the secondary oil recovery efficiency, ݐ்ଵ is the
ஶ
is the theoretical ultimate recovery
life time of primary recovery, οܧோଶ
increment for secondary recovery, and ߬ଶ is the secondary recovery time
constant for production. Then, the cumulative oil production is calculated as

ܳ ሺݐሻ ൌ ܱܱ ܲܫή ܧோ ሺݐሻǡ

(4.3)

where ܧோ ൌ ܧோଵ or ܧோଶ .
The geological uncertainty is represented by three realizations (R1, R2, and R3)
of the production model parameters. The realizations are a priori equi-probable.
Figure 4.6 illustrates the primary recovery as a function of time for the
realizations.
The measured primary recovery efficiency is used to inform our decisions. The
likelihood functions are listed in Table 4.3. For example, given that the truth is
R1, the probability of measurement at ݐଵ saying “high recovery” (i.e., a
measured recovery efficiency of 0.3) is 1/4, and the probability of measurement
at ݐଶ saying “high recovery” (i.e. a measured recovery efficiency of 0.33) is 3/4.
Our objective is to solve for a decision policy that maximizes the value of the
flexibility of shifting to secondary recovery at various times. This can be
achieved using a decision tree. The fully structured decision tree for this
problem setting is illustrated in Figure 4.7, where the optimal decision policy
is indicated by the red branches. The optimal ENPV is $2454.45 million.
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Figure 4.6—Primary recovery as a function of time for three geological realizations.

Given the truth is
R1 R2 R3
Measurement
at ݐଵ says

“High Recovery”
(“ܧு௧ଵ ”)
“Low Recovery”
(“ܧ௧ଵ ”)

“High Recovery”
(“ܧு௧ଶ ”)
Measurement
at ݐଶ says
“Low Recovery”
(“ܧ௧ଶ ”)

1/4

3/4

1/4

3/4

1/4

3/4

3/4

3/4

1/4

1/4

1/4

3/4

Table 4.3—Likelihood functions for the measured primary recovery efficiency.
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Figure 4.7—Fully structured decision tree for the example of an optimal IOR start time
problem. All NPV values are in million USD.

We use the modified LSM to solve the same problem. For illustration, we use
only 5 MC samples. The number of samples will be increased later. We first
sample 5 paths of the measured data as listed in Table 4.4. Then, we start the
LSM from the last decision point, as we solve the decision tree backwards.
Table 4.5 lists the NPVs corresponding to alternatives of “continue (with
primary recovery)” and “shift (to secondary recovery)” at ݐଶ for each path.
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Data at

Geological
Realization
R2
R3
R3
R1
R3

Path
1
2
3
4
5

௧ଵ
ݐଵ (̶ܧோଵ
̶)

0.30
0.20
0.20
0.20
0.30

௧ଶ
ݐଶ (̶ܧோଵ
̶)
0.22
0.22
0.33
0.33
0.22

Table 4.4—Path of measured data for LSM.

NPV [million USD]
Continue
Shift
3093.78
3522.07
1046.60
961.51
1046.60
961.51
2838.31
2863.37
1046.60
961.51

Geological
Realization
R2
R3
R3
R1
R3

Path
1
2
3
4
5

Table 4.5—NPVs for alternatives at time 2 for LSM.

When we are making the decision at ݐଶ , we have obtained the data at both ݐଵ
and ݐଶ . Therefore, the ENPV is conditioned on the data at both ݐଵ and ݐଶ . We
estimate the ENPV by regressing NPV on the data. Using ܸܲܰܧȁ݀ܽ ܽݐൌ ܽ 
௧ଵ
௧ଶ
ܽଵ ̶ܧோଵ
̶  ܽଶ ̶ܧோଵ
̶ , the resulting conditional expectation function for
௧ଵ
௧ଶ
̶  ͺͳͶͶǤͳ ή ̶ܧோଵ
̶.
“continue” is ܸܲܰܧȁ݀ܽ ܽݐൌ െʹͻʹǤ͵  ͳͲʹ͵ͷǤͻ ή ̶ܧோଵ
The same is done for “shift”. Table 4.6 lists the resulting ENPV corresponding
to alternatives of “continue” and “shift” at ݐଶ for each path. The optimal
decision can now be made by taking the alternative that gives the highest ENPV
for each path. Each optimal decision is colored in red in Table 4.6.
Path
1
2
3
4
5

ENPV [million USD]
Continue
Shift
2070.19
2241.79
1046.60
961.51
1942.46
1912.44
1942.46
1912.44
2070.19
2241.79

Table 4.6—ENPVs for alternatives at time 2 for LSM.

We move one time step backwards to ݐଵ . Table 4.7 lists the NPVs
corresponding to alternatives of “continue” and “shift” at ݐଵ for each path. The
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NPVs for “continue” in Table 4.7 come from the NPVs in Table 4.5 for the
optimal decisions shown in Table 4.6.
NPV [million USD]
Continue
Shift
3522.07
3576.25
1046.60
686.98
1046.60
686.98
2838.31
2535.09
961.51
686.98

Geological
Realization
R2
R3
R3
R1
R3

Path
1
2
3
4
5

Table 4.7—NPVs for alternatives at time 1 for LSM.

When we are making the decision at ݐଵ , only the data at ݐଵ are available but not
at ݐଶ . Therefore, the ENPV is conditioned on only the data at ݐଵ . Using
௧ଵ
ܸܲܰܧȁ݀ܽ ܽݐൌ ܾ  ܾଵ ̶ܧோଵ
̶, the resulting conditional expectation function
௧ଵ
for “continue” is ܸܲܰܧȁ݀ܽ ܽݐൌ ͶͶǤͻ  ͷͻͻǤͷ ή ̶ܧோଵ
̶. The same is done for
“shift”. Table 4.8 lists the resulting ENPV corresponding to alternatives of
“continue” and “shift” at ݐଵ for each path, and the optimal decisions are in red.
Path
1
2
3
4
5

ENPV [million USD]
Continue
Shift
2241.79
2131.62
1643.84
1303.02
1643.84
1303.02
1643.84
1303.02
2241.79
2131.62

Table 4.8—ENPVs for alternatives at time 1 for LSM.

We move to ݐ . Table 4.9 lists the NPVs corresponding to alternatives of
“continue” and “shift” at ݐ for each path. The NPVs for “continue” in Table
4.9 come from the NPVs in Table 4.7 for the optimal decisions shown in Table
4.8.
Because no data are available at ݐ , we calculate the ENPVs for “continue” and
“shift” by calculating the mean of the values in their respective columns in
Table 4.9. The resulting ENPV for “continue” is $1883.02 million, and that for
“shift” is $933.69 million. Thus, the optimal decision at ݐ is “continue”, and
the optimal ENPV is $1883.02.
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NPV [million USD]
Continue
Shift
3522.07
2973.71
1046.60
69.21
1046.60
69.21
2838.31
1487.11
961.51
69.21

Geological
Realization
R2
R3
R3
R1
R3

Path
1
2
3
4
5

Table 4.9—NPVs for alternatives at time 0 for LSM.

The optimal decision policy can be determined by looking back at Table 4.8
and Table 4.6, and it is represented by Table 4.10. This indicates that we should
continue with primary recovery up to ݐଶ irrespective of the measurement at ݐଵ ,
and shift to secondary recovery at ݐଶ if the measurement says “ܧு௧ଵ ” at ݐଵ and
“ܧ௧ଶ ” at ݐଶ .
Path
1
2
3
4
5

Data at
௧ଶ
ݐଶ (̶ܧோଵ
̶)
0.30
0.22
0.20
0.22
0.20
0.33
0.20
0.33
0.30
0.22

௧ଵ
ݐଵ (̶ܧோଵ
̶)

Optimal Decision at
ݐ
ݐଵ
ݐଶ
Continue
Continue
Shift
Continue
Continue
Continue
Continue
Continue
Continue
Continue
Continue
Continue
Continue
Continue
Shift

Table 4.10—Table representation of optimal decision policy solved using LSM.

The optimal ENPV and optimal decision policy solved using the modified LSM
are different from the analytical solution from the decision tree (Figure 4.7)
because we used only 5 paths. The accuracy can be improved by increasing the
number of paths. We increase to 500000 paths and repeat it 1000 times. This
gives a mean estimated optimal ENPV of $2454.48 million (which is almost
the same as the analytical solution $2454.45 million) and an SD of $1.49
million (which is relatively small).
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5 Value-of-Information in Reservoir
Management
The concept of VOI was first introduced in the O&G industry for drilling
decisions that are related to RM (Grayson 1960). More than 50 years later, this
concept was adopted to assess the value of information from HM (Barros et al.
2015, Barros et al. 2016, He et al. 2017). The information from HM is used to
support decisions on production strategy.

5.1 Definition of VOI
The concept of VOI16 originates from the DA community. Schlaifer (1959) was
the first to define VOI in the context of business decisions. Other early
references to VOI analysis can be found in Raiffa and Schlaifer (1961) and
Howard (1966). Its use has been documented in broad areas of real-world
application, from nuclear waste storage assessment (Eppel and von Winterfeldt
2008) to biosurveillance (Willis and Moore 2013). Grayson (1960) introduced
this concept in the O&G industry. Bratvold et al. (2009) presented the definition
of VOI as well as an overview of its use in the O&G industry. Eidsvik et al.
(2015) provided an exposition of VOI in the earth sciences.
VOI analysis is concerned with two fundamental uncertainties: (1) the
uncertainties we hope to learn about but cannot directly observe, which we call
the distinctions (or events) of interest; and (2) the test results, referred to as the
observable distinctions (Bratvold et al. 2009). In the following, we use ࢞ to
denote the distinctions of interest and ࢟ to denote the observable distinctions.
VOI is defined as the most that the DM should pay for additional information
on the distinctions of interest. It is calculated before the additional information
is actually acquired. If the DM is risk neutral, then17

To separate “value-of-information (VOI)” from other definitions, we use the term as
it is defined in the DA community.
17
This is not the general definition of VOI. This formulation is true only if the DM is
risk-neutral or risk-averse with an exponential utility function (Bratvold et al. 2009).
16
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 ݄ݐ݅ݓ
ܸܱ ܫൌ ቂ
ቃ

 ݐݑ݄ݐ݅ݓ
െቂ
ቃǤ


(5.1)

If the additional information is perfect (i.e., the information reveals the truth),
we refer to the VOI as the value-of-perfect-information (VOPI) or the valueof-clairvoyance (VOC). No test, no matter how sophisticated, can be worth
more than the VOPI (Bratvold et al. 2009).
In mathematical form,
ܸܱ ܫൌ ሾͲǡ οሿǡ
οൌ  ܫܹܸܧെ ܫܱܹܸܧǡ

(5.2)
(5.3)

where  ܫܱܹܸܧis the EV without additional information and  ܫܹܸܧis the EV
with additional information. The lower bound of VOI is always 0 because if ο
is negative when  ܫܱܹܸܧ ܫܹܸܧ, one can always choose to not gather the
information. VOI is an indicator of the maximal buying price or cost of an
information-gathering activity. If the VOI is greater than the cost, the DM
should gather the information; otherwise, the DM should not do so.
The decision without information (DWOI) is the alternative that optimizes EV
over the prior, and the EVWOI is the optimal EV over the prior, i.e.,
௧

ࢇ ൌ ሼܸܧሾݒሺ࢞ǡ ࢇሻሿሽ ൌ  ቊනݒሺ࢞ǡ ࢇሻሺ࢞ሻ݀࢞ቋǡ
ࢇא

(5.4)

ࢇא

௧

 ܫܱܹܸܧൌ ܸܧൣݒ൫࢞ǡ ࢇ ൯൧ ൌ

࢞
௧
නݒ൫࢞ǡ ࢇ ൯ሺ࢞ሻ݀࢞ǡ
࢞

(5.5)

௧

where ࢇ is an alternative from the decision space , ࢇ is the DWOI, ݒሺ࢞ǡ ࢇሻ
is the value function that assigns a value to each alternative-outcome pair for a
given ࢞, and ሺ࢞ሻ is the prior probability distribution of ࢞. Similarly, for given
observations, the decision with information (DWI) is the alternative that
optimizes EV over the posterior, i.e.,
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௧

ࢇ௦ ሺ࢟ሻ ൌ ሼܸܧሾݒሺ࢞ǡ ࢇሻȁ࢟ሿሽ
ࢇא

ൌ  ቊනݒሺ࢞ǡ ࢇሻሺ࢞ȁ࢟ሻ݀࢞ቋǡ
ࢇא

(5.6)

࢞

௧
௧
ܸܧ௦ ሺ࢟ሻ ൌ  ܸܧቂ ݒቀ࢞ǡ ࢇ௦ ሺ࢟ሻቁ ȁ࢟ቃ
௧

ൌ න ݒቀ࢞ǡ ࢇ௦ ሺ࢟ሻቁ ሺ࢞ȁ࢟ሻ݀࢞ǡ

(5.7)

࢞

௧

௧

where ࢇ௦ denotes the optimal decision policy, ࢇ௦ ሺ࢟ሻ is the DWI given
௧

observations ࢟, ሺ࢞ȁ࢟ሻ is the posterior probability distribution, and ܸܧ௦ is
the optimal EV over the posterior. The posterior probability distribution is
assessed by using Bayes’ theorem.
Before a DM actually acquires information, the observations ࢟ is an uncertain
quantity. Thus, the EVWI is defined as the expectation over the observations,
௧

 ܫܹܸܧൌ නܸܧ௦ ሺ࢟ሻሺ࢟ሻ݀࢟
࢟

௧

(5.8)

ൌ න නݒ൫࢞ǡ ࢇ௦ ሺ࢟ሻ൯ሺ࢞ȁ࢟ሻ݀࢞ ሺ࢟ሻ݀࢟ǡ
࢟ ࢞

or , equivalently
 ܫܹܸܧൌ න

௧

ݒ൫࢞ǡ ࢇ௦ ሺ࢟ሻ൯ሺ࢞ǡ ࢟ሻ݀ሺ࢞ǡ ࢟ሻǡ

ሺ࢞ǡ࢟ሻ

(5.9)

where ሺ࢞ǡ ࢟ሻ denotes a joint space of ࢞ and ࢟, and ሺ࢞ǡ࢟ሻή ݀ሺ࢞ǡ ࢟ሻ stands for the
integration over all combinations of ࢞ and ࢟. The rest of this thesis refers to Eq.
5.8 as Formulation 1 (F1) and Eq. 5.9 as Formulation 2 (F2). F1 is the standard
formulation used in VOI’s definition and is commonly used for VOI calculation
because its order of integrals is consistent with the steps of solving a decision
tree for the case with information. We define F2 in addition because it is
relevant to the MC approach that we will discuss in Section 5.3.3.
Eqs. 5.6–5.9 do not show explicitly time-dependent components. Each
௧
component of the decision vector ࢇ௦ ሺ࢟ሻ is a function of all the observations
available at the time of evaluating the decision. The Bellman equation contains

57

Value-of-Information in Reservoir Management
a complete expression of Eq. 5.8 for a time-dependent system (Eidsvik et al.
2015, Bellman 1957).

5.2 VOI Calculation for Continuous Probability
Distributions
An analytical solution for Eq. 5.8 does not exist for many cases involving
continuous probability distributions. In these contexts, VOI calculation can be
performed only using numerical approximation. Such methods include MCS or
discretization rules (e.g., extended Pearson-Tukey, McNamee-Celona shortcut,
or extended Swanson-Megill). Bickel et al. (2011) compared these
approximation methods for cases where both the prior and likelihood functions
were normal distributions, and they concluded that all the above-mentioned
discretization rules result in significant errors in the VOI estimate and that
numerous MC samples are required for an accurate VOI estimate.
The accuracy of VOI estimate depends on the decision characteristics resulting
from the probability distributions and how well these are preserved using a
heuristic discretization method or MCS.

5.2.1 High Resolution Probability Tree Discretization
Method
We introduce a discretization method called the high resolution probability tree
(HRPT) approach, which approximates a probability distribution by
discretizing the space of an uncertain quantity into numerous outcomes. The
following briefly presents this approach and its advantage. More details on the
development and discussion of the HRPT approach can be found in Paper IV.
Figure 5.1 illustrates the discretization of a probability distribution ሺݔሻ with
9 degrees18 and its comparison to MC sampling with 9 samples. The continuous
probability distribution is represented by the blue curve, the HRPT discretized
outcomes by the orange dots, and the MC samples by the black rings. The shape
of the continuous probability distribution is better preserved by the HRPT
18

The number of degrees is referred to as the number of discrete outcomes, which is
also the number of branches for an uncertainty node in a decision tree.
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discretized outcomes than the MC samples because the HRPT discretized
outcomes distribute evenly throughout the range of ݔ, whereas most of the MC
samples cluster around the mode. Better preservation of the shape of the
continuous probability distribution can better preserve the decisions
characteristics and in turn improve the accuracy of VOI estimate.
If the number of degrees for HRPT equals the number of MC samples, the
computational time for VOI estimation is the same using HRPT as using MCS.
Thus, using HRPT won’t introduce additional computational time for VOI
estimation, compared to MC method.

Figure 5.1—Illustration of HRPT discretized outcomes and MC samples for a continuous
probability distribution.

5.2.2 Accuracy of HRPT
We investigate a two action linear-loss normal (TALL-N) problem to explore
the accuracy of HRPT. The reason for using a TALL-N problem is that its VOI
can be calculated analytically using the formula derived by Bickel (2008).
The TALL-N problem is as follows. A risk-neutral DM is considering whether
or not to drill a well in an undeveloped area. The DM is uncertain about the
NPV for the well and a priori characterizes it by a normal distribution with a
mean of $10 million and an SD of $20 million. If the well is not drilled, the
NPV is a sure $0. To improve this decision, a seismic survey can be conducted
at a cost. The DM uses a positive correlation coefficient ߩ to describe the
correlation between the true value of the well and the seismic results. We
consider the value of ߩ being any of 0.70, 0.71, 0.72, …, 1.00 because the VOI
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error is significant when ߩ  ͲǤͲ for this example.19 The VOI for the seismic
survey needs to be calculated to support the decision of whether the DM should
pay for conducting the seismic survey. For this TALL-N problem, the VOI has
a closed-form solution, as presented by Bickel (2008). In order to assess how
well HRPT approximates the analytical solution for different ߩ values, we
calculate the VOIs analytically and using HRPT with various degrees, and then
calculate the error of the HRPT estimate relative to the analytical solution. The
average relative VOI error is calculated by averaging over all the ߩ values.
Figure 5.2 shows the average relative VOI error as a function of the number of
degrees.

Figure 5.2—Average relative VOI error as a function of the number of degrees for the
TALL-N problem.

In this figure, the average relative VOI error decreases (i.e., the accuracy of
HRPT increases) as the number of degrees increases. The average relative VOI
error is as small as 3.5% with only 10 degrees, and it is further reduced to 0.25%
with only 30 degrees.
Paper IV investigates the accuracy of applying HRPT for VOI estimation to
two other structures of prior distribution—PERT and lognormal distributions.
These distributions are used extensively in the O&G industry.

19

The value of ߩ is allowed to be any from 0 to 1.
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5.2.3 Comparison of HRPT and MC-based Methods
We compare the accuracy of using HRPT, Bayes Monte Carlo (BMC), and
EnKF in estimating VOI for a TALL-N problem. Both of the latter two methods
use MC sampling, but in different manners (see the appendices in Paper IV for
detailed description of these two methods). This comparison provides an
indication of how many MC samples are required to provide an equally good
estimate as using HRPT.
The TALL-N problem for this comparison is as follows. A risk-neutral DM is
considering whether to conduct a project: if the expected revenue of the project
is positive, it will be conducted; otherwise, not conducted. The DM is uncertain
about the revenue of the project and a priori characterizes it by a normal
distribution with a mean of $3 million and an SD of $10 million. Information
on the revenue can be obtained at a cost. The information has a Gaussian
distributed error with zero mean and an SD of $5 million. The VOI for this
information needs to be calculated to support the decision of whether the DM
should pay for this information.
The comparison is shown in Figure 5.3. To achieve a relative VOI error of
0.75%, HRPT requires 20 degrees, EnKF requires 80 ensemble members, and
BMC requires more than 18000 MC samples. To achieve a relative VOI error
of 0.5%, the number of degrees for HRPT would need to be increased only to
30, but the necessary ensemble size for EnKF would exceed 10000 and the
required number of MC samples for BMC would far exceed 18000. 20 This
indicates that HRPT is significantly more efficient than the other two methods
in calculating the VOI for a TALL-N problem.
Although a closed-form solution exists for the TALL-N problem, this type of
problem is constrained with Gaussian distributions, two actions, and linear
value function. Thus, there is a need for more general solutions that would allow
the VOI principle to be applied in real-world settings having any distributions,

20

We did not calculate the relative VOI errors from using EnKF with more than 10000
samples or the BMC with more than 18000 samples because our computer did not have
sufficient memory.
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any number of actions, and any value function. A possible solution will be
illustrated and discussed in the next section.

Figure 5.3—Relative error of VOI estimates using HRDT, BMC, and EnKF.

5.3 VOI Calculation for Reservoir Management
In a given RM context, there might be hundreds of relevant uncertain quantities.
If we use HRPT with 30 degrees for each uncertain quantity, then having 100
uncertain quantities would mean 30100 combinations of discretized outcomes,
once again raising the “curse of dimensionality.” Thus, a different method is
required for calculating VOI for many RM decision problems.

5.3.1 Relationship between Terms in VOI Analysis and
Reservoir Management
Decision analysts and reservoir engineers use different terms in VOI analysis.
Thus, it can be difficult for decision analysts and reservoir engineers to
understand each other and communicate efficiently on decision problems. To
alleviate this difficulty, Table 5.1 gives the two disciplines’ corresponding
terms for common VOI concepts.
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Table 5.1—Relationship between terms used in VOI analysis and those in RM.
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Assume a production model (e.g., an ECLIPSE reservoir simulation model) that
formulates the dynamics of reservoirs is already given. Examples of the
distinctions of interest in a RM context are the permeabilities in every grid
block cell, and examples of the observable distinctions are the oil rates
measured at different times. The priors are the probability distributions of the
permeabilities based on current knowledge; the likelihoods are the probability
distributions over the measured oil rates given the permeabilities; the
preposteriors are the probability distributions over the measured oil rates; and
the posteriors are the probability distributions over the permeabilities given the
measured oil rates.

5.3.2 Decision-tree Example of VOI Calculation for
Reservoir Management
We use a decision-tree example to illustrate the standard procedure of VOI
analysis in an RM context.
We assume that a production model ݂ሺήሻ is given but that its parameters ࢞ (say,
the permeability distribution) are uncertain and that once we have determined
the values for these parameters, the model itself will correctly “predict” future
production. We consider three realizations of the permeability distribution,
denoted ࢞ଵ , ࢞ଶ and ࢞ଷ . These realizations are equi-probable a priori. We are
considering whether to measure and match the oil production rate at time ݐ. The
information provided by the measured data is used to support the decision on
choosing one of three production strategies ࢇଵ , ࢇଶ , and ࢇଷ for time  ݐforward.
We want to estimate the value of the data measurement at time ݐ.
The predicted oil production rates ݍ by the three realizations are shown in
Figure 5.4, where ݍǣ் is the oil production rate predicted for the period from
time Ͳ to ܶ , which is obtained by running the production model ݂ሺήሻ with
parameters ࢞ and a production strategy ࢇ. If the measurement is perfect, we
௧
given the permeability distribution of
will definitely measure a high rate ݍǡு
࢞ଷ . Because of measurement errors, the probability of measuring a high rate
௧
௧
is 4/5 and of measuring a low rate ݍǡ
is 1/5 given ࢞ଷ . That is, the
ݍǡு
௧
௧
likelihood ൫ݍǡு
ห࢞ଷ ൯ ൌ ͶȀͷ and ൫ݍǡ
ห࢞ଷ ൯ ൌ ͳȀͷ. The likelihood function
is listed in Table 5.2.
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Figure 5.4—Oil production rate profiles of three realizations.

Table 5.2—Likelihood function for the decision tree example.

Figure 5.5a shows the uncertainty tree with the prior and likelihood
probabilities in assessed form. Its corresponding inferential form (flipped tree)
is shown in Figure 5.5b, where the preposterior and posterior probabilities are
shown. These probabilities are calculated using Bayes’ theorem, from the given
prior and likelihood probabilities.
((a)) Assessed Form: Information we have

(b) Inferential Form: Information we need

Figure 5.5—Uncertainty trees in (a) assessed form, and (b) inferential form.
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The decision tree for the case with information, as illustrated in Figure 5.6
where all monetary values are in million USD, is constructed by including
decision and payoff nodes in the flipped uncertainty tree (Figure 5.5b). Solving
the decision tree yields the optimal decision policy that if we have measured a
௧
, the optimal production strategy is ࢇଵ ; if we have measured a high
low rate ݍǡ
௧
rate ݍǡு , the optimal production strategy is ࢇଷ . This results in the optimal EV
(i.e., EVWI) of $70.8 million.

Figure 5.6—Decision tree for the case with information.

Figure 5.7 illustrates the decision tree for the case without information. The
DWOI is ࢇଶ and EVWOI is $67.3 million. The VOI is thus $70.8 million –
$67.3 million = $3.5 million. The information creates a value of $3.5 million
because it holds the possibility to change the decision when it becomes
available. If the cost of acquiring the information is lower than $3.5 million, we
should conduct the measurement; otherwise, we should not.

Figure 5.7—Decision tree for the case without information.
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5.3.3 VOI Calculation Using Ensemble-based Methods
for Reservoir Management
MC sampling is an easily accessible and powerful approach to handle
continuous probability distributions and numerous uncertain quantities. MCbased methods, such as EnKF for Bayesian inference and EnOpt for RO (i.e.,
identifying the optimal alternative), can also be used to calculate VOI, as will
be discussed below.

5.3.3.1 The BvHJ Approach
An approach of using EnKF and EnOpt for VOI calculation was proposed by
Barros et al. (2016). We refer to this as the BvHJ approach.
The BvHJ approach is derived using common terminology in reservoir
engineering. It is based on a twin experiment where the DWI and DWOI are
valued on a synthetic truth and where the difference between the values
corresponding to the DWI and DWOI is calculated. A synthetic truth in the
BvHJ approach is a realization drawn from the prior probability distribution.
݊ realizations are first drawn from the prior probability distribution, one of
which is then chosen as a synthetic truth, and the rest form the prior ensemble
with ݊ െ ͳ realizations (Barros et al. 2016). The procedure of conducting a
twin experiment is repeated for all ݊ synthetic truths. For each synthetic truth,
there is a corresponding difference between its values corresponding to the
DWI and DWOI. The BvHJ approach then calculates the VOI as the EV over
all these differences associated with synthetic truths. Figure 5.8 shows the
procedure of VOI calculation using the BvHJ approach.
In the BvHJ approach, the concept of synthetic truth is central to the analysis.
However, “synthetic truth” has no meaning in VOI analysis. In reservoir
engineering, a synthetically true model is used to mimic the actual state of a
reservoir, by which reservoir engineers can investigate whether the actual
outcome falls within the range that was predicted by updated models. This is
not the case in VOI analysis, where the importance is to inform decisions, which
in turn requires relevant and material uncertainties be quantified and analysis
of how new information will update the distribution over the distinctions of
interest and thus potentially affect the decisions. Moreover, VOI as defined by
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Barros et al. (2016) implies a VOI distribution. However, as shown by Bratvold
et al. (2009), the VOI is not a distribution but the difference between two
expected values. Thus, the BvHJ approach is inconsistent with the definition of
VOI analysis. However, two small modifications to the BvHJ approach can
address this, as we will show later.

Figure 5.8—Procedure of VOI calculation using the BvHJ approach. Adapted from
Barros et al. (2016).

5.3.3.2 Derivation of an Approach Consistent with VOI’s
Definition
Barros et al. (2016) did not elaborate on the connection between their approach
and VOI analysis as defined in DA (Bratvold et al. 2009). We seek to
accomplish this by deriving an approach using DA terminology and definitions.
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Prior. ݊ MC samples are drawn from the prior probability distribution ሺ࢞ሻ
to form the prior ensemble [࢞ଵ , ࢞ଶ , …, ࢞ ]. The probability of each sample
ሺ࢞ ሻ is ͳȀ݊ . The prior ensemble is an MC representation of the prior
probability distribution.
Likelihood. The likelihood function ሺ࢟ȁ࢞ሻ is assessed through a measurement
noise distribution. For a dynamic system, we have the following mathematical
relationship between the model parameters and measured data at time ݐ :
 ൌ ݂ሺ࢞ǡ ࢇǣ ሻǡ
࢟
  ࢿ௬ǡ ǡ
࢟ ൌ ࢟

(5.10)
(5.11)

where the subscript ݇ is the index of time, ݂ሺήሻ is a production model, and ࢿ௬ǡ
is a vector of the measurement noise at time ݐ . When using EnKF together
with a reservoir simulation model, the standard practice is to assign a
multivariate Gaussian distribution to ࢿ௬ǡ with zero mean and a diagonal
covariance

matrix ௬ǡ

 ൯̱ܰሺǡ ௬ǡ ሻ );
(i.e., ൫ࢿ௬ǡ ห࢟

this

yields

൫ࢿ௬ǡ ห࢞൯̱ܰሺ݂ሺ࢞ǡ ࢇǣ ሻǡ ௬ǡ ሻ. Therefore, assessing a probability distribution
for the measurement noise is equivalent to assessing the likelihood function.
Preposterior. The MC samples representing the preposterior probability
distribution ሺ࢟ሻ can be generated as follows: (1) draw an MC sample ࢞ from
ሺ࢞ሻ (this is done when the prior ensemble has been generated), (2) run the
model ݂ሺ࢞ ǡ ࢇǣ ሻ to time ݐ to obtain a realization of the predicted
ǡ , (3) draw an MC sample ࢿ௬ǡǡ from ൫ࢿ௬ǡ ห࢞ ൯, (4) add ࢿ௬ǡǡ
observations ࢟
ǡ to obtain a sample of the observations with noise ࢟ǡ , and (5) repeat
to ࢟
steps (1)–(3) to generate a set of ࢟ , [࢟ǡଵ , ࢟ǡଶ , …, ࢟ǡ ], which is the
preposterior ensemble representing the preposterior probability distribution.
Moreover, the samples of (࢞,࢟ )-pairs [(࢞ଵ ,࢟ǡଵ), (࢞ଶ ,࢟ǡଶ ), …, (࢞ ,࢟ǡ )]
represent the joint probability distribution ሺ࢞ǡ ࢟ ሻ.
ෝଵ ȁ࢟ǡ , ࢞
ෝଶ ȁ࢟ǡ , …,࢞
ෝ ȁ࢟ǡ ], representing
Posterior. The posterior ensemble [࢞
the posterior probability distribution ሺ࢞ȁ࢟ǡ ሻ, is generated by using EnKF to
update the prior ensemble with the given observations ࢟ǡ and assessed
measurement noise ࢿ௬ǡ .
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DWOI and EVWOI. We identity the DWOI and calculate the EVWOI using
Eq. 5.12 (the MC form of Eq. 5.4) and Eq. 5.13 (the MC form of Eq. 5.5),
respectively,


௧
ࢇ

ͳ
ൌ  ቐ  ݒሺ࢞ ǡ ࢇሻቑǡ
݊
ࢇא

(5.12)

ୀଵ



 ܫܱܹܸܧൌ

ͳ
௧
 ݒ൫࢞ ǡ ࢇ ൯Ǥ
݊

(5.13)

ୀଵ

DWI. We identify the DWI for the given observations using Eq. 5.14 (the MC
form of Eq. 5.6),


௧
ࢇ௦ ሺ࢟ሻ

ͳ
ෝ ȁ࢟ǡ ࢇሻቑǤ
ൌ  ቐ  ݒሺ࢞
݊
ࢇא

(5.14)

ୀଵ

EVWI. The EVWI can be calculated using either Eq. 5.15 (the MC form of F1
(Eq. 5.8)),




ͳ
ͳ
ෝ ȁ࢟ ǡ ࢇ௧
 ܫܹܸܧൌ     ݒቀ࢞
௦ ൫࢟ ൯ቁǡ
݊
݊
ୀଵ

(5.15)

ୀଵ

or Eq. 5.16 (the MC form of F2 (Eq. 5.9)),


ͳ
௧
 ܫܹܸܧൌ   ݒቀ࢞ ǡ ࢇ௦ ሺ࢟ ሻቁǤ
݊

(5.16)

ୀଵ

VOI. The VOI is calculated using Eqs. 5.2 and 5.3.
A schematic of VOI calculation using MC-based methods is shown in Figure
5.9.
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Figure 5.9—Schematic of VOI calculation using MC-based methods.

5.3.3.3 Comparison of the Approaches for VOI Calculation
The F2 approach is compared first with the BvHJ approach and then with the
F1 approach.
F2 Approach vs. BvHJ Approach. There are two differences between these
approaches. The first is that in the F2 approach, no realization is excluded from
the prior ensemble; whereas in the BvHJ appraoch, a “synthetic truth” is
excluded from the prior ensemble and the remaining ensemble members form
a new prior ensemble. This difference leads to different VOI estimates as will
be discussed later. The second difference is that the F2 approach calculates VOI
as the difference between two EVs, whereas the BvHJ approach calculates VOI
as an EV of a set of differences. Although the second difference does not affect
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the VOI estimate, it constitutes a conceptual difference. The BvHJ approach
with two minor modifications with respect to these two differences is identical
to the F2 approach that is consistent with the VOI definition.
F2 Approach vs. F1 Approach. Based on the law of large numbers, these two
approaches give the same limit when the ensemble size ݊ approaches infinity.
However, the convergence rate can be different, resulting in different estimates
when the ensemble size is small because these two approaches introduce
different levels of sampling error.
Accuracies of the Approaches. We use an example to investigate the accuracy
of the VOI estimates of the three approaches.
Consider that the distinction of interest  ݔis the revenue of a project and that the
observable distinction  ݕis the information on the revenue. The relationship of
ݔ, ݕ, and the error of the information ߝ is  ݕൌ  ݔ ߝ. A priori,  ݔis normally
distributed with mean ݔҧ and standard deviation ߪ௫ , i.e., the prior
ሺݔሻ̱ܰሺݔҧ ǡ ߪ௫ ሻ . ߝ is normally distributed with zero mean and standard
deviation ߪఌ , i.e., the likelihood function ሺݕȁݔሻ̱ܰሺݔǡ ߪఌ ሻ. The decision ܽ to
be made is whether the project will be conducted; ܽ ൌ ͳ and ܽ ൌ Ͳ correspond
to “conduct” and “not conduct,” respectively. If the expected revenue is
positive, the project should be conducted; otherwise, it should not. Thus, the
value function is ݒሺݔǡ ܽሻ ൌ ܽݔ. With ݔҧ ൌ ͵ͲͲͲ, ߪ௫ ൌ ͳͲͲͲͲ and ߪఌ ൌ ͷͲͲͲ
(the monetary unit can be arbitrary here), the VOI for this problem setting can
be calculated analytically, which is 2267.
We first test the three approaches using a large ensemble size: 10000. The VOI
estimates are listed in Table 5.3. The BvHJ approach gives a result almost
identical to that of the F2 approach because the impact of excluding a “synthetic
truth” (i.e., an ݔ ) from the prior ensemble is very small when the ensemble size
is large. The VOIs calculated using the F1 and F2 approaches differ slightly.
All three methods estimate the VOI with an error smaller than 1%.
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Approach Analytical
VOI
2267
Error
-

BvHJ
2283
0.71%

F1
2246
0.93%

F2
2283
0.71%

Table 5.3—VOI estimates using BvHJ, F1, and F2 approaches with ensemble size of
10000.

Then, a small ensemble size, 50, is used. The VOI calculation is repeated 10000
times for each approach. The statistics of the VOI estimates are listed in Table
5.4, and the probability density functions (PDFs) are plotted in Figure 5.10.21
Among the three approaches, the F2 approach is the most accurate, as it gives
the best VOI estimate on average and has the smallest SD in its estimates. More
detail on why the F2 approach is better is given in Paper V.
Approach
BvHJ
F1
F2
Average
2323
2257
2259
Error
2.47%
0.44%
0.35%
SD
933
776
695
[Min, Max] [0, 10421] [0, 5497] [0, 5279]
Table 5.4—Statistics of VOI estimates of BvHJ, F1, and F2 approaches with ensemble size
of 50.

Figure 5.10—PDFs of VOI estimates of BvHJ, F1, and F2 approaches with ensemble size
of 50.

This example has demonstrated that the three approaches give almost
equivalent results for large ensembles. However, they can lead to quite different
results when the ensemble size is small. As there are no significant

21

Here, the uncertainty in the VOI estimate is due to the sampling error associated with
MC methods. As discussed earlier, the VOI itself is not a distribution but the difference
between two expected values.
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computational increases resulting from using the F2 approach for VOI
calculation with MC methods, this would be our approach of choice.

5.3.3.4 Example of Applying the F2 Approach with a Reservoir
Simulation Model
We briefly show an example of applying the F2 approach to estimate VOI for
a more realistic case, where a reservoir simulation model is involved. For more
details on the model and problem setting, please refer to Paper V.
VOI analysis is used to analyze whether devices should be placed for acquiring
saturation data, in addition to oil and water production rate data. The measured
data are used to support the decision on polymer concentration in the enhancedoil-recovery (EOR) phase.
The VOI is calculated using the F2 approach combined with EnKF and EnOpt.
The resulting VOIs for rate data only, saturation data only, and both rate and
saturation data, and VOPI are listed in Table 5.5. The values of rate data and
saturation data are very close to each other. Although the saturation data has a
value of $3.36∙105 when it is considered individually, it adds a value of only
$1.01∙105 (= $4.11∙105 – $3.10∙105) to that of the rate data. This indicates that
VOI is not additive (Samson et al. 1989). The VOI analysis informs us that we
should not gather saturation data in addition to rate data if the cost of placing
saturation measuring devices is greater than $1.01∙105. The VOPI is $6.12∙105,
which is $6.12∙105 – $3.10∙105 = $3.02∙105 more than the value of rate data.
Therefore, we should decline any other data gathering activity that costs more
than $3.02∙105 given that the rate data will be gathered.
Data Type
VOI [105 USD]

Rate
Only
3.10

Saturation
Only
3.36

Rate and
Saturation
4.11

Perfect
Information
6.12

Table 5.5—VOI estimates for the example with a reservoir simulation model.
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6 Overview of Research Papers
Paper I: Integrating Model Uncertainty in Probabilistic Decline
Curve Analysis for Unconventional Oil Production Forecasting
This paper introduces an approach to integrating model uncertainty in
probabilistic decline curve analysis. The aim is to assess the probabilities of
different decline curve models and use these probabilities for further analysis
instead of identifying and using a “best” model for decline curve analysis. We
focus on unconventional oil production because the widely used Arps decline
curve model might not be ideal for unconventional play; thus, several novel
decline curve models have been proposed. Examples are used to illustrate the
impact of the integration of model uncertainty. The proposed approach is
applied to real data. We conclude that using our proposed approach can reduce
the risk of using a best fit but very wrong model for forecasting and that our
proposed approach performs well in propagating the model uncertainty to the
uncertainty in forecast.

Paper II: Robust Production Optimization with CapacitanceResistance Model as Precursor
This paper presents a proxy-model workflow where a grid-based model is
supplemented by a useful yet tractable proxy model for speeding up the process
of RO. Specifically, we review CRMs as potential proxy models for
waterflooding systems. A selected CRM is embedded into the proxy-model
workflow. We illustrate the use of a CRM and investigate its pros and cons
using synthetic 2D and 3D models. The results obtained from the proxy-model
and traditional workflows are compared. The impact of any differences is
assessed, and the value of using a proxy model is quantified by considering a
PO-relevant decision-making context. We discuss the desiderata of proxy
models. We conclude that CRMs have high potential to serve as a cogent proxy
model for waterflooding-related decision-making contexts and that the proxymodel workflow, leveraging a faster but relevant production model,
significantly speeds up the optimization yet gives robust results that lead to a
near-optimal solution.
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Paper III: Fast Analysis of Optimal IOR Start Time Using a TwoFactor Production Model and Least-Squares Monte Carlo
Algorithm
This paper presents an approach of using a two-factor production model
together with the LSM algorithm for fast analysis of optimal IOR start time.
We review the two-factor production model introduced by Parra-Sanchez
(2010). This production model is computationally more attractive than a more
complex model, such as a reservoir simulation model. Thus, using it can
significantly speed up the uncertainty analysis where a large number of
production forecast runs is required. Identifying the optimal IOR start time
using LSM allows for learning over time. Unlike the myopic decision policy,
which considers only the current information, LSM considers both the current
information and the information that will be obtained in the future. Therefore,
the LSM solves approximately for the global optimum of an FSRM problem.
The impact of allowing learning over time in decision making is quantified
using the VOI framework. An example illustrates the application of the
proposed approach. We conclude that combining the two-factor model with
LSM facilitates a fast analysis of optimal IOR start time and that it can create
significant value to include learning over time in decision making.

Paper IV: Robust Discretization of Continuous Probability
Distributions for Value-of-Information Analysis
This paper introduces a practical, flexible, efficient, and very general
discretization method for continuous probability distributions involved in VOI
analysis. This discretization method is validated by comparing its VOI estimate
to the analytical solutions. Commonly used discretization methods for VOI
calculation are reviewed and compared to the proposed method. In addition, we
investigate two MC-based methods for VOI calculation. We conclude that the
proposed discretization method estimates VOI very accurately (with a relative
error of around 0.25% using a degree of discretization of only 30), that the
commonly used discretization methods generally give poor VOI estimates, and
that more than thousands of MC samples are required for the MC-based
methods to provide accurate VOI estimates.
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Paper V: Value-of-Information for Model Parameter Updating
through History Matching
This paper presents a consistent, DA-based VOI analysis framework to assess
the value of HM. It is consistent and DA-based because it is derived from VOI’s
definition originally developed in the DA community. In order to make the VOI
framework understandable and accessible to both the RM and DA
communities, we bridge the nomenclature and terminology used in VOI
calculations and that used in state-of-the-art HM and PO methods. In particular,
our framework uses EnKF for Bayesian inference and EnOpt for RO. We
discuss two formulations (F1 and F2) of VOI calculation. In addition, we
investigate the similarities and differences between the F2 approach and the
BvHJ approach. Several examples are used to illustrate and discuss the use of
this framework in an HM context. We conclude that the BvHJ approach with
two minor modifications will be identical to the F2 approach, and that the F2
approach gives the most accurate VOI estimate among the three approaches
investigated.
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7 Summary and Conclusions
RM involves a process of gathering data and information to inform and support
decision making. HM is used to extract information from measured data. The
information is then used to support the decisions on production strategies
through an optimization process. Thus, RM is a decision-oriented activity, for
which a DA framework will add value.
The major goal of DA is to make good decisions. This requires the
quantification of relevant and material uncertainties, a consistent way of
updating uncertainties when new information arrives, and a means to assess the
value of such information. We referred to this combination of activities as
“decision-focused uncertainty management.” 22 This work illustrated and
discussed a decision-focused uncertainty-management framework for RM
using DA tools, with a focus on geological uncertainty.
We first investigated how geological uncertainty should be managed for the
goal of making good decisions in HM and PO separately, and then investigated
how it should be managed in RM as a loop of HM and PO. We finally
investigated how to incorporate a powerful decision analysis tool—VOI
analysis—into RM.
To manage geological uncertainty in HM, HM should be conducted
probabilistically rather than deterministically. Probabilistic HM approaches use
probability distributions to quantify uncertainties. Probabilistic HM can be
achieved by simply repeating deterministic HM in an MC manner, such as the
Bootstrap method (Section 2.1.2.2) or the P-MLE method (Section 2.1.2.3).
When normal distributions are used to represent a DM’s uncertainties, EnKF is
a proven method for Bayesian HM. It can efficiently update a production model
with numerous uncertain parameters. To integrate model uncertainty in decline
curve analysis, we proposed an approach to assess the probabilities of various
decline curve models by repeating the P-MLE method for each decline curve

22
For brevity, the phrase “decision-focused uncertainty management” was simply
referred to as “uncertainty management” throughout this thesis.
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model, and concluded that considering model uncertainty gives a more
complete estimate of uncertainty in a production forecast.
Geological uncertainty in PO can be managed by optimizing the EV over
geological realizations if the DM is risk-neutral. This is known as RO.
However, the challenge is that when a traditional optimization algorithm is
used, to optimize the EV over numerous geological realizations is much more
computationally intensive than to optimize the value of a single realization.
EnOpt is designed to address this challenge. It is based on the traditional
steepest ascent method, but it uses a more efficient approach to approximate
the gradient. Although EnOpt has significantly sped up RO, the computational
time can still be long when a reservoir simulation model is involved. Thus, we
proposed a proxy-model workflow where a CRM is used to supplement a
reservoir simulation model for RO. The results showed that the proxy-model
workflow gives a near-optimal solution with significantly reduced
computational time.
CLRM is a state-of-the-art approach to managing geological uncertainty in RM.
It closes the loop of HM and PO by continuously updating a production model
and performing life-cycle optimization whenever new data become available.
However, it is based on a myopic decision policy, in that it does not account for
future uncertainty revelations and their impacts on future decisions. Thus, the
CLRM solution can be suboptimal. Since RM is a sequential decision-making
problem, it should consider whether geological uncertainty informed by current
data or by future information. We demonstrated the full structure of a dynamic
programming approach to RM decision making using decision trees. FSRM has
a more complex structure and requires longer computational time than does
CLRM. However, the optimal solution of FSRM is a global optimum. The LSM
algorithm is very efficient for solving an FSRM problem with relatively small
numbers of decisions and of decision alternatives. It does not suffer from the
“curse of dimensionality” as the number of uncertainties increases. We
illustrated this by an example of using LSM combined with a two-factor model
to identify the optimal IOR start time.
VOI analysis assesses the value of additional information before it is obtained.
The assessed value is used to support the decision on whether to buy the
additional information. We proposed the HRPT method to discretize
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continuous probability distributions used in VOI calculation. It was compared
with other common discretization methods and MC-based methods. The
comparison showed that HRPT provides significantly more accurate VOI
estimates than do the other methods.
Although the concept of VOI has been illustrated and discussed in an RM
context by other research, there is a gap between the terms used in the DA and
RM communities for VOI analysis. This may make the communication
between these two communities difficult. To reduce the gap, we related the RM
terminology to the VOI terminology commonly used in DA and derived a
general VOI analysis framework for RM, based on VOI’s definition. We
compared the VOIs estimated using different formulations. We found that
although these formulations give the same analytical results, the results from
their numerical implementations can be different when MC methods are used.
The results showed that the F2 approach provides a more accurate VOI
calculation.
This thesis used several examples to illustrate insights and guidance for
managing geological uncertainty with DA tools in RM. Challenges remain in
practice that might prevent the development of a broad and deep understanding
and routine application of DA. Nevertheless, we are optimistic about the value
of applying DA in RM and the entire O&G industry.
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8 Discussion and Future Research
Our work has shown the value of implementing DA to manage geological
uncertainty in RM. We propose the following areas for future research.
As engineers and geoscientists, we have been taught a modeling philosophy
that emphasizes detailed deterministic realism. However, as the main purpose
of a model used in an RM context is to inform and support decisions, we need
to evaluate whether any model is useful and tractable for that purpose. Building
in a lot of details into our production models (e.g., building reservoir simulation
models) might not serve this purpose. Less detailed models that allow us to
consistently capture our uncertainties will often do a better job in informing and
supporting decision making. Details can then be added to the model if they are
deemed to be relevant and material for the decisions at hand.
Although the current state-of-the-art production models are suitable for some
types of RM decision, they often include detailed features that are not relevant
and material for other decisions. This makes decision analysis for RM
computationally intensive or even prohibitive. More focus should be on
production models that are both useful and tractable for decision making. CRM
is a cogent model for the context of deciding water injection rates for
waterflooding. It should be extended to include more features (e.g., adding new
wells and chemical flooding) so that other RM-relevant decision contexts can
benefit from its speed.
CLRM, as the state-of-the-art RM tool, is based on a myopic decision policy
and thus can result in suboptimal solutions. Because the computational
requirement for solving a CLRM problem is significantly less than that for an
FSRM problem, CLRM might be regarded as a simplification of FSRM.
However, it is never a substitute for FSRM. Future research should focus on
investigating the differences between CLRM and FSRM solutions and on more
efficient methods for solving an FSRM problem.
Since data are gathered for informing decisions on production strategies, HM
should be decision-driven rather than data-driven. “Data-driven” means that we
first gather data and then consider what decision the data can inform. In
contrast, “decision-driven” means we first identify the decisions we are going
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to make and then consider what data should be gathered to inform these
decisions. The advantage of decision-driven HM is that we can avoid spending
money on valueless data gathering activities. Thus, future research should focus
on decision-driven HM using a VOI analysis framework.
Our work considers only one decision point in VOI analysis for RM. Although
Barros et al. (2015) extended the BvHJ approach to account for sequential
decisions, they calculate the exclusive VOI for CLRM rather than the general
VOI for FSRM. Because CLRM might result in suboptimal solutions as
discussed earlier, the VOI for CLRM may be smaller than the VOI for FSRM
(the VOI defined in the DA community). Focus should be on efficient methods
to calculate the VOI for FSRM.
The present work focused on geological uncertainty. Future research should
also consider economic uncertainty (e.g., the uncertainty in oil price) in RM.
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Abstract
Decline curve analysis is an industry-accepted and extensively used method in the oil and gas industry. As a result
of the realization that the long-used Arps model may not be ideal for describing flow from unconventional plays,
and may lack physical parameters, several models have been developed to capture the characteristics of different
flow regimes.
:HXVHD%D\HVLDQPHWKRGDQGDFWXDOILHOGGDWDWRLGHQWLI\WKH³EHVW´ PRVWSUREDEOH PRGHOJLYHQGDWD(DFK
model has a unique extrapolation and uncertainty. No one model is best in all circumstances, so instead of
identifying a single ³EHVW´ PRGHOIRUXQFRQYHQWLRQDO production, we propose to regard any model as a potentially
good model whose goodness is described by a probability representation. These probabilities of the models are
further used to weight the model forecasts.
The main contributions of this work are (1) using probability to describe the goodness of a model, (2) an
approach to integrate the model uncertainty in probabilistic decline curve analysis, (3) illustration and discussion of
the impact of the model uncertainty, and (4) to illustrate our proposed approach in a real case.
We demonstrate and conclude that using our proposed approach can reduce the risk of using a best fit but very
wrong model for forecasting. Our proposed approach performs well in propagating the model uncertainty to the
uncertainty in forecast.
Introduction
Although numerical techniques for forecasting hydrocarbon production have developed rapidly over the past
decades, decline curve analysis (DCA) remains an industry-accepted method that is used extensively in the oil and
gas industry. Decline curve models are very computational attractive because only production data, which can be
easily acquired, is required for determining the parameter values of a decline curve model through history matching.
The history-matched model is further used for forecasting the hydrocarbon production and reserves.
The Arps (1945) model1 has been used extensively for both conventional and unconventional plays. However,
the Arps model may not be ideal for unconventional plays because unconventional wells usually completed with
hydraulic fractures so that several flow regimes (formation linear flow, apparent boundary dominated flow by
fracture interference, linear flow in unstimulated matrix and true boundary dominated flow) may appear during the
life of a well (Joshi and Lee 2013). Therefore, several alternative decline curve models have been developed to
capture the characteristics of different flow regimes. Examples are the power law exponential model (Ilk et al.
2008), the stretched exponential model (Valko 2009), the Duong (2011) model, the logistic growth model (Clark et
al. 2011) and the Pan (2016) capacitance-resistance model (CRM).
Given these models, a question, that arises naturally, but has not been discussed widely, is: which is the best
model? This question is subtler than it appears EHFDXVHWKHPHDQLQJRI³EHVW´LVQRWZHOOGHILQHG,QPDQ\SUDFWLFHV
the model that can best fit the data in a least squares sense is regarded as the best model. However, this ignores two
facts: the best-fit model may not be the model that best describes the flow behavior and there may be several models
which fit the data almost equally well.
In deterministic DCA, a single model with best-fit parameter values is used for forecasting. Deterministic
analysis alone does not quantify the uncertainty in a forecast and thus it often leads WRD³SUHFLVHO\ZURQJ´ result. A
1

Commonly, the Arps model is categorized into three types based on the value of the decline exponent ܾ²exponential (ܾ ൌ Ͳ),
hyperbolic (Ͳ ൏ ܾ ൏ ͳ) and harmonic (ܾ ൌ ͳ ,QWKHIROORZLQJZHXVH³WKH$USVPRGHO´WRUHIHUWRDOOWKHVHWKUHHW\SHVE\
allowing Ͳ  ܾ  ͳ.
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³YDJuely ULJKW´ IRUHFDVW LQ D probabilistic/uncertain sense is more useful and essential for decision making (Read
1920, Bratvold and Begg 2008).
Although probabilistic DCA has not been used extensively in the industry, it is gathering more focus. Jochen and
Spivey (1996), and Cheng et al. (2010) used a bootstrap method with the Arps model to quantify the uncertainty in
forecast for conventional plays. Gong et al. (2014) used Markov-chain Monte Carlo (MCMC) method with the Arps
model to quantify the uncertainty in forecast for unconventional plays. These authors considered measurement errors
in decline curve analysis.2 However, they assumed that a model for forecasting flow behavior is already given.
Gonzalez et al. (2012) used MCMC with different individual models to investigate their performances in quantifying
the uncertainty in forecast for unconventional plays; their objective was to identify a single best model for
probabilistic DCA.
Instead of LGHQWLI\LQJ WKH ³EHVW´ PRGHO IRU XQFRQYHQWLRQDO SOD\V ZH SURSRVH to regard any model as a
potentially good model and its goodness is described by a probability representation. If a model has larger
probability of being better than the others, we say that this model is more likely to be a good model. If several
models have close probabilities, we say that the uncertainty in the models is large because it is difficult to tell which
model is more likely to be a good model. In this manner, the model uncertainty 3 can be easily integrated in
probabilistic decline curve analysis.
An analogy to our proposal is the aggregation of forecasts from diverse experts. Such a forecast is a probability
distribution of an uncertain quantity given subjectively or modeled by an expert. Thus, a decline curve model can be
analogized to an expert. The topic of aggregating forecasts has been furthered significantly over the past decades in
other fields (e.g., risk analysis and operational research). More than 40 years ago, Bunn (1975) reasoned as follows:
³7KHSULQFLSDOPRWLYDWLRQIRUFRPELQLQJIRUHFDVWVKDVEHHQWRDYRLGWKHDSULRULFKRLFHRIZKLFKIRUHFDVWLQJPHWKRG
to use by attempting to aggregate together all the information which each forecasting model embodies. In selecting
WKHµEHVW¶PRGHWKHIRUHFDVWHULVRIWHQGLVFDUGLQJXVHIXOLQGHSHQGHQWHYLGHQFHLQ those models which are rejected.
+HQFHWKHPHWKRGRORJ\RIFRPELQLQJIRUHFDVWVLVIRXQGHGXSRQWKHD[LRPRIPD[LPDOLQIRUPDWLRQXVDJH´
Clemen and Winkler (1999) provided a comprehensive review on the aggregation approaches ranging from
simple linear aggregation approach (e.g., Stone 1961) to complex copula approach (e.g., Jouini and Clemen 1996)
which uses a copula function to include the depeQGHQFHVDPRQJWKHH[SHUWV¶IRUHFDVWV Some of their conclusions,
that gives VXSSRUWWRRXUZRUNDUH  ³LWLVZRUWKZKLOHWRFRQVXOWPXOWLSOHH[SHUWVDQGFRPELQHWKHLUSUREDELOLWLHV;´
(2) ³in general, simple combination approaches perform quite well;´  ³KHWHURJHQHLW\ DPRQJ H[SHUWV LV KLJKO\
GHVLUDEOH´ DQG LW LV VXJJHVWHG WR XVH WKUHH WR ILYH H[SHUWV; and (4) rather than finding a single, all-purpose
aggregation approach, an approach should be designed based on the details of each individual situation.
Bunn (1975) quantified the weights in a linear aggregation approach using the probability of a model
outperforming the other models. Although his interpretation of probability is different from ours, he used Bayesian
theorem to update probabilities based on historical data, which is similar to what we do. Dillon et al. (2002)
presented a Monte Carlo based approach to aggregate forecasts. They assigned each individual forecast the same
weight. We use the same Monte Carlo based approach but assign each individual forecast different weight which is
quantified by the probability.
In the remainder of the paper, we first briefly review four decline curve models. We then introduce an approach
to assess the model probabilities which can be used for probabilistic decline curve analysis. An example with
synthetic data is used to illustrate the importance of considering the model uncertainty, followed by an application of
our proposed approach with real data from two unconventional fields. Finally, we present our conclusions.
The main contributions of this work are (1) using probability to describe the goodness of a model, (2) an
approach to integrate the model uncertainty in probabilistic decline curve analysis, (3) illustration and discussion of
the impact of the model uncertainty, and (4) illustration of the use of our proposed approach in a real case.
Decline Curve Models
One of the most popular models for decline curve analysis is the $USV PRGHO 2YHU LWV PRUH WKDQ  \HDUV¶
application, it has been realized that it may not be ideal for unconventional plays. Thus, several models were
developed for analysis of unconventional plays. For example, the power law exponential model (Ilk et al. 2008), the
2

In decline curve analysis, the data fluctuations caused by changes in operating conditions are treated as caused by measurement
errors (Jochen and Spivey 1996).
3 :HXVH³DPRGHO´WRUHIHUWRDPDWKHPDWLFDOIRUPXODWLRQIRUGHVFULELQJWKHSK\VLFVRIa phenomena. For a given model, its
SDUDPHWHUYDOXHVFDQEHXQFHUWDLQ7KLVLVUHIHUUHGWRDV³WKHXQFHUWDLQW\LQWKHPRGHOSDUDPHWHUV´2QWKHRWKHUKDQGZHFDn be
uncertain about which mathematical formulation (i.e. which model) should be used to describe the physics of a phenomena. This
LVUHIHUUHGWRDV³WKHPRGHOXQFHUWDLQW\´RU³WKHXQFHUWDLQW\LQWKHPRGHOV´:KHQRQO\RQHVLQJOHPRGHOLVFRQVLGHUHGPDQ\
DXWKRUVKDYHXVHG³WKHPRGHOXQFHUWDLQW\´WRUHIHUWRWKHXQFHUWDLQW\LQWKHPRGHOSDUDPHWHUV
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streched exponential model (Valko 2009), Duong (2011) model, the logistic growth model (Clark et al. 2011) and
Pan (2016) capacitance-resistance model (CRM). In this work, we focus on four of them: the Arps model, the
stretched exponential model (SEM), the logistic growth model (LGM) and the Pan CRM.
Arps Model. It is an empirical model formulated as
ݍ௧ ൌ ቊ

ݍ ሺͳ  ܾܦ ݐሻିଵȀ ǡ
ݍ ݁ ି௧ ǡ

Ͳ൏ܾͳ
ܾൌͲ

(1)

where ݍ௧ is the rate at time ݐ, ݍ is the initial rate at  ݐൌ Ͳ, ܦ is the initial decline rate and ܾ is the decline
exponent. With the assumption of boundary-dominated flow, the upper bound of ܾ is 1. For the transient flow
regime of unconventional production, ܾ is often greater than 1 (Valko and Lee, 2010) and as a result the cumulative
production is unbounded. To avoid unbounded cumulative production, we use the range from 0 to 1 for ܾ.
Stretched Exponential Model. Based on the analysis of the Barnett shale wells, Valko (2009) presented the
SEM to formulate an empirical time-rate relation
௧ 

ݍ௧ ൌ ݍ ݁ ିሺఛሻ

(2)

where ߬ is the characteristic time parameter and ݊ is the exponent parameter. Valko and Lee (2010) interpreted the
SEM as: the actual production decline is an integrated effect of multiple contributing volumes each in its individual
exponential decay with a specific distribution of characteristic time constants. The distribution can be determined by
߬ and ݊ ² ߬ is the median of the characteristic time constants and ݊ describes the fatness of the tail of the
distribution.
Logistic Growth Model. The LGM is an empirical model originally developed for modeling population growth.
It describes the limit of a biological population growth. Hubbert (1956) adopted this model to model production for
entire fields or producing regions. Recently, Clark et al. (2011) applied it to model production in a single
unconventional well. The specific formulation of the LGM used by them is
ݍ௧ ൌ

ܽ ݐߟܭఎିଵ
ሺܽ   ݐఎ ሻଶ

(3)

where ܽ is a constant,  ܭis the carrying capacity and ߟ is the hyperbolic exponent parameter. The value of the
carrying capacity  ܭrepresents the total amount of hydrocarbon that can be recovered under the primary recovery
mechanism in a producer. The hyperbolic exponent parameter ߟ controls the decline behavior²the larger the
parameter value is, the slower the decline is. The constant ܽ and tKH K\SHUEROLF H[SRQHQW SDUDPHWHU Ș together
determine the time when half of the carrying capacity  ܭhas been produced, i.e., the cumulative production at  ݐൌ

ξܽ , is ܳ௧ ൌ ܭȀʹǤ
Pan CRM. Pan (2016) proposed a model to capture the productivity index behavior over both linear transient
and boundary-dominated flow,
ܬൌ

ߚ
ξݐ

 ܬஶ

(4)

where  ܬis the productivity, ߚ is the linear transient flow parameter and ܬஶ is the constant productivity index that a
well will eventually reach. ߚ is related to the permeability in the analytical solution of linear flow into fractured
wells presented by Wattenbarger et al. (1998). By combining Eq. 4 and a tank material balance equation, Pan (2016)
derived the analytical solution of rate over time
ߚ
ݍ௧ ൌ οܲሺ  ܬஶ ሻ݁ ିሺଶఉξ௧ାಮ ௧ሻȀሺሻ
ξݐ

(5)

where οܲ is the difference between the initial reservoir pressure and the assumed constant flowing bottom hole
pressure, ܿ௧ is the total compressibility and ܸ is the drainage pore volume. The Pan CRM may give unrealistically
large rate for small ݐ, as ݍ௧ approaches infinity when  ݐapproaches 0. To deal with this issue, we use this model for
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production after 10 days (i.e.  ݐ ͳͲ). The Pan CRM is the only one of the four that is derived analytically and has
physical parameters in it.
Determination of Model Parameters
For a given model, its parameters are determined through history matching with the goal to minimize a predefined
loss function by adjusting the model parameters.
Deterministic Approach. In a deterministic approach, a model and its parameter values that best fit the data is
found and used for forecasting. The best-fit model gives a single estimate of our interest (e.g., future production). A
widely used approach is the least squares estimation (LSE) with the aim to minimize the difference between model
forecast and data. Thus, the loss function of LSE is defined as
்

ܮௌா ሺ࢞ሻ ൌ ሾݍ ሺ࢞ሻ െ ݍො ሿଶ

(6)

ୀଵ

where ܮௌா ሺ࢞ሻ is the loss function of LSE which is a function of the vector of model parameters ࢞, ݍ ሺ࢞ሻ is the
model forecasted rate at time step ݇, ݍො is the measured rate (i.e., data) at time step ݇ and ܶ is the total number of
time steps of data.
Another approach is the maximum likelihood estimation (MLE). It aims to maximize the likelihood function
(i.e., the probability of observing the data given a model). Assuming the data measurements are independent, the
likelihood function is
்

ܲሺݍොଵ ǡ ݍොଶ ǡ ǥ ǡ ݍො் ȁ࢞ሻ ൌ ෑ ܲሺݍො ȁ࢞ሻ

(7)

ୀଵ

where ܲ denotes probability. Further assuming the measurement of ݍො has a Gaussian random error with zero mean
and standard deviation ߪ , we have
ܲሺݍො ȁ࢞ሻ ൌ

ͳ

మ Ȁሺଶఙ మ ሻ
ೖ

ඥʹߨߪଶ

݁ ିሾೖ ሺ࢞ሻିොೖ ሿ

Ǥ

(8)

Thus,
ܲሺݍොଵ ǡ ݍොଶ ǡ ǥ ǡ ݍො் ȁ࢞ሻ ൌ

ͳ
ඥሺʹߨሻ் ς்ୀଵ ߪଶ

݁

ሾೖ ሺ࢞ሻିොೖ ሿమ
ଵ
ି σ
ଶ ೖసభ
ఙమ
ೖ

Ǥ

(9)

Maximizing the likelihood function (Eq. 9) is equivalent to minimizing
்

ܮொ ሺ࢞ሻ ൌ 
ୀଵ

ሾݍ ሺ࢞ሻ െ ݍො ሿଶ
ߪଶ

Ǥ

(10)

It can be seen that if ߪଵ ൌ ߪଶ ൌ  ڮൌ ߪ் , Eq. 10 can be reduced to Eq. 6. Therefore, LSE is a special case of MLE.
The advantage of using Eq. 10 instead of Eq. 6 is that ߪ acts as a weighting factor so that a more accurate data point
(i.e., with small ߪ ) will have more weight than a less accurate data point (i.e., with large ߪ ).
A practical issue of using MLE is that we must assess ߪ , which we seldom know a priori. To approximately
estimate ߪ , we suggest using the moving window approach. For example, if we want to assess ߪ , we first assign a
value to the half window width ݓ, then take a subset of data ሼݍොି௪ ǡ ǥ ǡ ݍොିଵ ǡ ݍො ǡ ݍොାଵ ǡ ǥ ǡ ݍොା௪ ሽ, and then calculate
the sample standard deviation of this subset of data which is treated as ߪ . In this way, a data point in a period with
sharp changes or large fluctuations will have large ߪ . This makes sense for DCA because sharp changes (usually
sharp drops) in rate normally happens in the early time where the data is less reliable and when a subset of data with
large fluctuations is less important for history matching and should be assigned less weight. To our knowledge, there
is no strict rule for the determination of the optimal window width. Many empirical rules relate the window width to
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the number of data pints. However, to find a rule for the optimal window width is outside the scope of this paper.
Based on our practice, we use a half window width of 10 data points.
Probabilistic Approach. Instead of estimating a single value of our interest, a probabilistic approach focuses on
assessing a distribution or a range (e.g., the 80% confidence interval) of our interest with the consideration of
uncertainties in measurements, inverse modelling4 and model type. The latter will be detailed in the next section.
Jochen and Spivey (1996) illustrated the use of the bootstrap method combined with DCA to give a probabilistic
reserves estimation. The bootstrap method assumes a noninformative prior, so it does not require a priori knowledge
on the distribution of model parameters. Because of unknown measurement errors, the bootstrap method includes
uncertainties in measurements by using the Monte Carlo method to resample datasets from the original dataset with
replacement. For each resampled dataset, the model parameters are determined using LSE. As it repeats for
numerous resampled datasets, the posterior distributions5 of model parameters can be obtained.
Tavassoli et al. (2004) presented the issue of non-uniqueness in inverse modelling (inherent uncertainty in
history matching) and showed that different combinations of model parameters may give almost equally good
history matching result but give different forecasts. Sayarpour et al. (2011) started with different sets of initial
guesses of model parameters to history match data to generate numerous history matched solutions of model
parameters.
To allow for the uncertainties in both measurements and inverse modeling, we start with different sets of initial
guesses of model parameters when history matching each resampled dataset.
Integrating Model Uncertainty in Probabilistic Decline Curve Analysis
The approaches presented in the previous section assume that a single model, which predicts reservoir
performance, has been proposed. None of the reviewed publications discussed a systematic approach of determining
which decline curve model is the best for unconventional plays. Moreover, in some cases, it is not easy to select a
best model because satisfactory history matching resutls can be produced by several different models. Instead of
determining a best model, we propose to include the model uncertainty in the probabilistic approach by assessing the
probability of each model considered.
This section illustrates our proposed approach to integrate model uncertainty in probabilistic DCA. We name this
approach the multiple-model probabilistic MLE (MM-P-MLE) approach because it considers multiple models and
applies probabilistic DCA with MLE for data matching. More particularly, in the following, we use single-model
probabilistic MLE (SM-P-MLE) to refer to the circumstance where probabilistic DCA with MLE is applied for a
VLQJOH ³EHVW´ model, and single-model deterministic MLE (SM-D-MLE) to the circumstance where deterministic
DCA with MLE is applied IRUDVLQJOH³EHVW´PRGHO.
The procedure of performing MM-P-MLE is described as follows. We assume the measurement of rate ݍො has a
Gaussian random error with zero mean and standard deviation ߪ , and use the moving window approach to
approximately estimate ߪ . Similar to the bootstrap method, numerous datasets are sampled. However, since the
standard deviation of measurement error has been assessed, we can use the Monte Carlo method to sample from a
Gaussian distribution with mean ݍො and standard deviation ߪ for each data point. For a given sampled dataset, we
use MLE to determine the parameters of each model considered. Then, we use BayHV¶ theorem to calculate the
probability of each model with its parameters of MLE solution given the sampled dataset:
ܲ൫࢞ொ
 ǡ ݉ หࢊ ǡ ߗԢ൯ ൌ

ொ
ܲ൫ࢊ ห࢞ொ
 ǡ ݉ ൯ܲ൫࢞ ǡ ݉ หߗ൯
ொ
σ ᇲ ܲ ቀࢊ ቚ࢞ொ
ᇲ  ǡ ݉ ᇲ ቁ ܲ ቀ࢞ ᇲ  ǡ ݉ ᇲ ቚߗቁ

(11)

is the parameters of MLE solution given model ݉ and sampled dataset ࢊ ; ߗ denotes a priori
where ࢞ொ

knowledge; and ߗԢ denotes a posteriori knowledge. Using a noninformative prior distribution, we have
ொ
ܲሺ࢞ொ
ଵ ǡ ݉ଵ ȁߗሻ ൌ ܲሺ࢞ଶ ǡ ݉ଶ ȁߗሻ ൌ ڮ, so Eq. 9 is reduced to
ܲ൫࢞ொ
 ǡ ݉ หࢊ ǡ ߗԢ൯ ൌ

ܲ൫ࢊ ห࢞ொ
 ǡ ݉ ൯
σ ᇲ ܲ ቀࢊ ቚ࢞ொ
ᇲ  ǡ ݉ ᇲ ቁ

Ǥ

(12)

:HXVH³XQFHUWDLQW\LQLQYHUVHPRGHOLQJ´LQWHUFKDQJHDEO\ZLWK³QRQ-XQLTXHQHVVLQLQYHUVHPRGHOLQJ´WRGHVFULEHWKHIDFWWKDW
multiple combinations of model parameter values may give equally good match to data.
5 ,QWKHFRQWH[WRIKLVWRU\PDWFKLQJ³SRVWHULRUGLVWULEXWLRQ´LVUHIHUUHGWRWKHGLVWULEXWLRQRIRXULQWHUHVWHGXQFHUWDLQTXDQWLW\
given additional information.
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Insert Eqs. 9 and 10 into Eq. 12, we get
ଵ

ܲ൫࢞ொ
 ǡ ݉ หࢊ ǡ ߗԢ൯

ൌ

ಾಽಶ

݁ ିଶಾಽಶቀ࢞ೕ

ቁ

ଵ
ି 
ቀ࢞ಾಽಶ ቁ
σ ᇲ ݁ ଶ ಾಽಶ ᇲೕ

ൌ ͳ൘  ݁

ଵ
ି ሾಾಽಶ ቀ࢞ಾಽಶ
ቁିಾಽಶ ቀ࢞ಾಽಶ
ೕ ቁሿ
ଶ
ᇲ ೕ
Ǥ

(13)

ᇲ

The probability calculated using Eq. 13 is the probability of the estimate of our interest forecasted by model ݉ with
given a sampled dataset ࢊ . Because ࢊ is an independent Monte Carlo sample, ܲ൫ࢊ ൯ ൌ ͳΤܰ
its parameters ࢞ொ

and
ொ
ܲ൫࢞ொ
 ǡ ݉ ǡ ࢊ หߗԢ൯ ൌ ܲ൫࢞ ǡ ݉ หࢊ ǡ ߗԢ൯ܲ൫ࢊ ൯ ൌ ͳ൘൝ܰ  ݁

ଵ
ି ሾಾಽಶ ቀ࢞ಾಽಶ
ቁିಾಽಶ ቀ࢞ಾಽಶ
ೕ ቁሿ
ଶ
ᇲ ೕ
ൡ

(14)

ᇲ

where ܰ is the total number of Monte Carlo samples (ܰ ൌ ͳͲͲͲ in the following applications). The probability
calculated using Eq. 14 is regarded as the weight given to the estimate forecasted by model ݉ with its parameters
࢞ொ
 . By repeating this process over the models and the sampled datasets, we obtain a set of weighted samples of
the estimate as shown in Table 1 where  ܯis the total number of models considered, ݂ is the estimate forecasted
ொ
using ݉ and ࢞ொ
 , and ܲ denots ܲ൫࢞ ǡ ݉ ǡ ࢊ หߗԢ൯. This set of weighted samples represents the distribution of
the estimate with the integration of model uncertainty. The marginal posterior probability of a model regardless of
any sampled dataset is calculated as
ே

ܲሺ݉ ȁߗᇱ ሻ ൌ  ܲ൫࢞ொ
 ǡ ݉ ǡ ࢊ หߗԢ൯Ǥ

(15)

ୀଵ

We interpret this probability as a measure of the relative truthfulness of model ݅ to the other models.
Estimate forecasted using  and ࢞ࡹࡸࡱ

Weight assigned to the estimate

݂ଵଵ
ܲଵଵ

«
«

݂ெଵ
ܲெଵ

݂ଵଶ
ܲଵଶ

«
«

݂ெଶ
ܲெଶ

«
«

݂ଵே
ܲଵே

«
«

݂ெே
ܲெே

Table 1²Set of weighted samples of estimate.

Illustrative Example with Synthetic Data
This section uses a synthetic dataset to illustrate the impacts of using the deterministic and probabilistic approaches
without considering the model uncertainty (i.e. SM-D-MLE and SM-P-MLE) on cumulative oil production
estimation, and to highlight the importance of using our proposed approach (MM-P-MLE). We consider only the
Arps model, SEM and Pan CRM for this example, but more models can be easily included in our approach as we
will include the LGM for the analyses with actual field data.
The ³WUXH´ decline is generated using the Pan CRM. Random errors, drawn from Gaussian distributions with
zero mean and standard deviation equal to 20% of true rate, DUHDGGHGWRWKH³WUXH´ decline to form the synthetic
dataset. Fig. 1 illustrates the synthetic dataset and the ³WUXH´ decline of oil production rate as well as the standard
deviation of measurement error assessed using the moving window approach with a half window size of 10. Our
interest is the cumulative oil production from the time of the last data point to day 10950 (year 30  7KH ³WUXH´
cumulative oil production given by the Pan CRM is 48.1 Mbbl. This value is used as a reference for subsequent
estimates.
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Fig. 1²Synthetic dataset to day 200.

We first use SM-D-MLE to estimate the cumulative oil production. The resulting best-fit parameters and
corresponding loss function value of MLE for each model is listed in Table 2. We see that Arps model with ݍ ൌ
ͳͳʹͳǤȀ, ܾ ൌ ͲǤͷ and ܦ ൌ ͲǤͲͳ ିଵ best fits the data (minimal loss function). Therefore, it is used for
forecasting, providing an estimated cumulative oil production of 132.6 Mbbl. This estimate is more than 2.5 times
WKH³WUXH´YDOXH.
Arps Model
1121.6
ݍ [bbl/day]
0.75
ܾ [-]
0.016
ܦ [day-1]
ܮொ

SEM

171.65

ݍ [bbl/day]
߬ [day]
݊ [-]

1519.8
56.5
0.53

ܮொ

171.75

Pan CRM
οܲ [psi]
ܬஶ [bbl/day/psi]
ܿ௧ ܸ [bbl/psi]
ߚ [bbl/day1/2/psi]
ܮொ

507.8
1.16
283.7
4.2
172.29

Table 2²Best-fit parameters for the Arps, SEM and Pan CRM models for the synthetic dataset to day 200.

To take the uncertainties in measurements and inverse modeling into consideration, we use SM-P-MLE with the
Arps model. This produces a distribution of the cumulative oil production, whose P10, P50, mean and P90 are listed
in Table 3. The forecast of the Arps model is biased, IDU IURP WKH ³WUXWK´  0EEO , and the 80% confidence
interval (from P10 to P90) does not contain it.
Statistics
Cumulative Oil
Production [Mbbl]

P10

P50

Mean

P90

73.5

132.3

135.7

207.2

Table 3²Statistics of the cumulative oil production forecasted by the Arps model given the synthetic dataset to day 200.

We use MM-P-MLE to integrate the model uncertainty in this analysis. Indeed, the minimized loss function
values of the three models are very close to each other, which means no model is superior to the others. The
marginal posterior probabilities calculated using Eq. 15 are 36.4%, 34.0% and 29.6% for the Arps, SEM and Pan
CRM models, respectively. The models are almost equally likely to be the correct model given the synthetic dataset.
This result seems counter-LQWXLWLYHDVWKH³FRUUHFW´ model (the Pan CRM) is the least likely one because the dataset
does not show an obvious linear transient flow behavior that the Arps model may not capture. Thus, the model
uncertainty remains large even when the dataset is given.
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Figure 2 shows Box plots of cumulative oil production forecasted using SM-P-MLE solely with the Arps, SEM
or Pan CRM models, and using MM-P-MLE. Among the three models, the Arps model has the largest uncertainty in
inverse modeling as it gives the largest 80% confidence interval, while the Pan CRM model has the smallest
uncertainty in inverse modeling. Since the Pan CRM is the one used to generate the data, the ³FRUUHFW´PRGHl, its
estimate is the best. Using the proposed approach MM-P-MLE WKH ³WUXWK´ LV contained in the 80% confidence
interval. This means that by integrating the model uncertainty in the analysis, we can reduce the risk of selecting a
wrong model for forecasting when the correct model is unknown.

Fig. 2²Box plots of cumulative oil production forecasted using a single model and compared to that of the
proposed approach given the synthetic data to day 200.

We extend the dataset to day 400 (Fig. 3) and use MM-P-MLE to estimate the cumulative oil production from
day 400 to day 10950 (year 30). The dataset is in Fig. 3. The resulting marginal posterior probabilities are 14.2%,
38.3% and 47.5% for the Arps, SEM and Pan CRM models, respectively. Given the additional data from day 200 to
day 400, the Pan CRM becomes the most likely, whereas the Arps model is the least likely. This ranking given by
the marginal posterior probabilities is consistent with the ranking given by the matching quality shown in Fig. 4,
where each decline curve represents a MLE solution for a sampled dataset and a single model. Fig. 5 shows the Box
plots of cumulative oil production forecasted using SM-P-MLE solely with the Arps, SEM or Pan CRM model, and
using MM-P-MLE. Because the SEM and Pan CRM now have much larger probability than the Arps model, the
distribution forecasted using MM-P-MLE is skewed toward the distributions forecasted solely by the SEM and Pan
CRM with a tail toward that of the Arps model. When considering the Arps or SEM model individually, none of
these models provides an 80% confidence interval containing the truth. However, when all these three models are
FRQVLGHUHGVRWKDWWKH³FRUUHFW´PRGHOLVLQFOXGHGthe estimate is improved as the 80% confidence interval obtained
using MM-P-MLE contains WKH³WUXWK´
This example indicates that to include multiple models for forecasting reduces the risk of rejecting a good model
E\VHOHFWLQJDVLQJOH³EHVW´PRGHO
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Fig. 3²Synthetic dataset to day 400.

Fig. 4²Plots of the history matching results for the Arps, SEM and Pan CRM models.

Fig. 5²Boxplots of cumulative oil production forecasted using solely one model and using the proposed approach
given the synthetic data to day 400.

Application to the Bakken Field Data
Our proposed approach is applied to daily oil production rate data from the Bakken field. The Bakken wells that we
study in this work are completed in a fractured shale reservoir. All the wells we select for this study are completed in
the same formation. First, we conduct a hindcast test where the first part of a dataset is used for history matching and
the second part is used for comparison with the model forecast. Finally, we use our proposed approach to forecast
the cumulative oil production for selected wells.

9
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Hindcast Test. The oil production rate data is from Bakken Well UT-ID 220 (Fig. 5). There are 660 data points
in total, covering the period from day 10 to day 695. The rates are measured daily. We use the data from day 10 to
day 100 for history matching, and then use the history-matched model for forecasting. In this test, we consider the
Arps, SEM and Pan CRM models. The resulting marginal posterior probabilities are 14.9%, 37.4% and 47.7% for
the Arps, SEM and Pan CRM models, respectively. Although the Pan CRM is the most likely model, we are not
confident enough to say that Pan CRM is superior to the other two because its probability is only slightly larger than
that of the others. Therefore, the possibilities of the Arps and SEM models should be included in the forecast using
MM-P-MLE. The forecast from day 100 to day 695 compared with the corresponding data is shown in Fig. 6. We
see that most of the data falls in the 80% confidence interval.

Fig. 5²Data from Bakken Well UT-ID 220 from day 10 to day 695.

Fig. 6²The forecast from day 100 to day 695 compared with the corresponding data from Bakken Well UT-ID 220.

We use more data points to investigate how this will impact the forecast. Given data from day 10 to day 200, the
probability of the Pan CRM increases from 47.7% (given data from day 10 to day 100) to 79.3%, the probability of
the SEM drops to 20.7% and the probability of the Arps model drops to 0%. The forecast of oil production rate from
day 200 to day 695 is in Fig. 7. The forecast matches the data better and its uncertainty is reduced.

10
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Fig. 7²The forecast from day 200 to day 695 compared with the corresponding data from Bakken Well UT-ID 220.

Model Probabilities and Cumulative Oil Production Estimates for Bakken Wells. We select 28 Bakken
wells with relatively less noisy data. The model probabilities and cumulative oil production are assessed for these
wells. The wells have different operation times; some have a short period of data while some are long. The data
length of each well is listed in Table 4.
Well UT-ID
Data Length
[days]
Well UT-ID
Data Length
[days]

222

208

401

195

69

194

413

187

216

804

223

78

80

232

213

223

233

260

292

309

336

337

372

377

392

434

499

515

265

209

385

227

220

391

386

228

67

4

198

197

81

82

531

533

546

707

740

769

886

993

1136

1241

1306

1377

1620

1642

Table 4²Data length of selected Bakken wells.


This analysis considers the Arps, SEM, LGM and Pan CRM models. The marginal posterior probabilities of the
decline curve models are illustrated in Fig. 8. Among the 28 selected wells, the Pan CRM is most likely for 13 wells,
the SEM for 7 wells, and each of the LGM and Arps models for only 4 wells. This confirms that the Arps model
may not be ideal for unconventional plays, and indicates that the Pan CRM, as the only analytical model, is more
likely to better describe the unconventional flow behavior than the empirical models.
For the wells with short data length (smaller than 400 days), the model uncertainty is large and the probability of
the Arps model is comparable to the other three models. As the data length increase, one of the models becomes
dominating with a probability higher than 90%. However, for a few of the well with long data length, the uncertainty
remains in the SEM, LGM and Pan CRM (for example, Wells UT-ID 228 and 197). Thus, using solely one of them
for further analysis may underestimate the uncertainty even when there is a lot of data.
We see two wells (Wells UT-ID 187 and 227) with the Arps model dominating. The reason may be that the data
is so noisy that it masks the decline features of this unconventional oil or that the fracture flow is indeed not
dominating in that well. Additional and less noisy data is required for these wells.
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Fig. 8²The marginal posterior probabilities of the decline curve models for the 28 selected Bakken wells.

Considering D ZHOO¶V OLIH F\FOH RI  \HDUV ZH are interested in how much oil is left in each well (i.e., the
cumulative oil production from the last day with data to day 10950). The mean value or expected value of the
cumulative oil production for each of the selected Bakken wells is in Fig. 9. The figure includes the mean values
estimated using solely one of the models and using our proposed approach. The Box plot of the estimated
cumulative oil production using MM-P-MLE is in Fig. 10. In the Box plot, all the values are normalized by the
mean value estimated using MM-P-MLE for each well.
From Fig. 9, we see that the LGM and Arps models gives a higher estimate of the mean value of the cumulative
oil production than the other two models for most of the wells with short data length. This means that using the
LGM or Aprs models solely with short data length may give an optimistic estimate in cumulative oil production.
:KHQ WKH SURSRVHG DSSURDFK LV XVHG  ZHOOV¶ PHDQ YDOXHV DUH EHWZHHQ WKH KLJKHVW DQG lowest mean values
estimated using the models individually, 8 wells hits the highest mean values estimated using the models
individually, and 5 wells hits the lowest mean values estimated using the models individually. Thus, using the
proposed approach to take the model certainty into account will give a result that is neither too optimistic nor too
pessimistic.
In Fig. 10, for most of the wells with short data length, the uncertainty in estimated cumulative oil production is
large with wide 80% confidence interval, whereas for most of the wells with long data length, the uncertainty is
significantly smaller. It is because the uncertainty in the estimated cumulative oil production is large as the model
uncertainty is large. Well UT-ID 197 has wide 80% confidence interval even it has long data length because of the
uncertainty in the SEM, LGM and Pan CRM models. Well UT-ID 385 has an extremely skewed distribution. This is
because the Pan CRM forecasts low cumulative oil production with small SD while the LGM forecasts much larger
value with large SD; when 63.4% weight is given to the Pan CRM and 33.6% to the LGM, the resulting distribution
skews towards the 3DQ&50¶VIRUHFDVWZLWKDORQJWDLOWRZDUG the LGM¶VIRUHFDVW
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Fig. 9²Mean values of estimated cumulative oil production for the 28 selected Bakken wells.

Fig. 10²Box plots of estimated cumulative oil production using MM-P-MLE for the 28 selected Bakken wells.

Application to the Midland Field Data
We perform the same analysis for the Midland field, as we did for the Bakken field. The Midland wells that we
study in this work are completed in a fractured reservoir. Unlike the daily oil production data from the Bakken field,
the Midland field data is monthly. Thus, the Midland field data is smoother than the Bakken field data. We select 31
Midland wells with relatively less noisy data. Each well has been operated under different lengths of time. Table 5
lists the length of data for each selected well.
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Well ID
Data Length
[months]
Well ID
Data Length
[months]

14

28

24

47

9

22

11

14

48

25

15

29

32

42

27

39

45

62

68

71

72

75

76

76

76

77

78

78

78

78

80

81

82

43

49

26

13

31

33

34

40

41

44

17

18

19

30

16

83

83

84

85

86

86

87

89

93

94

97

97

97

97

104

Table 5²Data length of selected Midland wells.

Figure 11 illustrates the marginal posterior probabilities, calculated using MM-P-MLE, for the Arps, SEM, LGM
and Pan CRM models. Among the 31 selected Midland wells, the Pan CRM is most likely for 18 wells, the Arps
model for 8 wells, the SEM for only 3 wells, and the LGM for only 2 wells. This indicates that, in general, the Pan
CRM has higher chance to be a good model for describing the Midland field data than the other three models.
Nevertheless, no one model is best for all wells. For some wells, the Pan CRM can be the least likely model.
Moreover, even if the Pan CRM is the most likely one, some other models may have probabilities close to that of the
Pan CRM; for example, the marginal posterior probabilities for Well 14 are 35.2% for the Pan CRM, 27.7% for the
SEM and 25.4% for the LGM.

Fig. 11²The marginal posterior probabilities of the decline curve models for the 31 selected Midland wells.

Figure 12 illustrates the mean values of estimated cumulative oil production from the last data point to year 30
using SM-P-MLE with the Arps, SEM, LGM or Pan CRM model solely, and MM-P-MLE with the consideration of
all these four models. When we consider these models individually, the LGM tends to give the highest estimate
while the Pan CRM tends to give the lowest estimate for most of the wells. Although the Arps model does not tend
to give an estimate as high as the LGM, it tends to give an estimate higher than the SEM and Pan CRM. Our
proposed approach MM-P-MLE weights each individual model and gives a moderate estimate.
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Fig. 12²Mean values of estimated cumulative oil production for the 31 selected Bakken wells.

Figure 13 illustrates the Box plots of estimated cumulative oil production using MM-P-MLE for the 31 selected
Midland wells. All the values are normalized by the estimated mean for each well. For most of the wells, the 80%
confidence interval is between 0.5 and 1.5 times the mean value. Compared to the Bakken wells, the uncertainties in
the forecasts RI0LGODQGZHOOVDUHUHODWLYHO\ODUJH ZLGHUFRQILGHQFHLQWHUYDOV 7KLVLVEHFDXVH%DNNHQZHOOV¶
daily production data contains more data points than Midland wHOOV¶PRQWKO\SURGXFWLRQGDWD$VWKHQXPEHURIGDWD
points increases, less uncertainty in measurement propagates to the uncertainty in forecast.

Fig. 13²Box plots of estimated cumulative oil production using MM-P-MLE for the 31 selected Midland wells.
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Discussion
Ambiguous choice of a single model for DCA can be caused by cognitive biases6. Overconfidence is one of the most
common cognitive biases in the oil and gas industry (Welsh et al., 2005). When a single model is selected for DCA,
one gives a 100% weight to this selected model (i.e., trust this model 100%). However, it is obvious that a single
model should not be trust 100%. Thus, he/she is overconfident in the selected model. When diverse models are
considered, the impact of overconfidence is reduced. Our proposed approach MM-P-MLE provides a consistent and
systematic framework for including multiple models in probabilities DCA and updating the model
probabilities/weights based on given data. Therefore, the risk of over/underestimate given by a single model is
reduced and MM-P-MLE gives a moderate estimate.
Traditional measures of the goodness of fit²(weighted) sum of squares and (weighted) ܴଶ ²can only be used to
rank different models but they do not have any useful interpretation for probabilistic analysis. It is more useful for
probability analysis to convert them into corresponding probability representation. Moreover, probability has a more
intuitive interpretation to many people than sum of squares and ܴଶ .
The Pan CRM is the most likely model for most of the unconventional wells selected for this work. It tends to
give the lowest estimate on cumulative oil production over long time among the four models studies in this work.
This means that it is very likely that the true cumulative oil production is lower than the forecast by the other models
IRU H[DPSOH WKH ZLGHO\ XVHG $USV PRGHO  7KLV PLJKW H[SODLQ WKDW ZK\ DQ RLO FRPSDQ\¶V HVWLPate on future oil
production has often turned out to be too optimistic.
However, no one model is best in all circumstances, as for some wells, the Arps, SEM or LGM models may
performs better than the others. MM-P-MLE avoids the a priori choice of which model to use and the rejection of a
possible good model. Thus, we are open-minded to other models and weights them according to their quality of data
match. Any model holds the possibility to EH WKH ³EHVW´ when the data provides enough evidence as more data
becomes available.
When the number of data points is small, the model uncertainty remains large, because these data points do not
clearly reflect the characteristics of different flow regimes of unconventional production. As the number of data
points increases, the characteristics of different flow regimes is shown more clearly, and the model that cannot well
capture the physics of all the flow regimes will be gradually eliminated (i.e., its probability approaches 0).
The Pan CRM is the only analytical model among the models we consider in this work. It is designed to capture
the major flow regimes²transient flow regime and semi-steady state flow regime²involved in an unconventional
well. Therefore, it is not surprising that the data from two unconventional fields show that the Pan CRM is the most
likely one to well describe the flow behaviors, among the four models. Some wells show that one of the other three
models is the most likely for some possible reasons: the measure errors masks the characteristics of different flow
regimes, different flow regimes show up simultaneously, minor flow regimes appears, fracture flow is not
dominating, or unclear flow behaviors appear. Besides, unlike that the parameters of an empirical model have no
physical meaning, all the parameters of the Pan CRM are physically defined, and the fit parameter values reveal
important reservoir/well properties. For example, the ܸ in the Pan CRM reveals the effective drainage volume of a
producer.
Our investigation is limited to the Arps, SEM, LGM and Pan CRM models. More models should be included in
this analysis. Other models (e.g., a dual-porosity reservoir simulation model) might be superior to the Pan CRM.
However, we argue that using a more complex model with more parameters can make probabilistic analysis too
computationally intensive and may not create much additional value (see the discussion in Bratvold and Begg
(2009) and Hong et al. (2017)). One of the advantage of DCA is its speed. Thus, we prefer models with small
number of parameters for DCA.
Conclusions
We propose an approach, MM-P-MLE, that integrates model uncertainty in probabilistic DCA for unconventional
oil production forecasting. Different from the approach that uses only a single best-fit model for further analysis, the
proposed approach interprets the goodness of fit of a model with a probability representation that can be carried to
uncertainty analysis. The uncertainty in the Arps ( Ͳ  ܾ  ͳ ), SEM and Pan CRM models for analyzing
unconventional plays was investigated.
An example illustrated that the best-fit model may not be the model that best fits the flow behavior. Using the
proposed approach can reduce the risk of using a best-fit but very wrong model for forecasting.
The proposed approach was applied with real oil production data from the Bakken and Midland fields. The
hindcast test showed that the model uncertainty was reduced and the forecast was improved as more data points
6

A cognitive bias refers to the unconscious deviation from rationality in judgment (Haselton et al., 2005).
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became available. The model probabilities were assessed and the cumulative oil productions were estimated using
our proposed approach for 28 selected Bakken wells and 31 selected Midland wells. The proposed approach
performed well in propagating the model uncertainty to the uncertainty in forecast. The results showed that:
x It is confirmed that the Arps model (Ͳ  ܾ  ͳ) may not be ideal for unconventional plays.
x The Pan CRM, as the only analytical model, is more likely to better describe the unconventional flow
behavior than the other three empirical models.
x No one model is the most likely for all wells.
x The model uncertainty can remain large even when the data length is long.
x The Arps and LGM models tends to give a larger estimate of the expected value of the cumulative oil
production than the other two models for the wells with small number of data points. Using the Aprs or
LGM model with small number of data points may result in a too optimistic estimate in cumulative oil
production.
x By weighting the models, the proposed approach gives a moderate estimate of the cumulative oil
production; neither too optimistic or too pessimistic.
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Abstract Many model-based techniques for optimizing
hydrocarbon production, especially robust optimization
(RO), carry prohibitive computational cost. Ensemble-based
optimization (EnOpt) is a promising RO method but is
computationally intensive when based on rich grid-based
reservoir models with hundreds of realizations. We present
a proxy-model workflow where a grid-based model is
supplemented by a useful yet tractable proxy model. A
capacitance-resistance model (CRM) can be a proxy model
for waterflooding systems. We illustrate the use of CRMbased models and investigate their pros and cons using
synthetic 2D and 3D models. A selected proxy model
is embedded into the proxy-model workflow. The results
obtained from the proxy-model and traditional workflows
are compared. The impact of any differences is assessed
by considering a relevant decision-making context. The
main contributions are (1) a general RO workflow that
embeds proxy models, (2) a discussion of the desiderata
of proxy models, (3) illustration and discussion of the use
of CRM-based models in the proxy-model workflow, and
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(4) a discussion of the impact of using a proxy model
for production optimization in a decision-making context.
Based on our study, we conclude that CRM-based models have high potential to serve as a cogent proxy model
for waterflooding related decision-making context and that
the proxy-model workflow, leveraging a faster, but relevant,
production model, significantly speeds up the optimization
yet gives robust results that leads to a near-optimal solution.
Keywords Model-based hydrocarbon production
optimization · Geological uncertainty · Robust production
optimization · Ensemble-based optimization ·
Computational cost · Grid-based reservoir model ·
Capacitance-resistance model · Proxy model · Water
injection · Decision-making · Value of verisimilitude

1 Introduction
The past few decades have seen rapid development in
numerical techniques for model-based optimization of subsurface hydrocarbon production (to optimize the reserves,
the production over some time frame, the value of the
reserves or production, etc.). However, these techniques
typically require computation for a numerous reservoir simulations, especially for robust optimization (RO).
Within RO, the geological uncertainties are represented
by a set of realizations (i.e., an ensemble). The objective of
RO is to find a control vector (e.g., a water injection scheme)
that optimizes the expected value (EV) of the objective
function, such as net present value (NPV), given the geological uncertainties represented by the realizations. Hence, the
optimal solution is robust to geological uncertainties. van
Essen et al. [33] used RO to optimize hydrocarbon production under geological uncertainty, where an adjoint-based
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method is used for obtaining the gradient information. The
adjoint-based method requires access to the source code
of the reservoir simulator, which is seldom available for
commercial simulators, and it is computationally intensive.
Chen et al. [13] introduced the ensemble-based optimization method (EnOpt), in which the gradient is approximated
by the covariance between the objective function values
and the control variables. Regardless of the type of reservoir simulators, EnOpt is easier to implement than other RO
methods and is less computationally intensive [17]. Do and
Reynolds [15] analyzed the theoretical connections between
EnOpt and other approximate gradient-based optimization
methods. Having realized that it is unnecessary to approximate the ensemble mean to the sample mean as was done by
Chen et al. [13], Do and Reynolds [15] used the ensemble
mean in their EnOpt formulation.
Fonseca et al. [17] further modified Do and Reynolds’s
[15] EnOpt formulation and found that the modified EnOpt
formulation1 both gives a better objective function value and
converges more quickly than the original EnOpt and other
variants of ensemble-based optimization method. Although
it has been demonstrated that EnOpt (both the original
formulation and its variants) is a vast improvement over
earlier optimization methods, it is nonetheless computationally intensive, typically involving thousands of reservoir
simulations [29]. The differences between the original and
modified EnOpt formulations will be stated in detail in
Section 3.
Yang et al. [35] used a second order polynomial proxy
model to reduce the number of required simulations in
RO. Denney [14] discussed the pros and cons of applying
a proxy model as a substitute for full reservoir simulations in assisted history matching, production optimization
and prediction, and found that proxy models do not give
an optimal solution in many cases but are less computationally demanding in finding improved solutions. Our
paper presents an alternative, and general, workflow where
a grid-based reservoir model is supplemented by a materialbalance-based proxy model for RO. This proxy model is
intended to capture the range of possible production profiles, yet be less computationally intensive than the reservoir simulators currently used in EnOpt. Thus, the choice
and usefulness of a proxy model for this purpose will
be a function of the reservoir characteristics and drainage
scheme. Our main focus is waterflooding systems for which
capacitance-resistance model (CRM) is a potential candidate.
Bruce [9] applied the analogy of a capacitance-resistance
electric network to analyzing reservoir and well behavior.
Albertoni and Lake [1] introduced a model that combined

1 We

refer the EnOpt formulation modified by Fonseca et al. [17] to as
the modified EnOpt formation in the rest of the paper.
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a multivariate linear regression analysis with diffusivity filters and used only production and injection rate data to
investigate the connectivity and response time between a
producer and an injector in a waterflooded reservoir. Gentil
[18] showed that the connectivity is a function of transmissibilities. Yousef et al. [36] introduced CRM by modifying
Albertoni and Lake’s work [1] to use the weight to quantify the connectivity and to employ the time constant to
quantify the fluid storage within each injector-producer pair.
Sayarpour [27] used superposition in time to analytically
solve the numerical integration in CRM.
To overcome the original CRM’s limitation that the total
fluid flow is treated as a single phase, a CRM was combined
by Sayarpour et al. [28] with a Buckley-Leverett-based
fractional flow model, by Gentil [18] with an empirical
fractional flow equation, and by Cao et al. [12] with the
Koval [22] model. Cao [10] demonstrated that the Koval
model might not yield a good match for mature waterfloods
because it might approach an abrupt end of 100% water cut.
She also noted that the Gentil model might not work well for
immature waterfloods because the relationship between the
natural logs of water-oil ratio and cumulative water injection
might be non-linear at that stage. These concerns prompted
the development of a fully coupled two-phase-flow-based
CRM, which is applicable in all stages of maturity [10, 11].
To allow for the inherent uncertainty in history matching [31], Sayarpour et al. [28] started with different sets
of initial guesses of unknown CRM parameters and used
production data to generate numerous history-matched solutions of CRM. Jafroodi and Zhang [21] applied a CRM
in a closed loop consisting of ensemble Kalman filter
(EnKF) and EnOpt to capture the geological uncertainties
and the time-variance of the CRM parameters. CRM has
been shown to be quite accurate for waterflooding systems
and used as a tool for waterflood production optimization
[24, 30].
The above studies on CRM employed it in the production
phase with real production data (in the synthetic studies, the
“real” production data is mimicked by the synthetic model
simulated production data). In the proxy-model workflow,
we do not need any real production data for using CRM
because the CRM is history-matched to grid-based model
simulated production data (i.e., pseudo production data).
Thus, the proxy-model workflow can be used when real
production data is unavailable (e.g., in the design phase).
In Section 2, we review two CRM-based models, a CRM
combined with the Koval model (the CRMP-Koval Model)
and the fully coupled two-phase flow based CRM (the Coupled CRMP). Section 3 gives a short introduction on RO and
EnOpt. Section 4 illustrates the proxy-model workflow. In
Sections 5 and 6, this workflow is tested in two examples;
one with a 2D reservoir simulation model and the other with
a 3D model. The matching qualities of the two CRM-based
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models are compared for screening purposes in the 2D
model example. The selected proxy model is embedded into
the proxy-model workflow. The results of the proxy-model
and traditional workflows are contrasted and discussed. Furthermore, the impacts of these results are investigated in a
decision-making context. Finally, we present a discussion
and conclusions in Sections 7 and 8, respectively.
The main contributions of this work are (1) a general RO
workflow embedding proxy models, (2) a discussion of the
desiderata of proxy models for production optimization, (3)
illustration and discussion of the use of CRM-based models
in the proxy-model workflow, and (4) a discussion of the
impact of using a proxy model for production optimization
in a decision-making context.

2 Capacitance-resistance model
A capacitance-resistance model (CRM) is based on material balance and derived from total fluid continuity equation.
It contains considerably fewer parameters and needs significantly less computation time than does a grid-based
reservoir model. Required input data for a CRM are production rates, injection rates, and producers’ Bottom-Hole
Pressures (BHP). The two main parameters of a CRM are
connectivity and time constant. For an oil-water system,
connectivity is the proportion of injected water in an injector
that contributes to the total fluid production in a producer.
The time constant indicates how long a pressure wave from
an injector takes to reach a producer.
Based on control volume, CRM can be divided into
three categories: single-tank CRM (CRMT), producerbased CRM (CRMP), and injector-producer-pair-based
CRM (CRMIP) [30]. As illustrated in Fig. 1, the control
volume in a CRMT is the entire drainage volume of a reservoir covering a single pseudo-producer (encompassing all
physical producers) and a single pseudo-injector (encompassing all physical injectors), enabling the entire reservoir
to be treated as a single tank with one inlet and one outlet. A CRMP has producer-based control volumes, each of
which covers all the injectors influencing its corresponding producer. A CRMIP has one control volume for each
injector-producer pair. Because the original CRM [36] can
predict only total fluid production, it must be combined with
a fractional flow model in order to separate oil production
from the total production. In the following, we review two
CRMP-based models for the case of an oil-water system
under waterflooding and constant producer BHPs.
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fingering effect induced by heterogeneity and the unfavorable mobility ratio between the displacing and displaced
fluids. Cao et al. [12] illustrated how CRMP combined
with the Koval fractional flow equation (the CRMP-Koval
Model) can be used to forecast oil and water production
under waterflooding. For constant producer BHPs, the total
fluid production equation of CRMP is [27]
ninj

−tk /τj
−tk /τj
e
+
(1
−
e
)(
λij Iik ),
qt kj = qt k−1
j

(1)

i=1

where sub/superscripts i, j , and k are the indices of injector,
producer, and time step, respectively; qt kj is the total fluid
production rate of producer j at time k; tk is the time step
length between times k and k − 1; τj is the time constant
for producer j ; ninj is the number of injectors; λij is the
connectivity between injector i and producer j ; and Iik is the
water injection rate of injector i during the period of tk .
Both λ and τ are assumed to be constant with respect to time
[12].2
Cao et al. [12] used the following form of the Koval
fractional flow equation:
⎧
1
⎪
0,
if tD j < Kval
⎪
j
⎨
√
k
Kval j − Kval j /tD j
1
, (2)
fw j =
,
if
≤
t
D
j ≤ Kval j
K
−1
K
⎪
val j
val j
⎪
⎩
1,
if tD j > Kval j
where
tD j =

nT

k
k=1 It j

Vp j

,

(3)

fw kj is the water cut in producer j at time k, Kval j is the
Koval factor of producer j , tD j is the dimensionless time or
the fraction of cumulative water injected into the drainage
pore volume of producer j , nT is the number of time steps,
It kj is the total water injection contribution from all injectors
to producer j during tk , and Vp j is the drainage pore volume of producer j . Assuming that the water injection rate
of an injector is constant over tk and equal to Iik , It kj can
be calculated by
ni

It kj = (
λij Iik )tk .

(4)

i=1

Thus, using the CRMP and the Koval fractional flow equation, the water and oil production rates in producer j at time
k (qw kj and qo kj ) are calculated, respectively, by
qw kj = qt kj fw kj ,

(5)

2.1 The CRMP-Koval Model

qo kj = qt kj (1 − fw kj ).

(6)

The Koval factor [22] was introduced into the BuckleyLeverett fractional flow equation in order to capture the

2 This

is equivalent to assuming no dramatic changes in reservoir or
well conditions.
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Fig. 1 Illustration of a CRMT,
b CRMP, and c CRMIP

In the CRMP-Koval Model, the model parameters are the
connectivity λ of each injector-producer pair; and the time
constant τ , the Koval factor Kval , and the drainage pore volume Vp of each producer. These parameters are determined
by solving the least squares problem
min

τj ,λij ,Kval j ,Vp j

z=

np
nT 

obs
obs
[(qt kj −qt kj )2 +(qo kj −qo kj )2 ]
k=1 j =1

(P1)
subject to
τj ≥ 0,

(P1C1)

λij ≥ 0,

(P1C2)

Kval j ≥ 1,

(P1C3)

np

j =1

Vp j ≤ Vp F ield ,


np


j =1

λij

(P1C4)

such as when the CRM is used to match real production
data, constraint Eq. P1C4 can be removed.
2.2 The Coupled CRMP
Cao et al. [11] developed the Coupled CRMP: a fully coupled two-phase flow model based on CRMP. In addition to
the total fluid balance equation (i.e., the pressure or continuity equation), they considered the oil mass balance equation
(i.e., the saturation equation). This model can calculate the
average saturation within a producer-based control volume,
the outlet saturation of a producer, and the time-variant time
constant. The following shows only the numerical solution to the saturation equation. For more details on the
derivation, see [10, 11].
Cao et al. [11] derived the semi-analytical explicit solution to the saturation equation as

k
k−1
Soj = Soj −

⎛
k−1
tk ⎝ S o j (cf + co ) 
λij Ijk − qt kj
Vp j
ct

⎞
+ qo kj ⎠ ,

i

(7)

< 1, if injection loss exists
= 1, if no injection loss

(P1C5)

where the superscript obs denotes the observed production
data, np is the number of producers, and Vp F ield is the
total pore volume of the field. For an optimization program,
a different equation numbering system is used, where “P”
denotes a program and “C” denotes a constraint. For example, Eq. P1C5 means constraint number 5 for optimization
program 1. For the case with aquifer support, Izgec and
Kabir [20] proposed coupling an aquifer model with a CRM.
Because no aquifer is considered in the reservoir models
used in the following examples, the effect of an aquifer
will not be considered in this paper. The total pore volume
of the field Vp F ield is defined by the total pore volume of
the reservoir simulation model because in the proxy-model
workflow, the observed production data are obtained from
reservoir simulation using the commercial black oil simulator ECLIPSETM [16], and the CRM is used to approximate
the reservoir simulation model. When Vp F ield is unknown,

k
Soj

where
is the average oil saturation within the control
volume of producer j at time k, and cf , co , and ct are the
pore, oil, and total compressibilities, respectively. Assuming that the major contribution to oil saturation change is
from oil production rather than the effect of compressibility [23], Cao [10] eliminated the compressibility term in the
saturation equation and derived a simplified solution as
k

k−1

Soj = Soj

−

tk k
qo .
Vp j j

(8)

We will be using Eq. 8 rather than Eq. 7. Cao [10] proposed
using the Welge equation [10, 23, 34] to calculate the outlet
oil saturation of a producer as
nT
k
k
k=1 It j
(1 − fw kj ),
(9)
So2 kj = S o j +
Vp j
where So2 kj is the outlet oil saturation of producer j at time
k.
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Using the definition of the time constant,
τjk =

Vp j ct
Jt kj

(10)

,

where Jt kj is the total productivity index of producer j at
time k, Eq. 10 can be rewritten as
τjk =

Tj
Mjk

(11)

,

where
Tj =

Vp j ct


Jt j

Mjk =

(12)

,

kro (So2 kj )

krw (So2 kj )

+

.
(13)
μo
μw
Because Jt j is assumed to be constant, Tj is time-invariant
[11]. The total relative mobility Mjk is time-variant because
it depends on the oil and water relative permeabilities, kro
and krw , which are functions of the outlet saturation. The oil
and water viscosities, μo and μw , are assumed to be constant. It should be noted that the time constant is assumed to
be time-invariant in the CRMP-Koval Model, whereas it is
time-variant in the Coupled CRMP. Thus, the time-invariant
time constant τj in the solution of the total fluid continuity
equation (1) is replaced by the time-variant time constant
τjk , giving
−tk /τj
qt kj = qt k−1
+ (1 − e−tk /τj )
j e
k

k

ninj


λij Iik .

(14)

i=1

The model parameters can be determined by solving the
least squares problem
z=

min

0

Tj ,λij ,S o j ,Vp j

np
nT 

k=1 j =1

(qt kj − qt kj

obs 2

)

(P2)

subject to
Tj ≥ 0,

(P2C1)

λij ≥ 0,

(P2C2)

where S o j is the initial average oil saturation of producer
j , Sor is the residual oil saturation, and Swi is the irreducible water saturation. For the Coupled CRMP, the model
parameters are determined by matching only the total fluid
production data. This is because the water cut fw kj in Eq. 9
can be directly obtained from the production data. The fractional flow model is constructed using the water cut data
plotted against the average oil saturation calculated from the
Coupled CRMP. Cao [10] used a polynomial function of
degree 3 to fit the fractional flow curve based on the historical data. We construct the fractional flow curve using a data
table consisting of existing water cut data against the calculated average oil saturation from the Coupled CRMP at each
time for each producer.
Using the Coupled CRMP for production prediction is
not as straightforward as using the CRMP-Koval Model
because production rates and saturations at any given time
are mutually dependent. In order to predict production with
minimal errors, production rates and saturations have to be
solved implicitly with iterations. For more details on the
iterative algorithm, see [10]. For a given predicted average
oil saturation, the water cut can be predicted by extrapolation or interpolation of the water cut against average oil
saturation table constructed earlier. We use linear extrapolation or interpolation to find the corresponding water cut for
a given average oil saturation, based on the data in the table.

3 Robust optimization (RO) of production
RO is performed over an ensemble of realizations representing the geological uncertainties. For a risk-neutral decisionmaker, the objective of RO is to optimize the EV over of
the ensemble. The purpose of production optimization is to
maximize the NPV. Assuming that all revenues are from oil
production and that all costs are induced by water injection and water production, the objective function for a single
realization can be defined as
J (u) = NP V (u)
 T (qok (u)Po −qwk (u)Pwp −I k (u)Pwi )tk
,
= nk=1
tk /D

(15)

(1+b)

k

Sor ≤ S o j ,
So2 kj
np

j =1
np

j =1

≤ 1 − Swi ,

Vp j ≤ Vp F ield ,

λij

< 1, if injection loss exists
= 1, if no injection loss

(P2C3)
(P2C4)

(P2C5)

(P2C6)

where u is the control vector (i.e., a vector of control variables) defined as u = [u1 , u2 , ..., uN ]T , where N is the
number of control variables; qok is the field oil production
rate at time k; qwk is the field water production rate at time
k; I k is the field water injection rate at time k; Po , Pwp ,
and Pwi are the oil price, water production cost, and water
injection cost, respectively; b is the discount factor; tk is
the cumulative time for discounting; and D is the reference
time for discounting (D = 365 days if b is expressed as a
fraction per year and the cash flow is discounted daily). If
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a case involves multiple realizations, the objective function
becomes
ne
Jr (u)
J (u) = r=1
,
(16)
ne
where J is the EV of the objective functions over all realizations, Jr is the objective function (15) of a single realization
r, and ne is the number of realizations (i.e., ensemble size).
EnOpt method can significantly reduce the number of
simulations required for gradient calculation and can be easily implemented with any type of simulator. In the original
EnOpt, the ensemble of values for control vector u1 u2 ...
uM , where M is the ensemble size,3 is generated from a
multivariate normal distribution with predefined mean 
u and
predefined covariance matrix Cu , which is used to specify
the temporal correlation of the controls to limit the frequency of changes in the controls. The predefined mean 
u
can be approximated by its sample mean u, i.e.,
M
ur

u ≈ u = r=1 ,
(17)
M
u) can be approximated
and the average objective value J (
by
M
M
Jr (
u)
Jr (ur )
≈ r=1
.
(18)
J (
u) = r=1
M
M
Chen et al. [13] used these two approximations to calculate
the mean-shifted ensemble matrix U and the mean-shifted
objective function vector j, respectively. However, Do and
Reynolds [15] did not find any advantage, theoretical or
practical, in approximating these two terms. Hence, the
mean-shifted ensemble matrix should be calculated directly
using the predefined mean 
u by
U = [u1 − 
u, u2 − 
u, ..., uM − 
u]T .

(19)

Moreover, Fonseca et al. [17] suggested calculating the
mean-shifted objective function vector with respect to the
objective value of the predefined mean for each individual
realization instead of the average objective value (18), i.e.,
u), J2 (u2 ) −J2 (
u), ...,
j = [J1 (u1 ) − J1 (
u)]T .
JM (uM ) − JM (

(20)

The cross-covariance matrix is then
CuJ =

1 T
(U j).
M

(21)

Chen et al. [13] approximated the gradient by
g ≈ CuJ .

(22)

3 M = n if each realization is coupled with one sample of values for
e
the control vector, i.e., a 1:1 ratio is applied, as in our case.

For each iteration, the control vector is updated as
g

ul + αl  l ,
ul+1 = 
gl 
∞

(23)

where the subscript l denotes the iteration number and α is
the step length for updating. Equations 19–23 constitute the
modified EnOpt formulation [17]. The original EnOpt formulation can be obtained by replacing 
u with u in Eq. 19
u) with the approximated J (
u) in Eq. 20. Fonseca
and Jr (
et al. [17] showed that the modified EnOpt converges to
a higher objective value and more quickly than does the
original EnOpt. Therefore, we use the modified EnOpt.
The step length α significantly affect convergence speed. A
naive line search procedure is to simply reduce α by half if
J (
ul+1 ) < J (
ul ). We use an interpolation-based line search
procedure to find a relatively large value of α that satisfies
the Armijo condition [26]. The line search procedure halts
ul+1 ) > J (
ul ) or after seven iterations, whichever
when J (
comes first. The modified EnOpt halts after 30 iterations
of control vector updating. In our case, an optimal solution
is found during the first 5–15 iterations. However, we continue to iteration 30 in order to observe a clear evidence of
convergence.

4 The proxy-model workflow
When geological uncertainty is considered and is represented by hundreds of realizations, EnOpt usually requires
thousands of production prediction runs. In the traditional
workflow, production is predicted by running grid-based
reservoir simulation. The computational intensiveness of
a grid-based reservoir model can be reduced by having a
proxy model serve as a precursor. A proxy model must be
able to serve our purpose (i.e., useful), and its computational
time must be low (i.e., tractable). See the Discussion section
for the descriptions of “useful” and “tractable”. Figure 2
depicts the traditional and proxy-model workflows.
A proxy model should be chosen based on the reservoir characteristics and drainage scheme. More than one
potential proxy models may be found. For example, we
consider two CRM-based models for waterflooding. Thus,
we need to screen these potential proxy models by testing
their qualities of matching and prediction. ‘Pseudo production data” are generated by reservoir simulation that
includes a random injection scheme.4 A history-matching
process is used to tune the parameters of a proxy model to
where the production predicted by the proxy model fits the

4 We

use the term “pseudo production data” because the data are
simulated rather than measured.
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Fig. 2 The traditional and proxy-model workflows

pseudo production data. The production predicted by the
history-matched proxy model is then compared to that of
the grid-based reservoir model, using another random injection scheme. If the difference is unacceptably large either at
the history-matching step or at the validation step, we test
another potential proxy model. If the difference is small at
both steps, we use the proxy model for production optimization. After using the optimization algorithm with the proxy
model, we run simulation again on the grid-based reservoir
model with the optimal control vector of the proxy model to
get the final results (e.g., NPV). We conduct the last step for
evaluating the optimal control vectors of the reservoir simulation and proxy models on the same basis. This will be
discussed later.

5 Example with a 2D reservoir model
5.1 Description of the 2D reservoir model
This example uses a synthetic 2D reservoir model (“2D
Model”) to test the CRM-based models and the proxymodel workflow. The 2D Model is an isotropic heterogeneous model with four injectors and one producer in a
five-spot pattern. The heterogeneity pertains to permeability only. Figure 3 shows the permeability field in millidarcy
(md) and well locations of the model. The producer BHPs
are fixed at 200 bars. The control variables are injection
rates for 50 time intervals of 30 days each (i.e., a life cycle
of 1,500 days). For this specific example, the injection rates
of all injectors for a given day are assumed to be identical.
Thus, there are 50 control variables.

5.2 Screening of the CRM-based models
This section examines the suitability of the CRMP-Koval
Model and the Coupled CRMP for the proxy-model workflow. However, this screening process is not limited to
CRM-based models. For example, we can screen and compare a CRM-based model to other useful and tractable
models such as the Interwell-Numerical-Simulation Model
(INSIM) [37].
Model parameter determination and matching quality
We determine the parameters of a proxy model by solving a
least squares problem using the interior-point optimization
algorithm in MATLABTM [25]. Holanda et al. [19] introduced a matrix structure for the CRM representation that
does not need the analytical equation (1) for solving the least
squares problem using MATLAB. Solving the least squares
problem is actually a history-matching process because we
minimize the difference between the production profiles
predicted by the grid-based reservoir model and the proxy

Fig. 3 Illustration of the 2D model and its permeability field (indicated by the colors) for the deterministic case. All values are in md
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Fig. 4 Random well injection scheme for matching, 2D model
example

Fig. 5 Random well injection scheme for validation, 2D model
example

model given an injection scheme. The well injection rates
are randomly generated from 0 to 200 m3 /day (Fig. 4). The
closeness of matching is depicted in Figs. 6 and 7 and is
quantified by the coefficient of determination R 2 , defined as

Fig. 5. The history-matched Coupled CRMP can provide
highly accurate prediction in total production rate, with an
R 2 of 0.9998, and satisfactory prediction in water cut, with
an R 2 of 0.9984, as illustrated in Figs. 8 and 9, respectively.

 obs
pro
(d − dk )2
,
R 2 = 1 − k k
obs 2
obs
)
k (dk − d

(24)

where dkobs is the observed production data (the production
predicted by the grid-based reservoir model in our case)
pro
at time k, dk is the production predicted by the proxy
obs

model at time k, and d
is the mean of dkobs over all k.
The closer R 2 to 1, the better the matching. The values of
R 2 are listed in Table 1. Both proxy models give almost
equally good matches of total fluid production rate. The
Coupled CRMP matches water cut better than the CRMPKoval Model because Koval model gives an abrupt end of
100% water cut for mature waterflood (i.e., when water
cut is high), as shown in Fig. 7 and demonstrated in [10,
11]. Therefore, we choose the Coupled CRMP for further
application.

Run time The computational time required for production
prediction was around 4.1 s for the 2D Model by ECLIPSE
but only around 0.17 s for the coupled CRMP by MATLAB.
That is, the run time of production prediction is reduced
by a factor of 24 by using Coupled CRMP instead of gridbased model. The run time of a grid-based reservoir model
is highly dependent on the number of grid blocks, number of wells, and geological complexity, whereas the run
time of a CRM-based model depends on only the number of
wells and model chosen (CRMT, CRMP or CRMIP). Thus,
a finer and/or more geologically complex grid-based reservoir model will have a run time more than 24 times greater
than that of its corresponding CRM-based model.
The shorter run time of the coupled CRMP enables faster
production prediction than using the 2D Model. Therefore,
the run time of production optimization will be significantly
reduced if we use the Coupled CRMP instead of the 2D
Model for RO.

Model validation and prediction quality Good matching
quality does not guarantee good prediction quality. This
section will investigate whether the history-matched coupled CRMP can provide a production prediction close to
that of the 2D Model when the injection scheme is changed.
We generate a new random injection scheme as shown in
Table 1 R 2 of matching, deterministic case, 2D model example

CRMP-Koval
Coupled CRMP

Total production rate

Water cut

0.9998
0.9999

0.9847
0.9999

Fig. 6 Matching of total fluid production rate, 2D model example
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Fig. 7 Matching of water cut, 2D model example

Fig. 9 Prediction of water cut, 2D model example

5.3 Life-cycle production optimization

that of the 2D Model given a new injection scheme. The
prediction quality is shown in Figs. 8 and 9.
The well injection rate is constrained from 0 to 200
m3 /day. As a base case, the well injection rate is set to 100
m3 /day for the whole period of production.
Table 2 lists the base case NPV, the optimal NPV of the
Coupled CRMP, and the solutions obtained using the traditional and proxy-model workflows. Figure 10 illustrates the
optimal injection schemes of the Coupled CRMP and the
2D Model. For the 2D Model and the Coupled CRMP under
the optimal injection scheme of the Coupled CRMP, Fig. 11
shows the predicted total fluid production rate and Fig. 12
shows the water cut. These results indicate that the Coupled
CRMP again provides an accurate prediction, with an R 2
of 0.9998 for total production rate and an R 2 of 0.9968 for
water cut.
Compared to the 2D Model, the Coupled CRMP underestimates NPV ($31.960 million vs. $32.406 million) for
the same injection scheme. The results show that the proxymodel workflow (i.e., applying the optimal strategy from the
Coupled CRMP to the 2D Model) can provide an optimal
NPV ($32.406 million) very close to that of the traditional workflow ($32.902 million). Figure 10 shows that the
proxy-model and traditional workflows result in different
optimal injection schemes. This is due to the stochastic feature of EnOpt and/or the approximation of the proxy model
to the grid-based reservoir model.

We embed the Coupled CRMP into the proxy-model workflow to serve as a proxy for production optimization. We
consider two cases: a deterministic case where the permeability field of the grid-based reservoir model is certain, and
a stochastic case where the permeability is uncertain and
represented by an ensemble. For both cases, we optimize
NPV for 50 time steps of 30 days each, yielding a period
of 1,500 days. In order to get a well-constructed fractional
flow curve for the Coupled CRMP, we extend the reservoir
simulation to 3,000 days for determining the model parameters so that the full range (0 to near 1) of water cut can be
covered. For NPV calculation, the oil price, water production cost, water injection cost, and discount rate are set to
315 $/m3 , 47.5 $/m3 , 12.5 $/m3 , and 8%, respectively.
The deterministic case The grid-based reservoir model
used for this case is the single geological realization
described earlier (Fig. 3). The model parameters of the Coupled CRMP are determined by matching the production data
simulated by the 2D Model. The matching quality is shown
in Figs. 6 and 7. The history-matched Coupled CRMP is
then validated by contrasting its production prediction to

Table 2 NPVs [$ million], deterministic case, 2D model example
Model

Base case

Optimal

Improvement

Coupled CRMP
2D Model
2D Model

23.767
24.476
24.476

31.960
32.406a,b
32.902c

34.47%
32.40%
34.43%

a With

optimal injection scheme of the Coupled CRMP
solution of the proxy-model workflow
c The solution of the traditional workflow
b The

Fig. 8 Prediction of total fluid production rate, 2D model example
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Fig. 10 Optimal injection schemes of the 2D Model and the Coupled
CRMP, deterministic case

Fig. 12 Water cut under the optimal injection scheme of the Coupled
CRMP, deterministic case, 2D Model example

To further compare the Coupled CRMP with the 2D
Model, we depict in 3D their objective function spaces
using multi-dimensional scaling (MDS) [4, 17]. MDS can
project a set of high-dimensional vectors onto a 2D space
according to the Euclidean distance between any two of
them. In the 3D plot, the control vectors are projected on
the x-y plane, and the objective function values (i.e., NPV)
are on the z-axis. Because the objective function actually
occupies a high-dimensional space, errors in the Euclidean
distances and overlaps of vectors can occur in the 3D plot.
Nevertheless, the 3D plot provides useful insights into the
optimization problem.
Each 3D plot of the objective function space consists of
100 samples of normally distributed control vectors around
a central point (either the optimal injection scheme of the
Coupled CRMP or of the 2D Model), with a standard deviation of 1/10 of the difference between the upper bound
(200 m3 /day) and the lower bound (0 m3 /day). In Figs. 13,
14, 15, and 16, the red dots represent the optimal control
vector either of the Coupled CRM or of the 2D Model,
the rings represent the random control vectors, and the big

blue dots represent the control vector corresponding to the
highest NPV among all the samples. Figures 13 and 14 have
the same random control vectors and thus the same projection on the x-y plane. The same applies to Figs. 15 and 16.
However, the control vectors and projection of Figs. 13
and 14 are different from that of Figs. 15 and 16.
Comparing Figs. 13 to 14 and Figs. 15 to 16 confirms that
the objective function spaces of the Coupled CRMP and the
2D Model differ because of approximating the 2D Model
with the Coupled CRMP. However, they share some common features. For example, the locations of some of their
peaks and valleys are the same. Figure 13 shows that, on the
Coupled CRMP, EnOpt leads to a higher NPV than all the
sample vectors around it, indicating that it might be a global
optimum (at least in the control vector space around the
optimum found). However, for the 2D Model, Fig. 14 shows
that some control vectors can have a higher NPV than the
optimal control vector of the Coupled CRMP. Given that the
differences between the highest and lowest values are only
1.2% and 2.3% in Figs. 13 and 14, respectively, the spaces
can be considered plateaus with small bumps. Performing

Fig. 11 Total fluid production rate under the optimal injection scheme
of the Coupled CRMP, deterministic case, 2D model example

Fig. 13 Objective function space of the Coupled CRMP around the
optimal control vector of the Coupled CRMP, deterministic case, 2D
model example
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Fig. 14 Objective function space of the 2D Model around the optimal
control vector of the Coupled CRMP, deterministic case, 2D model
example

EnOpt on the Coupled CRMP brings us to the plateau of
the 2D Model’s objective function space, but to a bump that
is somewhat lower than the highest. In Fig. 15, the optimal
control vector of the 2D Model has the highest NPV among
all the sample vectors, indicating that it might be a global
optimum. The optimal control vector of the 2D Model also
does not lead to an optimal NPV on the Coupled CRMP, as
shown in Fig. 16.
Figure 17 illustrates the objective function values of the
2D Model vs. that of the Coupled CRMP, where the blue
dots correspond to the control vector samples in Figs. 13
and 14, and the red dots do likewise for Figs. 15 and 16.
The Coupled CRMP is shown to underestimate NPV with a
largest difference of 3.8% for all the samples. This is why,
in the proxy-model workflow, we estimate NPV on the 2D
Model again after we have obtained the optimal control of
the Coupled CRMP.
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Fig. 16 Objective function space of the Coupled CRMP around the
optimal control vector of the 2D Model, deterministic case, 2D model
example

The stochastic case In order to consider the uncertainty in permeability, we generate 100 realizations of the

permeability field from a multivariate normal distribution.
Three of these realizations are shown in Fig. 18. The
matching procedure Eq. P2 is repeated for all the realizations, yielding 100 sets of the parameters of the Coupled CRMP (i.e., an ensemble of the Coupled CRMP).
The injection schemes for matching and validation in this
case are the same as those used for the deterministic case
(Figs. 4 and 5). The qualities of matching and prediction
are shown in Figs. 19 and 20, respectively. The matching quality is good: the minimal R 2 (the worst matching)
for total production rate and water cut are 0.9950 and
0.9929, respectively. The prediction quality is not as good
as the matching quality, but still satisfactory with a minimal R 2 of 0.9946 for total production rate and 0.9546 for
water cut.
For robust production optimization, we use EnOpt to
maximize the expected NPV over all the realizations under
a single injection scheme. The starting point uses an injection rate of 100 m3 /day for all the producers and time steps.
The optimal expected NPV of the 2D Model is $32.031
million and of the Coupled CRMP is $31.124 million. The

Fig. 15 Objective function space of the 2D Model around the optimal
control vector of the 2D Model, deterministic case, 2D model example

Fig. 17 Objective function values of the 2D Model vs. the Coupled
CRMP, deterministic case
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Fig. 18 Three realizations of the permeability field, stochastic case, 2D model example

Fig. 19 Matching of total fluid
production rate and water cut,
stochastic case, 2D model
example. a total fluid production
rate from the 2D Model, b water
cut from the 2D Model, c total
fluid production rate from the
Coupled CRMP, and d water cut
from the Coupled CRMP

Fig. 20 Validation of total fluid
production rate and water cut,
stochastic case, 2D model
example. a total fluid
production rate from the 2D
Model, b water cut from the 2D
Model, c total fluid production
rate from the Coupled CRMP,
and d water cut from the
Coupled CRMP
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Table 3 Expected NPVs [$ million], stochastic case, 2D model
example
Model

Base case

Optimal

Improvement

Coupled CRMP
2D Model
2D Model

22.961
23.624
23.624

31.124
31.837a,b
32.031c

35.55%
34.76%
35.59%

a With

optimal injection scheme of the Coupled CRMP
solution of the proxy-model workflow
c The solution of the traditional workflow
b The

Fig. 22 Optimal injection schemes, stochastic case, 2D model
example

expected NPV of the proxy-model workflow is $31.837
million, which is close to that of the traditional workflow.
Table 3 lists the expected NPVs. Figure 21 illustrates the
cumulative distribution functions (CDF) of NPV corresponding to the optimal solutions of the 2D Model and of
the Coupled CRMP, and to the 2D Model under the optimal injection scheme of the Coupled CRMP. The optimal
injection schemes are shown in Fig. 22.
As was found in the deterministic case, the proxy-model
and traditional workflows lead to similar optimal expected
NPVs, but to different optimal injection schemes and hence
different NPV distributions (the solid red curve vs. the solid
blue curve in Fig. 21). Again, the Coupled CRMP underestimates NPV (the dashed red curve vs. the solid red curve in
Fig. 21). The shapes of the cumulative distribution functions
(CDF) of NPV are very similar.
The total number of production prediction runs during
EnOpt was 21,800 for the Coupled CRMP and 15,600 for
the 2D Model. The run times of the Coupled CRMP and
the 2D Model for a prediction of 3,000 days were 0.17
and 4.1 s, respectively, and the computational time of one
history matching was 1.1 s. The 1,500-day run time of a lifecycle prediction is one half of the run time of a 3,000-day
prediction. The total computational time of the traditional
workflow is

Fig. 21 CDF of NPV, stochastic case, 2D model example

Time for optimization
= 15, 600 × 4.1
2 = 31, 980 [s],
and of the proxy-model workflow is
(Time for matching) + (time for optimization)
+ (time for expected NPV calculation)
= 100 × (4.1 + 1.1) + 21,800 × 0.17
2
+ 100 × 4.1
2
= 2,578 [s].

The computation time required by the proxy-model workflow is therefore less than 1/10 that of the traditional
workflow. The distinction will become more pronounced if
the grid-based reservoir model has a finer grid block size or
higher geological complexity.
5.4 Impact on decision-making
This section explores the impact of any difference in optimal solutions obtained by the proxy-model and traditional
workflows. We consider a simple decision-making context
that involves three decisions in series. The first decision has
two options: to continue developing the field at a cost of $10
million or to walk away. The second decision is whether to
install valves on the injectors at a cost of $2 million, given
that water would be injected at a constant rate of 100 m3 /day
over the entire production life-cycle without valves or at any
rate from 0 to 200 m3 /day with valves. The third decision
is to choose a water injection scheme if valves are installed.
All the decisions will be based on our current knowledge
about the field. We assume a risk-neutral case where the
objective is to optimize the EV.
Figures 23 and 24 illustrate the decision trees for the solutions of the proxy-model and traditional workflows, respectively, for the deterministic case. In decision trees, a square,
a circle, and a triangle represent a decision node, an uncertainty node, and a payoff node, respectively. (See [6] for a
detailed description of using decision trees to solve hydrocarbon production related decision-making problems.) The
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Fig. 23 Decision tree with the optimal solution of the proxy-model
workflow, deterministic case, 2D model example. All values are in $
million

Fig. 24 Decision tree with the optimal solution of the traditional
workflow, deterministic case, 2D model example. All values are in $
million

decision trees in Figs. 23 and 24 select the same decisions
for the first and second decision nodes. However, the two
workflows make the third decision diverge, resulting in a
revenue of $20.406 million for the proxy-model workflow
(applying the blue line in Fig. 10) and a revenue of $20.902
million for the traditional workflow (applying the red line in
Fig. 10).
One reason of this difference is the stochastic feature of
EnOpt and the other is the verisimilitude or the richness5 of
the models. If we adjust for the stochastic feature of EnOpt,
the only difference between the proxy-model and traditional
workflows is in the verisimilitude of the predictive model
used for production optimization. The proxy-model workflow uses a model that is less rich but faster than that used
in the traditional workflow. To quantify the benefit that
the verisimilitude might offer, we introduce the value of
verisimilitude (VOV), which is defined as

2D Model represents the truth. However, the VOV ($0.496
million), compared to the NPV improvement ($20.406 million − $14.476 million = $5.930 million) by installing the
valves and conducting the optimal injection scheme found
by performing EnOpt on the Coupled CRMP, is relatively
small. This is because the Coupled CRMP is already a good
approximation to the 2D Model.
For the stochastic case, the decision trees are illustrated in
Figs. 25 and 26. The P10, P50, and P90 values are shown in
the decision trees. The distributions of the NPV are expected
to differ because the proxy-model and traditional workflows lead to different optimal injection schemes. Given our
objective of maximizing the expected NPV of a particular
decision-making problem, the solution of the proxy-model
workflow gives an expected NPV very close to that of the
traditional workflow. This observation is consistent with
that in the deterministic case. To calculate the VOV, we
assume that each realization of the 2D Model is equiprobable to be the truth. Hence, the VOV for one particular
realization is calculated as

V OV = v(urich ) − v(uproxy ),

(25)

where v(u) is the true value of the decision given a control
u, urich is the control vector found by using the traditional
workflow, and uproxy is that found by the proxy-model
workflow. However, being that a given field can support
only one production strategy and can not yield the true value
until the end of production, the rich model is assumed to represent the truth. The VOV of the deterministic case shown
in Figs. 23 and 24 is $20.902 million – $20.406 million =
$0.496 million. Similar to the statement for value of information (VOI) that “one cannot value information outside of
a particular decision context” [8], using a more verisimilar
production prediction model has no value in itself, unless it
changes our decision. Thus, the 2D Model (a richer model)
adds no value to the first and second decisions in this case.
It adds value only to the third decision. The VOV is positive because the 2D Model can capture more minor flow
behaviors than can the Coupled CRMP, giving a more accurate production prediction under our assumption that the
5 This paper uses “richness” interchangeably with “complexity” and
“verisimilitude” to indicate a high level of detail built into a model.

V OV r = vr (urich ) − vr (uproxy ),

(26)

where vr (u) is the value of the decision given a control vector u if realization r of the rich model is the truth. The
expected VOV (EVOV) is the EV of V OV r over all the
geological realizations. The EVOV is $20.031 million −
$19.837 million = $0.194 million for the case shown in
Figs. 25 and 26. The corresponding CDF of the VOV is
illustrated in Fig. 27 and shows that there is around 5.4%
chance of a negative VOV. The minimal VOV is −$0.096
million, and the maximal is $0.783 million.
We investigate the sensitivity of EVOV to the valve cost
by varying the latter. The results are plotted in Fig. 28 which
can be divided into three regions: valve cost lower than
$8.21 million (Region 1), between $8.21 million and $8.41
million (Region 2) and greater than $8.41 million (Region
3). In Region 1, the EVOV is a constant $0.194 million
because only the third decision is affected by whether the
proxy-model or traditional workflow is chose. In Region 2,
installing valves is called for by the traditional workflow
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Fig. 25 Decision tree with the
optimal solution of the proxymodel workflow, stochastic
case, 2D model example

but not by the proxy-model workflow. In Region 3, EVOV
drops to 0 because neither the proxy-model nor the traditional workflow calls for installing valves. This illustrates
that the value of using a richer production prediction model
is decision-dependent.

6 Example with a 3D reservoir model
In this section, we apply the proxy-model workflow to a
synthetic 3D reservoir model (“3D Model”). The model
was introduced in [33] and was used in [17]. A channelized depositional system is modeled. The possible patterns of highly permeable channels are described by 100
equi-probable geological realizations, three of which are
illustrated in Fig. 29. The model has eight water injectors
and four producers (Fig. 30). All the wells are vertical and
completed in all seven layers. Capillary pressure is ignored.
The reservoir rock is assumed to be incompressible.
The life cycle of the reservoir is 3,600 days. It is divided
into 40 time intervals of 90 days for water injection rate
optimization. Thus, there are 8 × 40 = 320 control variables. The water injection rate of an injector can be adjusted
from 0 to 60 m3 /day. The base case is production under the
maximal allowable injection rate of 60 m3 /day in all the
injectors for the entire life cycle. The injectors are operated

Fig. 26 Decision tree with the
optimal solution of the
traditional workflow, stochastic
case, 2D model example

with no pressure constraint, and the producers are under a
minimal BHP of 395 bars without rate constraint. The oil
price, water production cost, and water injection cost are set
to 126 $/m3 , 19 $/m3 , and 5 $/m3 , respectively. The discount
rate is set to 0.
The Coupled CRMP is used to approximate the 3D
Model. The resulting NPVs are listed in Table 4. The
optimal NPV obtained using the proxy-model workflow is
$43.359 million which is only 2.18% lower than that of the
traditional workflow ($44.326 million). The NPV improvement attributable to the use of the 3D Model ($0.967
million) is much smaller than that attributable to production
optimization ($14.823 million). The computational time of
the 3D Model is 67 seconds, whereas that of the Coupled
CRMP is only 0.46 s. The total computational time for production optimization is reduced by a factor of ten: from
408,700 s using the traditional workflow, to 40,582 s using
the proxy-model workflow.
For the decision problem illustrated in Figs. 25 and 26
(where the values for the 2D example should be replaced
by the values for the 3D example) again as an example, using the 3D Model adds no value to the decision
of whether to develop the field, because the optimization
results of the proxy-model and traditional workflows both
call for development. For a total valve cost of $3.2 million, using the 3D Model also adds no value to the decision
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Fig. 27 CDF of the VOV, stochastic case, 2D model example

on valve installation. The 3D Model adds value only to
the decision on injection strategy, with an EVOV of $0.967
million.

7 Discussion
7.1 Proxy models
Whether using rich models or proxy models, one should
keep in mind the counsel of George E.P. Box [5]: All models
are wrong but some are useful.
Engineering uses models to support decision-making.
Good decision models are both useful and tractable. By
useful we mean that the model must be relevant and generate insight to resolve the decision at hand. Usefulness
also requires the model to be credible and transparent—will
the decision-makers believe the result of the analysis and
can the approach be clearly explained and understood? By
tractable we mean that the required analysis can be done
within the time and resources available.

Fig. 28 Sensitivity of EVOV to valve cost, stochastic case, 2D model
example
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We might argue that both grid-based models and proxy
models (e.g., the CRM-based models) satisfy the usefulness requirement although a reservoir simulator such as
ECLIPSE, with its voluminous code, is so feature rich and
detail oriented that it is not transparent to most users. Furthermore, as we have argued earlier, a rich grid-based model
is often not tractable—particularly when the underlying
problem is uncertain.
In decision-making contexts, we need cogent (compelling) models. Companies tend to build too much detail
into their decision-making models from the start and focus
too much energy on specific cases or inputs that do not influence the decision. This level of modeling detail is really a
shirking of responsibility on the part of the decision analyst
who will and can build a model that includes only the most
salient factors. Building in detail may be easy, but building
in incisiveness is hard work.
The Coupled CRMP is cogent for the optimization and
decision problems discussed in this work. However, other
models such as the INSIM [37], streamline models [2],
reduced-order models [3], or upscaled grid-based reservoir
models [32] can be cogent in this or similar contexts and
can serve as proxy models. The purpose of introducing the
proxy-model workflow is to make the optimization process tractable by reducing the computational requirements
while ensuring optimal or near-optimal decisions. Thus,
the desiderata of proxy models is that they are cogent–a
proxy model must be useful, tractable, and lead to incisiveness. This, in turn, requires the models to capture the most
relevant physics and mechanisms affecting production prediction in reality and be very computationally attractive. As
shown in the plots of the objective function spaces (Figs. 13,
14, 15, and 16), even a very good approximation of a proxy
model to a rich model can lead to a different objective function space resulting in a different optimal result. The choice
and usefulness of a proxy model for this purpose is a function of the reservoir characteristics and drainage scheme.
Before screening proxy models, we must first identify main
affecting factors. For example, in this paper, we consider
a heterogeneous reservoir with water flooding, so a useful
proxy model must have the function to mimic the heterogeneity and predict production with various water injection
schemes.
A disadvantage of using proxy models is that many simple and fast models are case-specific and hence less flexible
than a grid-based reservoir model. For example, to check
the impact of adding a new well would entail re-determining
all the parameters of a CRM. Another problem is that the
possible values of the parameters of a proxy model are
usually too abstract to be readily determined. For example, the connectivities and time constants of a CRM depend
on the permeability field, porosity field, well pattern, etc.
If production data are available, these parameters can be
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Fig. 29 Three realizations of
the permeability field of the 3D
model. All values are in md

determined by history matching; if not, there is seldom a
reference for them. However, fundamental physical parameters such as permeability in each grid block are much
more intuitive to engineers than are abstract ones like connectivities. That is why, in the proxy-model workflow, we
propose to first generate pseudo production history by running grid-based reservoir simulations and then determine
the parameters of the proxy model by history matching.
7.2 CRM-based models
We have screened two CRM-based models. The Coupled
CRMP couples the saturation equation so that it can capture
the time-variant behavior of time constants and has a better ability in water cut prediction than does the CRM-Koval
Model [10]. Both models are producer based, as illustrated
in Fig. 1b. An inherent flaw of a CRMP is that the region
in the control volume is treated as homogeneous, which can
lead to incorrect water cut prediction when well injection
rates change because there is no difference between water
injected into a more permeable region and into a less permeable region in the control volume of CRMP. The CRMIP
can better capture heterogeneity.
Although the Coupled CRMP includes the time-variant
behavior of time constants, it does not consider the timevariant behavior of connectivities. Gentil [18] formulated
connectivity as a function of transmissibilities, but we found
no literature that introduced an equation to calculate the
time-variant connectivities.
Despite the limitations of the Coupled CRMP, it has
shown to provide a near-optimal solution. Thus, further

improvements in the Coupled CRMP might not create much
value for cases similar to the examples shown.
7.3 Performance of the Coupled CRMP
in the proxy-model workflow
The performance of the Coupled CRMP in the proxy-model
workflow depends on two factors: computation time and
optimization result.
The computation for the proxy-model workflow takes
about a factor of ten less time than that for the traditional
workflow. In a more realistic case involving a much richer
grid-based reservoir model, the proxy-model workflow will
save even more computation time but could weaken the ability of the Coupled CRMP to approximate the grid-based
reservoir model. This tradeoff can be evaluated by analyzing the VOV. A significant computation time reduction with
small VOV would suggest using the proxy model.
Because of the difference between the objective function
spaces of the 2D Model and the Coupled CRMP (Figs. 13,
14, 15, and 16), the optimal injection schemes of the proxymodel and traditional workflows are different. Nevertheless,
the proxy-model workflow provides an optimal expected
NPV very close to that of the traditional workflow, with differences of only 0.61% for the 2D Model and 2.18% for
the 3D Model. This might be because the locations of the
major plateaus and basins of the objective function spaces
of the grid-based model and the Coupled CRMP are almost
the same, with only the locations of small bumps being
different.

Table 4 Expected NPVs [$ million], 3D model example
Model

Base case

Optimal

Improvement

Coupled CRMP
3D model
3D model

29.658
28.536
28.536

43.255
43.359a,b
44.326c

45.85%
51.94%
55.33%

a With

optimal injection scheme of the Coupled CRMP
solution of the proxy-model workflow
c The solution of the traditional workflow
b The

Fig. 30 Well locations of the 3D Model
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7.4 The VOV/EVOV
The VOV/EVOV is a measure of the value of using a
richer production prediction model for production optimization in a decision-making context. In our examples,
because the Coupled CRMP is a good proxy to the gridbased model and because their optimal objective function
values (NPV) are very close, the VOV/EVOV is low or
zero, indicating that using a grid-based model instead of
the Coupled CRMP might not create any value. Therefore,
the value of using a richer production prediction model is
decision-dependent.
Although EVOV is positive in our examples, VOV for
a particular realization can be negative. This indicates that
using a richer production prediction model for production
optimization cannot guarantee a better control than using a
proxy model.
The VOV/EVOV can be compared with the computational cost (converted to monetary terms) saved by using the
proxy-model workflow instead of the traditional one: if the
computational cost saved exceeds the VOV/EVOV, then the
proxy model is preferable.
Bratvold and Begg [7] noted that “companies tend to
build too much detail into their decision-making models
from the start.” This pitfall might be avoided by being aware
of and calculating VOV/EVOV. Unfortunately, VOV, as we
have defined it, can be estimated only by running both
the rich model and the proxy model. Ideally, VOV should
be obtained without running the rich model. One possible
solution is to build a database of VOV assessments, which
can eventually be used to estimate the value of using a richer
production prediction model for similar cases.

8 Conclusions
We have presented a proxy-model workflow for reducing the
computation time of robust production optimization. The
proxy-model workflow uses a proxy model to approximate a
rich model. We screened two CRM-based models and investigated the goodness of using the Coupled CRMP to serve
as a proxy model, using synthetic 2D and 3D reservoir models as examples. The results showed that the proxy-model
workflow can provide an objective function value that is
very close to the optimal value found by using the traditional workflow, but a different optimal control vector. The
computation time decreased by a factor of more than ten.
We used the MDS approach to visualize the objective
function spaces of the 2D Model and the Coupled CRMP.
This gives insight on how a proxy model affects optimal
results. It was shown that even a very good proxy model can
lead to obvious deviations from the objective function space
of a rich production prediction model.
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VOV/EVOV was used to quantify the value of using a
richer model for production prediction, which was shown to
be decision-dependent. Using a richer production prediction
model does not always provide greater value than does using
a proxy model.
We conclude that CRM-based models have high potential
to serve as a cogent proxy model for waterflooding related
decision-making context and that the proxy-model workflow, leveraging a faster, but relevant, production model,
significantly speeds up the optimization yet gives robust
results that leads to a near-optimal solution.

Nomenclature
Greek letters
α
Step length for control vector updating
Time step length between times k and k − 1
tk
Connectivity between injector i and producer j
λij
Oil viscosity
μo
Water viscosity
μw
Time-invariant time constant for producer j
τj
Time-variant time constant for producer j at time k
τjk
Roman letters
b
Discount factor
Pore compressibility
cf
Oil compressibility
co
Total compressibility
ct
Predefined covariance matrix of u
Cu
CuJ
Cross-covariance matrix between u and J
dk
Production data at time k
d
Mean of dk over all k
D
Reference time for discounting
fw kj
Water cut in producer j at time k
g
Gradient for control vector updating
Iik
Water injection rate in injector i during tk
It kj
Total water injection contribution from all
injectors to producer j over tk
j
Mean shifted objective function vector
J
Objective function of production optimization
Jr
J for realization r
J
EV of J
Jt kj
Total productivity index of producer j at time k
Constant in Equation 12 for producer j
Jt j
kro
Oil relative permeability
krw
Water relative permeability
Kval j
Koval factor of producer j
M
Number of perturbed control vectors (i.e.,
ensemble size of control vector)
Mjk
Total relative mobility for producer j at time k
ne
Number of geological realizations (i.e.,
ensemble size of geological realization)
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ninj
np
nT
N
Po
Pwi
Pwp
qo kj
qt kj
qw kj
R2
Sor
So2 kj
Swi
k
Soj
tD j
tk
Tj
u
u
ur

u
u
U
v
Vp j
Vp F ield

Number of injectors
Number of producers
Number of time steps
Number of control variables
Oil price
Water injection cost
Water production cost
Oil production rate in producer j at time k
Total fluid production rate in producer j at time k
Water production rate in producer j at time k
Coefficient of determination
Residual oil saturation
Outlet oil saturation of producer j at time k
Irreducible water saturation
Average oil saturation within the control volume
of producer j at time k
Dimensionless time of producer j
Cumulative time for discounting at time k
Constant in Equation 11 for producer j
Control variable
Control vector or vector of control variables
u for realization r
Predefined mean of u
Sample mean of u
Mean shifted ensemble matri
Value function
Drainage pore volume of producer j
Total pore volume of the field

Superscripts and subscripts
i
Index of injector
j
Index of producer
k
Index of time
l
Index of optimization iteration
o
Oil
r
Index of realization or ensemble member
w
Water
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Abstract
Although numerical techniques (e.g., reservoir simulation) have developed rapidly for modeling oil production in
the past decades, simple production models with a few parameters are still of significant use in the oil and gas
industry because of they are computationally attractive. Especially for decision analysis, which can be
computationally demanding, a useful and tractable model is essential.
A particular decision for development design is: when is optimal to start an improved-oil-recovery (IOR) process
such as waterflooding or gasflooding? This decision relates to the plan of manufacturing, transporting and installing
the equipment, allocating both financial and human resources and licensing for production. Solving this problem
using a state-of-the-art reservoir management approach²closed loop reservoir management (CLRM)²may result
in a sub-optimal solution because the CLRM approach considers only the uncertainties and decisions associated with
currently available data but not the uncertainties and decisions associated with future data.
This paper illustrates a method for performing a fast analysis of the optimal IOR start time using a two-factor
production model and least-squares Monte Carlo (LSM) algorithm. The two-factor production model is similar to an
exponential decline and contains only two parameters for each recovery phases. Thus, it is very computational
attractive. The LSM algorithm is an approximate dynamic programming approach, which considers both the impact
of the information obtained before a decision is made and the impact of the information that will be obtained on the
decisions that will be made in the future. It therefore provides a near-optimal solution for the IOR start time
problem.
The main contributions of this work are (1) a simple example illustrating the full structure of the IOR start time
problem visualized by a decision tree, (2) demonstration and discussion of the sub-optimality of the CLRM solution,
(3) illustration of the detailed steps of applying the LSM algorithm, and (4) an example of the implementation of the
two-factor model combined with the LSM algorithm for analyzing the optimal IOR start time.
The LSM algorithm can significantly improve the decisions DQG OHDG WR D VLJQLILFDQW LQFUHDVH LQ D ILHOG¶V
economic performance. Using the two-factor model combined with the LSM algorithm can provide useful insight in
the problem of deciding the optimal IOR start time with limited computational resource.
Introduction
Although numerical techniques (e.g., reservoir simulation) have developed rapidly for modeling oil production in
the past decades, simple production models with a few parameters are still of significant use in the oil and gas
industry for the following possible reasons. In the development phase and early stage of production, there is little
available information that can provide enough details for building a complex reservoir simulation model with
thousands of parameters. Besides, when uncertainties are considered, Monte Carlo simulation is a common practice
where a large number of production forecast runs are required. Thus, computationally intensive reservoir simulation
models can easily make the use of Monte Carlo simulation computationally prohibitive.
Decision analysis in a reservoir management context may suffer from large computational costs because of many
uncertain outcomes and sequential decisions points. Thus, a useful and tractable production model is essential for
decision analysis. %\ ³XVHIXO´ ZH PHDQ WKDW WKH PRGHO PXVW EH UHOHYDQW DQG JHQHUDWH LQVLJKW WR UHVROYH WKH
decisions at hanG %\ ³WUDFWDEOH´ ZH PHDQ WKDW WKH UHTXLUHG DQDO\VLV FDQ EH GRQH ZLWKLQ WKH WLPH DQG UHVRXUFHV
available. We argue that companies tend to build too many details into their decision-making models from the start
and focus too much effort on specific cases or inputs that may not influence the decisions. This means that decision
analysts can only include the most salient factors in their models (Bickel and Bratvold2008; Hong et al. 2017). As
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Howard has FRXQVHOHG ³WKH UHDO SUREOHP LQ GHFLVLRQ DQDO\VLV LV QRW PDNLQJ DQDO\VHV FRPSOLFDWHG HQRXJK WR EH
comprehensive, but rather keeping them simple enough to be affordable and useful.´
A particular decision for development design is: when is the best (the optimal) time to start the improved-oilrecovery (IOR) process such as waterflooding or gasflooding? The IOR start time is related to the plan of
manufacturing, transporting and installing the equipment, allocating both financial and human resources and
licensing for production.
A useful and tractable production model for this problem setting is the two-factor production model proposed by
Parra-Sanchez (2010). This model is based on the exponential decline model. For each individual recovery phase, it
uses only two parameters to describe the reservoir properties and the effect of the recovery mechanism. A more
detailed description of this model follows later. Parra-Sanchaz validated it using field production data and further
used this model for life cycle optimization where an integrated depletion strategy of the life times of each recovery
phase is optimized under the consideration of multiple recovery phases as a whole. She concluded that, compared to
the traditional optimization approach where the life time of each recovery phase is optimized only under the
consideration of this individual recovery phase, the life cycle optimization approach significantly improves the
ILHOG¶V HFRQRPLF SHUIRUPDQFH in terms of net present value (NPV) and severely reduces the total life time of
production.
A big concern that has not been included in Parra-6DQFKD]¶V ZRUN LV the impact of future information on
sequential decision making (i.e., the impact of learning over time). The reservoir properties and the effect of
recovery mechanism are uncertain because of our lack of knowledge and their uncertainties are represented by
uncertain model parameters. After the production has started, we will obtain additional production data and the data
will be used to update knowledge and support our decisions. For example, at the primary recovery phase, the
production data informs us about the reservoir properties and the effect of the primary recovery mechanism, and we
can then adjust our decision on the life time of primary recovery based on the information obtained.
The closed loop reservoir management (CLRM) approach (Brouwer et al. 2004; Nævdal et al. 2006; Chen et al.
2009; Wang et al. 2009; Jansen et al. 2009) is a state-of-the-art approach of including the impact of information on
sequential decision making in reservoir management. In the CLRM approach, the loop of model updating through
history matching and production optimization is performed continuously when additional data becomes available.
However, this approach is myopic1 and may lead to a sub-optimal decision policy because it considers only the
impact of the information obtained before a decision is made but not the impact of the information that will be
obtained on the decisions that will be made in the future.
Decision tree is a useful decision analysis tool for visualizing and communicating the structure of such
sequential decisions. In the IROORZLQJZHXVH³IXOO\structured UHVHUYRLUPDQDJHPHQW )650 DSSURDFK´WRUHIHUWR
the reservoir management approach that considers explicitly the full structure of a sequential decision-making
problem. A FSRM problem can be solved by rolling back the corresponding decision tree. For a more detailed
description of the use of decision tree see Howard and Abbas (2016), and Bratvold and Begg (2010).
The decision tree approach is essentially dynamic programming. For complex problems with many uncertain
RXWFRPHVDQGGHFLVLRQSRLQWVWKHGHFLVLRQWUHHDSSURDFKZLOOVXIIHUIURPWKH³FXUVHRIGLPHQVLRQDOLW\´,QDGGLWLRQ
it can be quite involved to solve these complex problems (semi-) analytically using dynamic programming.
Fortunately, efficient approximate dynamic programming methods are available. One of them is the least-squares
Monte Carlo (LSM) algorithm developed by Longstaff and Schwartz (2001) originally for solving a real option
problem. ,WZRQ¶WVXIIHUIURPWKHcurse of the number of uncertain quantities. However, the computational effort it
requires increases exponentially with the number of alternatives. Thus, it suits problems with a few alternatives.
Recently, it has gained more uses in the oil and gas industry (Hem et al. 2011; Willigers et al. 2011; Alkhatib and
King 2011; Jafarizadeh and Bratvold 2012, 2013; Thomas and Bratvold 2015).
Following this introduction, we first briefly review the two-factor production model and economic model
proposed by Parra-Sanchez (2010). Next, we compare and discuss the CLRM and FSRM approaches for integrating
the impact of information in production optimization. Thereafter, we present the central steps of applying the LSM
algorithm. We then use a simple example to illustrate the difference between the CLRM and FSRM solutions and to
show the detailed steps of applying the LSM algorithm. We conclude with a more realistic example where we
perform a fast analysis of the optimal IOR start time using the two-factor model combined with the LSM algorithm.
Finally, we present a discussion and conclusions.

1
%\³P\RSLF or naïve DSSURDFK´ZHPHDQWKDWDGHFLVLRQPRGHOFRQVLGHUVRQO\RQHXQFHUWDLQW\QRGHUHSUHVHQWLQJ
the uncertainties we have learnt so far and does not consider the uncertainty nodes that representing the future
uncertainties we will learn in the future. That is, a myopic approach does not allow for learning over time.
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3

Two-Factor Production Model and Economic Model
This section presents the two-factor production model and economic model proposed by Parra-Sanchez (2010). The
two-factor production model can integrate multiple recovery phases (primary, secondary, tertiary recoveries and so
on) for achieving a life cycle optimization analysis.
Two-factor Model. The two-factor model is based on the exponential decline proposed by Parra-Sanchez
(2010). She formulates the exponential decline for the recovery efficiency to be
௧

ܧோ ሺݐሻ ൌ ܧோ  ሺܧோஶ െ ܧோ ሻሺͳ െ ݁ ିఛ ሻ

(1)

where ܧோ ሺݐሻ is the recovery efficiency up to time ݐ, ܧோ is the recovery efficiency at time 0, ܧோஶ is the theoretical
ultimate recovery efficiency and ߬ is a time constant. The recovery efficiency ܧோ is defined as the fraction of
original oil in place (OOIP) that has been produced. The two factors, ܧோஶ and ߬, depend on the reservoir properties
(e.g., permeability) and production mechanisms, and represent the essence of reservoir engineering. ܧோஶ describes
how much recovery efficiency that a recovery mechanism can theoretically and ultimately achieve. ߬ describes how
fast the recovery efficiency increases for a recovery mechanism. They are assumed to be constant for a certain
recovery phase, although they can be time-variant.
Thus, for primary recovery, we have


ஶ
ܧோଵ ሺݐሻ ൌ ܧோଵ
 ሺܧோଵ
െ ܧோଵ
ሻሺͳ െ ݁

ି

௧
ఛభ ሻ

(2)

where the subscript 1 denotes the first recovery stage (primary recovery) and the primary recovery efficiency at time

, is 0. Given that primary recovery will be shifted to secondary at time ݐோଵ (i.e. the life time of primary
0, ܧோଵ
recovery is ݐோଵ ), the recovery efficiency for secondary recovery is calculated using
ஶ
ܧோଶ ሺݐሻ ൌ ܧோଵ ሺݐோଵ ሻ  οܧோଶ
ሺͳ െ ݁

ି

௧ି௧ೃభ
ఛమ ሻ

(3)

ஶ
is the theoretical ultimate
where ܧோଵ ሺݐோଵ ሻ is the recovery efficiency at the end of primary recovery and οܧோଶ
recovery efficiency increment caused by converting from primary to secondary recovery. Similarly, the recovery
efficiency equation for ݊¶WKUHFRYHU\SKDVHLV
ିଵ
ஶ
ܧோሺሻ ሺݐሻ ൌ ܧோ ሺିଵሻ ൭ ݐோ ൱  οܧோሺሻ
ሺͳ െ ݁

ି

௧ିσషభ
సభ ௧ೃ
ఛ
ሻ

(4)

ୀଵ

where ݐோ is the life time of the ݅¶WKUHFRYHU\SKDVHܧோ ሺିଵሻ ሺσିଵ
ୀଵ ݐோ ሻ is the recovery efficiency at the end of (݊ஶ
 ¶WKUHFRYHU\SKDVHDQGοܧோሺሻ
is the theoretical ultimate recovery efficiency increment caused by shifting from (݊ ¶WKUHFRYHU\WR݊¶WKUHFRYHU\
Economic Model. The net present value (NPV) is a commonly used performance indicator for reservoir
management. NPV is defined as
்

ܸܰܲ ൌ 
௧ୀ

ܨܥ௧
ሺͳ  ݎሻ௧

(5)

where ܶ is the time length of a production life cycle, ܨܥ௧ is the cash flow from times ݐ-1 to ݐ, and  ݎis the discount
rate. We calculate ܨܥ௧ as
ܨܥ௧ ൌ ܲ ܰሾܧோ ሺݐሻ െ ܧோ ሺ ݐെ ͳሻሿ െ ሺܥ௧ െ ܱ௧ ሻ

(6)

where ܲ is the oil price, ܰ is the estimated OOIP, ܥ௧ is the capital costs from times ݐ-1 to ݐ, and ܱ௧ is the operating
costs from times ݐ-1 to ݐ.
When multiple recovery phases are involved, the NPV is a function of the life times of each phase. Our objective
for production optimization is to maximize the NPV by adjusting the life times of each phase, i.e. to identify the
optimal time of shifting the current recovery phase to the next recovery phase.
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This work focuses on only geological uncertainties. Thus, the economic model parameters ܲ , ܥ௧ , ܱ௧ and  ݎare
assumed to be certain values. Refer to Thomas and Bratvold (2015) for the implementation of the LSM algorithm
with regards to oil and gas price uncertainties for a gas cap blowdown problem. The uncertainty in the reservoir
ஶ
ஶ
, οܧோሺሻ
, ߬ and
properties is represented by assigning a probability distribution to each of the model parameters ܧோଵ
ܰ. For a risk-neutral decision maker2, the objective is to optimize the expected NPV (ENPV) over the uncertain
model parameters.
Integrating the Impact of Information in Production Optimization
In decision making, the optimization problem on deciding the life times of each recovery phase can be interpreted
as: for a series of decision points in time; we must decide whether we should continue with the current recovery
phase or shift to the next recovery phase at each decision point. This is a sequential decision-making problem. As
production continues, we are continuously getting more information from, for example, production data. These data
are used to inform our uncertainty in the reservoir properties through history matching, and support our decision
making. Thus, in production optimization, we should include the impact of information. A state-of-the-art approach
of integrating information in production optimization is the closed loop reservoir management (CLRM) approach. A
more advanced approach is the fully structured reservoir management (FSRM) approach. The following briefly
presents these two approaches and illustrates the difference between them.
Closed Loop Reservoir Management. ,Q &/50 DOVR NQRZQ DV ³UHDO WLPH UHVHUYRLU PDQDJHPHQW´ ³VPDUW
UHVHUYRLUPDQDJHPHQW´RU³FORVHGORRSRSWLPL]DWLRQ´ WKHORRSRIKLVWRU\PDWFKLQJDQGSURGXFWLRQRptimization is
closed by continuously update a production model with several realizations and performing life-cycle optimization
whenever new data becomes available (Brouwer et al. 2004; Nævdal et al. 2006; Chen et al. 2009; et al. 2009;
Jansen et al. 2009).
Several realizations of an initial production model are built based on the prior knowledge of the reservoir, and an
initial production strategy for the whole life cycle is determined by optimizing the expected value (EV) over the
initial realizations of the production model. The initial production strategy is applied to the real field until new data
becomes available. The new data is used to update the production model, and a new production strategy for the
period from the time after the new data has become available to the end time of the life cycle is determined by
optimizing the EV over the updated realizations of the production model. The new production strategy is applied to
the real field until new data becomes available. Repeating the process keeps the reservoir management up to date.
In the viewpoint of sequential decision making, the CLRM is a myopic decision policy where the uncertainties
associated with current available data are considered but the uncertainties associated with future data are not
(Kullawan 2016; Thomas 2016). A decision tree 3 representation for this approach is illustrated in Fig. 1 where ܦ
denotes a decision made at time ݐ and ܷ denotes the uncertainties associated with current available data until ݐ .
ܷ is commonly represented by a production model with several realizations. The production strategy ܦ , ܦାଵ «
ܦௗ is determined with the consideration of only the immediate relevant uncertainty ܷ .

Fig. 1²Illustration of the decision tree for the CLRM.

The advantage of CLRM is that it greatly simplifies the structure of a reservoir management decision problem
and consequently, requires less computational cost for solving the problem. Its significant drawback is that it does
not reflect the full structure of a reservoir management decision problem and thus, may lead to a sub-optimal
production strategy.
Fully Structured Reservoir Management. The full structure of a sequential decision-making problem is
illustrated by the decision tree in Fig. 2. The FSRM approach aims to solve for the optimal decision policy based on
a fully structure decision tree.
2
Risk-neutrality is a risk attitude of being neither risk-averse nor risk-seeking. A risk-neutral decision maker uses
only expected value as his decision criterion, i.e., he is indifferent between choices with equal expected values no
matter what the risk of a choice is.
3
In a decision tree, a square represents a decision node and a circle represents an uncertainty node.
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The FSRM explicitly considers both the uncertainties associated with currently available data (ܷ ) and that with
future data (ܷାଵ «ܷௗ ). Therefore, the current decision (ܦ ) does not depend on only the uncertainties that a
decision maker have learnt so far but also the uncertainties that the decision maker will learn in the future. The
FSRM includes the decLVLRQ PDNHU¶V UHDFWLRQV ܦାଵ  «ܦௗ ) to the uncertainties associated with future data
(ܷାଵ «ܷௗ ).

Fig. 2²Illustration of the decision tree for FSRM.

Solving the decision tree in Fig. 2 gives the optimal production strategy. However, the FSRM can be
computationally intensive or even prohibitive compared to the CLRM.
Least-Squares Monte Carlo Algorithm for Fully Structured Reservoir Management
The Least-Squares Monte Carlo (LSM) is a promising algorithm for solving a FSRM problem. It was proposed by
Longstaff and Schwartz (2001) for an American option problem which involves a yes-no decision: at anytime, an
option holder can decide whether to immediately exercise the option at current stock price or to continue the option
for exercising it at future stock price. The stock price is an uncertain quantity in an American option problem, whose
uncertainty can be modeled as a Markov process, and thus, the future value of an alternative conditions only to the
current stock price.
However, geological uncertainty does not only depend on the currently measured data but also the previously
measured data and consequently, the future value of an alternative conditions to currently and previously measured
data. To deal with our problem at hand, we slightly modify the LSM algorithm to include the dependency of the
future value on the currently and previously measured data. The two central steps of our modified LSM algorithm
are
1) Monte Carlo Simulation (MCS) Step:
ܰ independent samples of model parameters representing geological uncertainties are generated using
MCS. For one sample of model parameters, forward modeling is performed to provide modeled
production data from ݐ (time 0) to ݐௗ (end time); and then, random noises generated based on the
statistics of the measurement errors4 are added to the modeled production data to provide a sample of
measured data. Because this sample of measured data consists of a series of data points in time, it is also
called a path of measured data. Repeating this procedure for each of the ܰ sampled sets of model
parameters, we obtain ܰ paths of measured data, i.e. ࢅ ൌ ሾ࢟ଵ ǡ ࢟ଶ ǡ ǥ ǡ ࢟ே ሿ .
2) Least Squares Step:
For the ݅¶th sample of model parameters, the NPV of alternative ܽ is calculated, giving ܸܰܲ ሺܽሻ. This
is
repeated
for
the ܰ sampled
sets
of
model
parameters,
resulting
in
ሾܸܰܲଵ ሺܽሻǡ ܸܰܲଶ ሺܽሻǡ ǥ ǡ ܸܰܲே ሺܽሻሿ . To estimate the ENPV with alternative ܽ conditional on the
measured data, ܸܲܰܧሺܽሻȁࢅ, we regress ሾܸܰܲଵ ሺܽሻǡ ܸܰܲଶ ሺܽሻǡ ǥ ǡ ܸܰܲே ሺܽሻሿ on ሾ࢟ଵ ǡ ࢟ଶ ǡ ǥ ǡ ࢟ே ሿ . This
procedure is repeated for each of the alternatives.
More detailed steps of applying the LSM algorithm will be illustrated in the following example.
Illustrative Example
This section uses a simple example to illustrate the fully structured decision tree for the problem of determine the
optimal IOR start time, the difference between CLRM and FSRM solutions and how to use the LSM algorithm to
solve the problem.
Problem Setting. A field has a life cycle of 15 years. We consider a yes-no decision at Years 0, 5 and 10:
whether primary recovery should be shifted to secondary recovery. The shift can only happen once. The production
is modeled by a function ݂ሺήሻ with parameters ࢞. The geological uncertainty is represented by 3 realizations (R1, R2
4
In the context of history matching, a common practice is to treat the data fluctuations caused by changes in
operating conditions as caused by measurement errors (Jochen and Spivey 1996).
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and R3) of the production model parameters (࢞ଵ , ࢞ଶ and ࢞ଷ ). These realizations are a priori equi-probable. Fig. 3
illustrates the primary recovery efficiency as a function of time for the realizations.

Fig. 3²Primary recovery as a function of time for 3 geological realizations.

The NPVs corresponding to each alternative and each realization are in Table 1. All the values are in million
USD.
Realization
R1
R2
R3

࢚
1700
1800
2430

Shift at Time
࢚
࢚
1880
2170
2240
2430
3540
3110

No Shift
3500
2130
1810

Table 1²NPVs corresponds to each alternative and each realization.

The measured primary recovery efficiency is used to inform the decisions. The likelihood functions, listed in
Table 2, are used to describe the measurement errors. For example, given that the truth is R1, the probability of the
measurement at ݐଵ VD\LQJ ³KLJK UHFRYHU\´ LH D measured data of 0.18) is 0.75, and the probability of the
measurement at ݐଶ VD\LQJ³KLJKUHFRYHU\´ LHDPHDVXUHGGDWDRI LV

R1
Measurement
at ࢚ says

³+LJK5HFRYHU\´
³ࡱ࢚
ࡴ´
³/RZ5HFRYHU\´
³ࡱ࢚
ࡸ ´

Measurement
at ࢚ says

³+LJK5HFRYHU\´
³ࡱ࢚
ࡴ´
³/RZ5HFRYHU\´
³ࡱ࢚
ࡸ ´

Given the truth is
R2
R3

0.75

0.25

0.75

0.25

0.75

0.25

0.80

0.20

0.20

0.20

0.80

0.80

Table 2²Likelihood functions for the measured primary recovery efficiency.

Decision and Expected Value without Information. If the impact of future information on the series of
decisions is not considered, the ENPV is calculated based on the a priori probability of each realization (i.e. 1/3). For
this case, the optimal decision is referred to as the decision without information (DWOI), and the corresponding
optimal EV is referred to as the EV without information (EVWOI). Thus, the DWOI is ³VKLIWDWWLPHݐଶ ´JLYLQJWKH
EVWOI of $2570 million.
Decision and Expected Value with Perfect Information. Perfect information reveals the truth. For example, if
the perfect information indicates R1, then R1 is the truth and we can identify the optimal decision by maximizing
the NPV of R1. The optimal decision and EV for this case are referred to as the decision and EV with perfect
information (DWPI and EVWPI), respectively. 7KH':3,LV³QRVKLIW´IRU5³VKLIWDWWLPHݐଶ ´IRU5DQG³VKLIWDW
time ݐଵ ´ IRU 5 7KH SUREDELOLW\ RI WKH SHUIHFW LQIRUPDWLRQ LQGLFDWLQJ HDFK UHDOL]DWLRQ LV  7KLV UHVXOWV LQ WKH

6

Fast Analysis of Optimal IOR Start Time Using a Two-Factor Production Model and Least Squares Monte Carlo Algorithm

EVWPI of $3156.7 million. The value-of-perfect-information (VOPI)5 is thus EVWPI ± EVWOI = $3156.7 million
± $2570.0 million = $586.7 million.
FSRM Solution: Decision and Expected Value with Imperfect Information. The likelihood functions in
Table 2 indicate the reliability of the data and show that the information is imperfect. The optimal decision and EV
for such case are referred to as the decision and EV with imperfect information (DWII and EVWII), respectively.
We construct the full decision three for this problem setting, as illustrated in Fig. 4, to help in identifying the
DWII and EVWII. 7KHFRQGLWLRQDOSUREDELOLWLHVLQWKHWUHHDUHFDOFXODWHGXVLQJ%D\HV¶WKHRUHP From the tree, we
can see that we should continue with primary recovery at ݐଵ no matter what the measurement at ݐଵ says, and
continue with primary recovery at ݐଶ if the measurement at ݐଶ VD\V ³KLJK UHFRYHU\´ ZKLOH VKLIW WR VHFRQGDU\
recovery at ݐଶ if the measurement at ݐଶ VD\V³ORZUHFRYHU\´ The corresponding EVWII is $2818 million, resulting
in a value-of-information (VOI) of EVWII ± EVWOI = $2818 million ± $2570 million = $248 million.
CLRM Solution. We solve the same problem using the CLRM approach. Unlike that the FSRM approach which
solves the decision tree backwards (i.e. rollback from the right nodes to the left-most node in the tree), the CLRM
approach solves the tree forwards. For example, given the measurement at ݐଵ VD\LQJ³KLJKUHFRYHU\´WKHFRQGLWLRQDO
probabilities of R1, R2 and R3 are 0.43, 0.14 and 0.43, respectively; based on these probabilities, the EV is $2642.9
million for ³VKLIWing at ݐଵ ´  PLOOLRQ IRU ³VKLIWLQJ DW ݐଶ ´ DQG  PLOOLRQ IRU ³no shift´ %HFDXVH WKH
DOWHUQDWLYH RI ³VKLIWLQJDWݐଵ ´ JLYHV WKH KLJKHVW(9WKHLPPHGLDWHGHFLVLRQDWݐଵ is to shift to secondary recovery.
The decision policy of the CLRM approach is listed in Table 3. Applying this decision policy to the decision tree in
Fig. 2 results in an EV of $2641.2 million corresponding to a special VOI6 of $71.2 million.
Compared to the FSRM approach, the CLRM approach gives a difference decision policy and a lower VOI. The
CLRM approach realizes only 71.2/248 = 28.7% of the value that the information can create. This is because when
the impact of future information is not considered in the CLRM approach, the CLRM approach makes a decision
based on the immediate gain rather than evaluating whether it is worth continuing for gathering more information as
the FSRM approach does.

࢚

Continue with
primary recovery.

Decision at Time
࢚
࢚
Shift to secondary recovery
No action because it has been shifted to
if measurement at ݐଵ VD\V³KLJK
secondary recovery at ݐଵ .
UHFRYHU\´
Continue with primary recovery
if the measurement at ݐଵ VD\V³ORZ
Continue with primary recovery
UHFRYHU\´DQGDWݐଶ VD\V³KLJKUHFRYHU\´
if the measurement at ݐଵ says
Shift to secondary recovery
³ORZUHFRYHU\´
if the measurement at ݐଵ VD\V³ORZ
UHFRYHU\´DQGDWݐଶ VD\V³ORZUHFRYHU\´
Table 3²Decision policy of the CLRM approach.

5
The concept of value-of-information (VOI) originates from the decision analysis community. VOI is an indicator
of the maximal paying price or cost of an information gathering activity. VOPI is the upper limit of VOI. For a more
comprehensive description of the concept of VOI, consult Raiffa and Schlaifer (1961), Howard (1966), and Bratvold
et al. (2009). For the illustration and discussion of adopting the concept of VOI in history matching contexts, refer to
Hong and Bratvold (2017).
6
Per the strict definition of VOI, it is referred exclusively to that associated with the optimal decision policy (i.e. the
)650DSSURDFKLQRXUFDVH :HUHOD[WKHUHTXLUHPHQWKHUHDQGXVH³VSHFLDO92,´WRUHIHUWRWKH92,IRUDVSHFLILF
sub-optimal decision policy (i.e. the CLRM approach in our case).
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Fig. 4²Fully structured decision tree for the illustrative example.

Solving the FSRM Problem Using the LSM Algorithm. We use the modified LSM algorithm to solve the
FSRM problem as shown in Fig. 4. For illustration, we use only 6 Monte Carlo samples. The number of samples
will be increased later to verify the modified LSM algorithm. We first sample 6 paths of the measured data as listed
in Table 4. Then, we start the LSM from the last decision point as we solve the decision tree backwards. Table 5
OLVWV WKH 139V FRUUHVSRQGLQJ WR DOWHUQDWLYHV RI ³FRQWLQXH ZLWK SULPDU\ UHFRYHU\ ´ DQG ³VKLIW (to secondary
UHFRYHU\ ´DWݐଶ for each path.
Path
1
2
3
4
5
6

Geological
Realization
R2
R1
R3
R1
R3
R2

Data at
࢚ (̶ࡱ࢚
ࡾ ̶)
0.18
0.18
0.13
0.13
0.18
0.13

Table 4²Path of measured data for LSM.

࢚ (̶ࡱ࢚
ࡾ ̶)
0.22
0.34
0.34
0.34
0.22
0.22
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Geological
Realization
R2
R1
R3
R1
R3
R2

Path
1
2
3
4
5
6

NPV [million USD]
Continue
Shift
2130.0
2430.0
3500.0
2170.0
1810.0
3110.0
3500.0
2170.0
1810.0
3110.0
2130.0
2430.0

Table 5²NPVs for alternatives at time ࢚ for LSM.

When we are making the decision at ݐଶ , we have obtained the data at both ݐଵ and ݐଶ . Therefore, the ENPV is
conditional on the data at both ݐଵ and ݐଶ . We estimate the ENPV by regressing NPV on data. Using ܸܲܰܧȁ݀ܽ ܽݐൌ
௧ଵ
௧ଶ
ܽ  ܽଵ ̶ܧோଵ
̶  ܽଶ ̶ܧோଵ
̶ ,
WKH UHVXOWLQJ FRQGLWLRQDO H[SHFWDWLRQ IXQFWLRQ IRU ³FRQWLQXH´ LV
௧ଵ
௧ଶ
̶  ͺͷʹǤͷ ή ̶ܧோଵ
̶. The same is dRQHIRU³VKLIW´Table 6 lists
ܸܲܰܧሺ̶̶ܿ݁ݑ݊݅ݐ݊ሻȁ݀ܽ ܽݐൌ െͻͻǤ͵  ͺͷͲǤͲ ή ̶ܧோଵ
WKHUHVXOWLQJ(139FRUUHVSRQGLQJWRDOWHUQDWLYHVRI³FRQWLQXH´DQG³VKLIW´DWݐଶ for each path. Now, we can make
the optimal decision by taking the alternative that gives the highest ENPV for each path. The optimal decision is
colored in red in Table 6.
Path
1
2
3
4
5
6

ENPV [million USD]
Continue
Shift
2137.5
2635.0
3165.0
2440.0
2822.5
2505.0
2822.5
2505.0
2137.5
2635.0
1795.0
2700.0

Table 6²ENPVs for alternatives at time ࢚ for LSM.

We move one time step backwards to ݐଵ . Table 7 OLVWVWKH139VFRUUHVSRQGLQJWRDOWHUQDWLYHVRI³FRQWLQXH´DQG
³VKLIW´ DWݐଵ IRU HDFK SDWK 7KH 139V IRU ³FRQWLQXH´ LQ 7DEOH  FRPH IURP WKH 139V LQ 7DEOH 5 for the optimal
decisions shown in Table 6.
Path
1
2
3
4
5
6

Geological
Realization
R2
R1
R3
R1
R3
R2

NPV [million USD]
Continue
Shift
2430.0
2240.0
3500.0
1880.0
1810.0
3540.0
3500.0
1880.0
3110.0
3540.0
2430.0
2240.0

Table 7²NPVs for alternatives at time ࢚ for LSM.

When we are making the decision at ݐଵ , the data at only ݐଵ is available but not ݐଶ . Therefore, the ENPV is
௧ଵ
conditional on the data at only ݐଵ . Using ܸܲܰܧȁ݀ܽ ܽݐൌ  ܾ  ܾଵ ̶ܧோଵ
̶ , the resulting conditional expectation
௧ଵ
IXQFWLRQIRU³FRQWLQXH´LV ܸܲܰܧሺ̶̶ܿ݁ݑ݊݅ݐ݊ሻȁ݀ܽ ܽݐൌ ʹͲ͵Ǥ  ͲͲǤͲ ή ̶ܧோଵ
̶7KHVDPHLVGRQHIRU³VKLIW´Table
8 OLVWVWKHUHVXOWLQJ(139FRUUHVSRQGLQJWRDOWHUQDWLYHVRI³FRQWLQXH´DQG³VKLIW´DWݐଵ for each path, and the optimal
decisions are in red.
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ENPV [million USD]
Continue
Shift
3013.3
2553.3
3013.3
2553.3
2580.0
2553.3
2580.0
2553.3
3013.3
2553.3
2580.0
2553.3

Path
1
2
3
4
5
6

Table 8²ENPVs for alternatives at time ࢚ for LSM.

We move to ݐ . Table 9 OLVWV WKH 139V FRUUHVSRQGLQJ WR DOWHUQDWLYHV RI ³FRQWLQXH´ DQG ³VKLIW´ DWݐ for each
SDWK7KH139VIRU³FRQWLQXH´LQ7DEOHFRPHIURPWKH139VLQ7DEOHIRUWKHRSWimal decisions shown in Table
8. Because we have no data available at ݐ , we calculatHWKH(139VIRU³FRQWLQXH´DQG ³VKLIW´E\FDOFXODWLQJWKH
mean of the values in columns 4 and 5, respectively, in Table  7KH UHVXOWLQJ (139 IRU ³FRQWLQXH´ LV 2796.7
PLOOLRQDQGWKDWIRU³VKLIW´LV1976.7 million. Thus, the optimal decision at ݐ LV³FRQWLQXH´DQGWKHRSWLPDO(139
is $2796.7 million.
Path
1
2
3
4
5
6

Geological
Realization
R2
R1
R3
R1
R3
R2

NPV [million USD]
Continue
Shift
2430.0
1800.0
3500.0
1700.0
1810.0
2430.0
3500.0
1700.0
3110.0
2430.0
2430.0
1800.0

Table 9²NPVs for alternatives at time ࢚ for LSM.

The optimal decision policy can be determined by looking back at Table 8 and Table 6, and it is represented by
Table 10.
Path
1
2
3
4
5
6

Data at
࢚ (̶ࡱ࢚
࢚ (̶ࡱ࢚
ࡾ ̶)
ࡾ ̶)
0.18
0.22
0.18
0.34
0.13
0.34
0.13
0.34
0.18
0.22
0.13
0.22

࢚
Continue
Continue
Continue
Continue
Continue
Continue

Optimal Decision at
࢚
࢚
Continue
Shift
Continue
Continue
Continue
Continue
Continue
Continue
Continue
Shift
Continue
Shift

Table 10²Table representation of optimal decision policy solved using LSM.

The optimal ENPV and optimal decision policy solved using the modified LSM are different from the analytical
solution from the decision tree (Fig. 4) because we used only 6 paths. The accuracy can be improved by increasing
the number of paths. We increase to 500000 paths and repeat it for 1000 times. This gives a mean of estimated
optimal ENPV of $2818.03 million, which is almost the same as the analytical solution $2818.00 million, and a
standard deviation of $0.80 million (which is relatively small). This verifies the accuracy of using the modified LSM
algorithm to solve the FSRM problem.
Application of the Two-Factor Production Model and the Least Squares Monte Carlo Algorithm
This section uses a more realistic example to illustrate the application of the two-factor production model and the
LSM algorithm for analyzing the optimal IOR start time. This example is more complicate than the illustrative
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example. Thus, a fully structured decision tree cannot be visualized and the problem cannot be solved by simply
rollback a decision tree. The modified LSM algorithm is therefore of significant use for this example.
Problem Setting. In the development phase of an oil field, we consider two recovery phases²primary and
secondary recovery. We want to analyze the optimal time of shifting from the primary recovery to the secondary
recovery and the optimal time of terminating the production (i.e. to identify the optimal life times of primary and
secondary recoveries). This analysis provides useful insights in how the field should be developed and how the
leaning over time will impact the decisions. We consider a maximal life cycle of 50 years. The shift can happen at
the beginning of any year but only once, and the same for the termination. In other words, we need to decide
whether to continue with the primary recovery, to shift to the secondary recovery, or to terminate the production at
the beginning of each year from Year 1 to Year 50.
The oil production is modeled using the two-factor production model. We assign probability distributions to the
model parameters based on a priori knowledge to represent the uncertainties in reservoir properties and the effects of
the primary and secondary recovery mechanism. All the parameters are assumed to be normally distributed and their
means and standard deviations are in Table 11. The correlation coefficient between the parameters are in Table 12.
Parameter
Mean
Standard Deviation

ஶ
ܧோଵ
[fraction]
0.20
0.05

߬ଵ [years]
16
2

ஶ
οܧோଶ
[fraction]
0.15
0.05

߬ଶ [years]
7
1.5

Table 11²Means and standard deviations for the normal distributions of the production model parameters.

ࡱஶ
ࡾ
࣎
οࡱஶ
ࡾ
࣎

ࡱஶ
ࡾ

࣎

οࡱஶ
ࡾ

࣎

1
0.2
-0.7
0.1

0.2
1
-0.3
-0.2

-0.7
-0.3
1
-0.3

0.1
-0.2
-0.3
1

Table 12²Correlation coefficients between the production model parameters.

Because we focus on the geological uncertainty, we assume all the parameters of the economic model are known
and their values are in Table 13. The capital cost is paid at the beginning of each recovery phase. The cashflow is
discounted yearly.
Parameter
OOIP
Oil Price
Capital Cost (Primary)
Capital Cost (Secondary)
Operating Cost (Primary)
Operating Cost (Secondary)
Discount Rate

Value
240
55
50
50
9.1
21.1
12%

Unit
million bbl
USD/bbl
million USD
million USD
million USD/year
million USD/year
yearly

Table 13²Values of economic parameters.

The recovery efficiency is measured at the end of each year and is used to support the decisions. The
measurement error is assumed to be normally distributed with zero mean and a standard deviation of 0.001.
Results. 7KH ':2, LV  \HDU¶V SULPDU\ UHFRYHU\ IROORZHG E\  \HDU¶V secondary recovery, leading to a life
cycle of 24 years. The corresponding EVWOI is $918.9 million. If we can obtain perfect information on the
reservoir properties and the effects of primary and secondary recovery mechanisms before the production starts, the
resulting EVWPI is $1057.6 million. Thus, the VOPI is $138.7 million. This value indicates that the total costs of
any additional data gathering activity (e.g., conducting a seismic survey), no matter how sophisticated it is, for better
understanding the reservoir properties or the effects of primary and secondary recovery mechanisms should not
exceed $138.7 million. The FSRM approach leads to an EVWII of $991.8 million for the measure of recovery
efficiency. The corresponding VOI is $72.9 million. Therefore, the company should not pay more than $72.9 million
to buy and install devices for measuring the recovery efficiency.
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Fig. 14 compares the cumulative density functions (CDFs) of NPVs corresponding to the DWOI, DWII and
DWPI. We see that the FSRM approach moves the CDF of NPVs corresponding to the DWOI to the right (i.e. the
NPV increases) because it allows for learning over time. We notice that some realizations (around 5%) end up with
a smaller NPV with DWII than the NPV with DWOI. The possible reasons are: (1) the downside (e.g., the
theoretical ultimate recovery efficiency increment turns out to be very small) may show up even though the decision
RI³VKLIW´LVRSWLPDODWWKHWLPHLWLVPDGHEDVHGRQWKH(9RYHUSRVVLEOH future events, and/or (2) a sub-optimal
decision may be made because the LSM algorithm is an approximation method. The DWPI further moves the CDF
curve to the right, leading to a higher ENPV than that of the DWOI and DWII.

Fig. 14²CDFs of NPVs corresponding to DWOI, DWII and DWPI.

The probability density functions (PDFs) and CDFs of the primary recovery, secondary recovery and total life
times corresponding to the DWII are in Figs. 15±17 where the DWOI is marked in red.
Fig. 15 shows that the P10±P90 interval of the primary recovery life time ranges from 1 to 20 years (i.e. there is
80% chance that the recovery mechanism should be shifted from primary to secondary anytime from Year 1 to Year
20). This is a wide range. The specific timing of shifting depends on the measure of recovery efficiency. There is
only 4% chance that it is optimal to VKLIWDIWHU\HDU¶VSURGXFWLRQDVWKH':2,LQGLFDWHVZKLOHWKHPRVWSUREDEOH
WLPHRIVKLIWLQJLVDIWHU\HDU¶VSURGXFWLRQZLWKDSUREDELOLWy of more than 20%. This informs that the facilities for
VHFRQGDU\UHFRYHU\VKRXOGEHUHDG\RQVLWHDIWHU\HDU¶VSURGXFWLRQUDWKHUWKDQSRVWSRQHGWR\HDUV2WKHUZLVHthe
company will lose the flexibility WR VKLIW EHIRUH  \HDU¶V SURGXFWLRQ ZKHQ WKH PHDVXUHG GDWD LQGLFDWLQJ ³VKLIW´,
which has a chance of about 35% to happen.
Fig. 16 shows that the P10±P90 interval of the secondary recovery life time ranges from 12 to 22 years. The 18
\HDU¶VVHFRQGDU\UHFRYHU\OLIHWLPHRIWKH':2,KDVDERXWFKDQFH to happen while the most probable (13%)
secondary recovery life time is 19 years. Besides, there is 40% chance that the secondary recovery life time is
shorter than 18 years and 48.5% chance longer.
Fig. 17 shows that the P10±P90 interval of the total life time ranges from 19 to 36 years. This informs that it
would better to has a license for production up to 36 years and a flexibility to terminate the production or sell their
contract any time from Year 19 to Year 36. If the license for production lasts only 24 years according to the DWOI,
the company would have a chance of more than 60% to lose the opportunity of producing longer.
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Fig. 15²PDF and CDF of the primary recovery lifetime corresponding to the DWII.

Fig. 16²PDF and CDF of the secondary recovery lifetime corresponding to the DWII.

Fig. 17²PDF and CDF of the total lifetime corresponding to the DWII.

Fig. 18 illustrates the probabilities for different combinations of primary and secondary recovery life times
corresponding to the DWII. The more probable combinations are primary recovery lifetime for 1 year combined
with secondary recovery life time for 17 to 23 years. These combinations have a probability more than twice than
the other combinations. This may because we assigned 16 years to the mean value of ߬ଵ and 7 years to the mean
value of ߬ଶ , which means that the secondary recovery mechanism will recovery oil faster than the primary recovery
mechanism. Per the NPV calculation, the higher the cash flow is at the early times, the higher the NPV is. Shifting
primary recovery to secondary recovery at an early time will results in a higher NPV than doing that at a later time.
The highly probable (>0.5%) combinations can be separated into two groups: (1) small span of primary recovery
life time (1±2 years) with large span of secondary recovery life time (13±24 years), and (2) small span of secondary
recovery life time (17±21 years) with large span of primary recover life time (5±17 years). The correlation
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coefficient between the primary and secondary recovery life time is -0.44. This negative linear correlation is because
there is a strong negative linear correlation between the theoretical ultimate primary recovery efficiency and the
theoretical ultimate recovery efficiency increment as assigned in Table 12.7 That is, if the primary recovery can
already lead to a relatively high ultimate recovery efficiency, then the recovery efficiency increment of the
secondary recovery will be relatively low (i.e. more effective the primary recovery is, less effective the secondary
recovery is). Consequently, we can expect a relatively short secondary recovery life time if the data inform us to
continue with primary recovery for a relatively long time.

Fig. 18²Probabilities for different combinations of primary and secondary recovery life times.

Discussion
The two-factor production model is useful and tractable. When it is combined with the LSM algorithm, a fast
analysis of optimal IOR start time and life time can be realized with the consideration of the impact of future
information. Although the model is very simple, the analysis provides many useful insights in the decision problem.
The FSRM solution contains a decision policy, ZKLFKUHIOHFWVDGHFLVLRQPDNHU¶VRSWLPDO reaction to information,
rather than a single value of the decision variable. The solutions of this fast analysis can then be interrogated with
sophisticated simulations if adding details in the production model is deemed to be relevant and material for the
decisions at hand.
The LSM algorithm is an approximate dynamic programming method. Its accuracy depends on two factors: the
number of Monte Carlo samples and how well the regression function approximates the real EV. Because we used
very many Monte Carlo samples (500000), we believe that the sampling error is negligible. We used a first order
linear regression function, the simplest form of a regression function. The illustrative example tested this regression
function and showed that it provided high accuracy. It seems from the results that this regression function performed
well for the more complex application of the LSM algorithm. Although a more complicated regression function (for
example, with higher order) can improve the accuracy, we think the simple fist order linear regression function is
sufficient to extract high quality insight for our problem setting.
This work focused only on the geological uncertainty represented by the two-factor model parameters. However,
the uncertainty in economic model parameters can be included by adding these variables into the regression
function. It is easier to handle the economic variables than the production data. The economic variables are usually
assumed to follow a Markov chain. Thus, the EV is conditional on only their most recent value unlike that the EV,
which is conditional on the full path of the production data.
We considered only two recovery phases²the primary and secondary recovery phases. More recovery phases
should be included for a more comprehensive analysis of the production life cycle. The inclusion of more recovery
phases (i.e. introducing more alternatives at each decision point) will require more computational time for the LSM
algorithm. Generally, the computational time increases exponentially with the number of alternatives. Thus,
7
We assign a negative linear correlation between the theoretical ultimate primary recovery efficiency and the
theoretical ultimate recovery efficiency increment for illustrative purpose only. The correlation can be any value
from -1 to 1, depending on reservoir properties, well locations, recovery mechanisms, production strategies, etc.
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including too many recovery phases may become computationally prohibitive even when a computationally
attractive production model is used.
Conclusions
This paper reviewed a useful and tractable model for modeling various recovery phases involved in a life cycle of oil
production and illustrated the detailed steps of implementing the LSM algorithm to solve a sequential decisionmaking problem.
We demonstrated the value of considering the impact of future information in the analysis of the optimal IOR
start time. We used an illustrative example to discuss the full structure of the relevant decision problem. Although
the state-of-the-art reservoir management approach²CLRM²can lead to larger EV than the case without
considering the impact of information, its solution may be sub-optimal. It is because it considers only the
information obtained before a decision is made but not the information obtained after that decision. The optimal
solution can be guaranteed using the FSRM approach.
A more realistic example demonstrated the application of the two-factor model and the LSM algorithm. The
results showed that the FSRM approach can significantly improve the decisions and leads to a significant increase in
ENPV. The resulting decision policy represents the optimal action a decision maker should take according to his/her
observation.
We conclude that using the two-factor model and the LSM algorithm can, with limited computation resources,
provide useful insights in the problem of deciding the optimal IOR start time.
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Figure 1 - Discrete PMF approximation (blue) to the continuous (red) PDF.
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QXPEHU ± RISRVVLEOHRXWFRPHVDVWKH/RZ5HVROXWLRQ3UREDELOLW\7UHH /537 DSSURDFK%LFNHOHW
DO  DQG+DPPRQGDQG%LFNHO  SURYLGHDULFKGLVXVVLRQRIGLVFUHWL]DWLRQPHWKRGV
7KHUHDUHRWKHUDSSURDFKHVIRUFDOFXODWLQJWKH9R,IRUFRQWLQXRXVGLVWULEXWLRQVWKDWGRQRWXVHD/537
WKHDQDO\WLFDOPHWKRGV %LFNHO DQG0&EDVHGPHWKRGV &KDYH] +HQULRQ$ULOGHWDO
%LFNHO%DUURVHWDODE +RZHYHUWKHDQDO\WLFDODSSURDFKLVOLPLWHGWRD
VPDOOVXEVHWRI7$//1 WZRDFWLRQOLQHDUORVVZLWKQRUPDOSULRU SUREOHPVZKLOVWWKHSDSHUVDSSO\LQJ
0&DSSURDFKHVRIWHQUHTXLUHVDYHU\ODUJHQXPEHURILWHUDWLRQWRDFKLHYHDVDWLVIDFWRU\DFFXUDF\DQGKDYH
YHU\GLIIHUHQWUHSUHVHQWDWLRQVRIWKHUHOLDELOLW\RUTXDOLW\RIWKHLQIRUPDWLRQJDWKHUHG'HVSLWHWKHIDFWWKH
/537DSSURDFK FDQ KDYH VLJQLILFDQW HUURUV DQG OHDG WR GLIIHUHQW GHFLVLRQV 9R, FDOFXODWLRQV DUH UDUHO\
FRQGXFWHGXVLQJWKHIXOOFRQWLQXRXVUHSUHVHQWDWLRQRIWKHXQFHUWDLQHYHQWRILQWHUHVW:HVXVSHFWWKDWWKH
UHDVRQOLHVLQWKHLVVXHGLVFXVVHGKHUH
7KLVSDSHULQWURGXFHVDJHQHUDOIUDPHZRUNIRUFDOFXODWLQJWKH9R,EDVHGRQFRQWLQXRXVGLVWULEXWLRQV
9R,VFDOFXODWHGXVLQJWKLVIUDPHZRUNFDQEHPDGHDUELWUDULO\FORVHWRWKH9R,VFDOFXODWHGZLWKDQDO\WLFDO
VROXWLRQVIRU7$//1SUREOHPVDQGDUHJHQHUDOLQWKHVHQVHWKDWIRUDOOSUDFWLFDOSXUSRVHVWKH\ZRUN
ZLWK DQ\ FRQWLQXRXV SULRU DQG OLNHOLKRRG DV ZHOO DV ZLWK DQ\ YDOXH IXQFWLRQ :H FDOO WKLV WKH +LJK
5HVROXWLRQ 3UREDELOLW\ 7UHH +537 DSSURDFK ZH XVH ³3UREDELOLW\ 7UHH´ UDWKHU WKDQ ³'HFLVLRQ 7UHH´
EHFDXVH WKH LQFUHDVH LQ UHVROXWLRQ LV FRQILQHG WR WKH XQFHUWDLQW\ QRGHV LQ WKH WUHH  7KLV SDSHU DOVR
LQYHVWLJDWHV WKH DSSUR[LPDWLRQ HUURU LQGXFHG E\ WKH /537 DSSURDFK DQG WKH 0& EDVHG PHWKRGV
)XUWKHUPRUH WKH +537 DSSURDFK LV PRUH DFFXUDWH UHTXLUHV VLJQLILFDQWO\ IHZHU VDPSOHV IRU WKH VDPH
DFFXUDF\OHYHO DQGPRUHVWUDLJKWIRUZDUGWRLPSOHPHQWWKDQWKH0&EDVHGPHWKRGV
7KHDUHPXOWLSOHFRQWULEXWLRQVRIWKLVSDSHU:HLOOXVWUDWHKRZWRH[WHQGWKHFRPPRQ/537DSSURDFK
WRDQDUELWUDULO\ULFK+537PRGHOIRUWKHSXUSRVHRIDFFXUDWHO\DVVHVVLQJWKH9R,EDVHGRQFRQWLQXRXV
GLVWULEXWLRQVIRUERWKWKHSULRUDQGWKHWHVWUHVXOW:HDOVRLQYHVWLJDWHDQGGLVFXVVWKHDFFXUDF\RIFRPPRQ
GLVFUHWL]DWLRQ PHWKRGV LQ WKH FRQWH[W RI 9R, FDOFXODWLRQV 7KLV JRHV EH\RQG %LFNHO   LQ WKDW ZH
LQYHVWLJDWHWKHDFFXUDF\IRUPRUHUHDOLVWLFSUREOHPVZKHUHWKHXQGHUO\LQJXQFHUWDLQW\DQGWKHWHVWUHVXOWV
FDQEHUHSUHVHQWHGE\DQ\FRQWLQXRXVSUREDELOLW\GHQVLW\IXQFWLRQDQGWKHYDOXHIXQFWLRQLVQRWFRQVWUDLQHG
WR EH OLQHDU )XUWKHUPRUH ZH LQWURGXFH DQG LOOXVWUDWH VHYHUDO SUDFWLFDO DSSURDFKHV IRU TXDQWLI\LQJ
FRQWLQXRXVOLNHOLKRRGIXQFWLRQV7KH+537PHWKRGLVDOVRFRPSDUHGZLWKWKH(QVHPEOH.DOPDQ)LOWHU
(Q.)  DQG WKH %D\HV 0RQWH &DUOR %0&  DSSURDFKHV 7KLV FRPSDULVRQ JLYHV LQVLJKWV UHJDUGLQJ WKH
UREXVWQHVVDQGDFFXUDF\RIWKH0&EDVHGPHWKRGV:HEHOLHYHWKHUHVXOWVRIRXULQYHVWLJDWLRQRIYDULRXV
9R, DSSURDFKHV DQG GLVFUHWL]DWLRQV SURYLGH D EDVLV IRU FKRRVLQJ DQ DSSURSULDWH 9R, DSSURDFK IRU DQ\
GHFLVLRQFRQWH[W)LQDOO\E\LOOXVWUDWLQJKRZFRQWLQXRXVYDULDEOHVWHFKQLTXHVFDQEHXVHGLQ9R,DQDO\VLV
RXUSDSHUKDVVRPHWXWRULDOYDOXHWKDWPD\KHOSLQVSLUHDQGLQFUHDVHWKHDSSOLFDWLRQVRI9R,DQDO\VLVZKHUH
WKHXQFHUWDLQWLHVDUHUHSUHVHQWHGE\FRQWLQXRXVGLVWULEXWLRQ

9DOXHRI,QIRUPDWLRQ
$QXPEHURISDSHUV HJ%UDWYROGHWDO DQGERRNV HJ&OHPHQ+RZDUGDQG$EEDV
%UDWYROGDQG%HJJ GHVFULEHWKHFRPPRQ9R,GHFLVLRQWUHHVWUXFWXUHDQGVROXWLRQPHWKRG)LJXUH
VKRZVWKHGHFLVLRQWUHHVWUXFWXUHXVHGWRYDOXHLQIRUPDWLRQXVLQJWKUHHGLVFUHWHRXWFRPHV










Figure 2 - Decision tree for valuing information for the case with three alternatives and three discrete outcomes.

7KHILUVWVWHSLVWRFDOFXODWHܧሾܺȁܼ ൌ ݖ ሿIRUHDFKSRVVLEOHRXWFRPHRIWKHLQIRUPDWLRQVRXUFH:LWK
WKHܧሾܺȁܼ ൌ ݖ @IRUHDFKݖǡZHH[HUFLVHRXUGHFLVLRQLIൣܺหܼ ൌ ݖ ൧  ݒ:HWKHQPXOWLSO\WKHVHYDOXHV
E\WKHFRUUHVSRQGLQJSUHSRVWHULRUSUREDELOLWLHVWRREWDLQWKHYDOXHZLWKLQIRUPDWLRQ$VWKHGHFLVLRQPDNHU
LQWKLVFDVHLVULVNQHXWUDOWKH9R,LVJLYHQE\
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$QDO\WLFDO0HWKRGRI&DOXODWLQJ9R,IRU&RQWLQXRXV8QFHUWDLQ4XDQWLWLHV
%HIRUHLQWURGXFLQJRXU+537PHWKRGIRUDQDO\]LQJ9R,ZHZLOOGLVFXVVDQDQDO\WLFDOVROXWLRQ %LFNHO
 IRUDVLPSOHH[DPSOHWRXVHDVDWUXWKFDVHZLWKZKLFKWRWHVWWKHDFFXUDF\RIWKH+537DSSURDFK
7KHH[DPSOHLVNHSWVLPSOHWRIDFLOLWDWHLQWXLWLYHXQGHUVWDQGLQJRIERWK9R,PHWKRGVEXWLVVWLOOUHODWLYHO\
UHDOLVWLF
:HZLOOXVHWKHIROORZLQJQRWDWLRQ
ܺ5DQGRPYDULDEOHIRUWKHSRVVLEOHYDOXHVRIWKHXQGHUO\LQJXQFHUWDLQW\RILQWHUHVW HJ2,3 
ݔ$SDUWLFXODUUHDOL]DWLRQRIܺ͒
ߤ0HDQRIܺ͒
ܼ$UDQGRPYDULDEOHWKDWUHSUHVHQWVWKHSRVVLEOHRXWFRPHVRIWKHREVHUYHGVLJQDOSURYLGHGE\
RXUWHVW HJWKH2,3LQGLFDWLRQUHVXOWLQJIURPGULOOLQJDQDSSUDLVDOZHOORUUXQQLQJDSUHVVXUH
WUDQVLHQWWHVW 
ݖ$SDUWLFXODUUHDOL]DWLRQRIܼ
ߪ6WDQGDUGGHYLDWLRQRIܺ
ߩ&RUUHODWLRQEHWZHHQܺDQGܼ

,WLVFRQYHQLHQWIRUFRPSDULVRQSXUSRVHVWRXVHWKHH[DPSOHSUHVHQWHGE\%LFNHO  6XSSRVHD
ULVNQHXWUDORLOFRPSDQ\LVFRQVLGHULQJGULOOLQJDZHOOLQDQXQGHYHORSHGDUHDZKHUHWKHQHWSUHVHQWYDOXH
139 LVQRUPDOO\GLVWULEXWHGZLWKDPHDQRIPLOOLRQDQGVWDQGDUGGHYLDWLRQRIPLOOLRQ,IWKH
FRPSDQ\GRHVQRWGULOOLWZLOOHDUQDVXUH ݒൌ ̈́Ͳ,QDQHIIRUWWRLPSURYHLWVGHFLVLRQWKHFRPSDQ\LV
FRQVLGHULQJ WKH DFTXLVLWLRQ RI D VHLVPLF VXUYH\ 7KH JHRSK\VLFLVW LQ WKH FRPSDQ\ EHOLHYH WKH VHLVPLF


,QFRPPRQ2 *FRQWH[WWKLVYDULDEOHLVEDVHGRQH[SHUWLQWHUSUHWDWLRQRIWKHPHDVXUHGGDWD







UHVXOWVDUHFRUUHODWHGZLWKWKHWUXHYDOXHRIWKHZHOOZLWKFRUUHODWLRQFRHIILFLHQWߩ ൌ ͲǤ7KLVLQIRUPDWLRQ
VLJQDOLVUHSUHVHQWHGE\DVWDQGDUGQRUPDOGLVWULEXWLRQ
7KHSUREOHPGHVFULEHGDERYHLVNQRZQDVWKHWZRDFWLRQOLQHDUORVV 7$// SUREOHPLQWKHGHFLVLRQ
DQDO\VLVOLWHUDWXUH 6FKODLIHU ,QWKH7$//SUREOHPDULVNQHXWUDOGHFLVLRQPDNHUFKRRVHVEHWZHHQ
WZRDOWHUQDWLYHVZLWKXQFHUWDLQRXWFRPHVZKLFKDUHOLQHDUIXQFWLRQVRIVRPHXQGHUO\LQJXQFHUWDLQW\,I
ZHDOVRLPSRVHWKDWWKHSULRUGLVWULEXWLRQPXVWEHQRUPDOO\GLVWULEXWHGDYDULDQWRIWKH7$//SUREOHP
ZLWKQRUPDOSULRUV 7$//1 LVREWDLQHG7KHH[DPSOHGHVFULEHGDERYHILWVZLWKWKH7$//1GHILQLWLRQ
DQGFDQWKXVEHXVHGWRFRPSDUHWKHYDULRXV9R,DSSURDFKHVWKDWLQYROYHFRQWLQXRXVGLVWULEXWLRQV

$QDO\WLFDO6ROXWLRQIRUWKH9R,RID7$//1SUREOHPZLWKૉ,QIRUPDWLRQ6\VWHP ࣋,6 
6FKODLIHU  GHULYHGDFORVHGIRUPVROXWLRQIRUWKHH[SHFWHGYDOXHRILPSHUIHFWLQIRUPDWLRQ (9,, RI
WKH7$//1SUREOHP%LFNHO  UHYLHZHGDQGH[SDQGHGWKLVZRUNWRDFFRXQWIRUULVNDYHUVLRQDQG
GLVFXVVHG %LFNHO WKHVROXWLRQLQDQ2 *FRQWH[W$VDUJXHGE\%LFNHO  WKHDGYDQWDJHRI
WKLVUHODWLYHO\VLPSOHIRUPXODWLRQLVWKDWWKH9R,FDQEHFDOFXODWHGH[DFWO\7KLVDOORZVXVWRFRPSDUHDQ\
QXPHULFDODSSUR[LPDWLRQVZLWKWKHWUXHYDOXH
7KHFORVHGIRUP9R,VROXWLRQIRUWKH7$//1SUREOHPIRUDߩ,QIRUPDWLRQ6\VWHP ߩ,6 WKDWLVRQH
ZKHUHWKHLQIRUPDWLRQFRQWHQWLQWKHVLJQDOLVH[SUHVVHGE\WKHFRUUHODWLRQFRHIILFLHQWEHWZHHQWKHSULRU
DQGWKHVLJQDOLV
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ZKHUHߤLVWKHPHDQRIWKHSULRUߪLVWKHVWDQGDUGGHYLDWLRQRIWKHSULRUݒLVWKHYDOXHRIDOWHUQDWLYH
GHFLVLRQ WKHEHVWGHFLVLRQZLWKRXWJDWKHULQJPRUHLQIRUPDWLRQ DQGܿ ൌ ሺߤ െ ݒሻΤߪZKLFKLVDOVRNQRZQ
DV ³FRHIILFLHQW RI GLYHUJHQFH´߶LV WKH VWDQGDUG QRUPDO SUREDELOLW\ GHQVLW\ IXQFWLRQ 3') ȰLV WKH
VWDQGDUGQRUPDOFXPXODWLYHGLVWULEXWLRQIXQFWLRQ &') DQGߩGHQRWHVWKHSRVLWLYHFRUUHODWLRQEHWZHHQ
WKHSULRUDQGWKHREVHUYHGVLJQDOREWDLQHGIURPWKHLQIRUPDWLRQV\VWHP
:HGHQRWHWKH9R,JLYHQE\(TDVWKH([SHFWHG9DOXHRI,PSHUIHFW,QIRUPDWRQ (9,, DVLWLVWKH
H[SHFWHGYDOXHRIWKHGLVWULEXWLRQWKDWGHVFULEHVWKHXQFHUWDLQW\LQWKH9R,
,Q)LJXUHZHVKRZXVLQJ(TWKH(9,,DVDIXQFWLRQRIWKHFRUUHODWLRQFRHIILFLHQWߩXVLQJWKH
H[DPSOHLQWURGXFHVHDUOLHU$VH[SHFWHGWKH(9,,LQFUHDVHVZLWKLQFUHDVLQJFRUUHODWLRQFRHIILFLHQW,WFDQ
EHVHHQWKDWDFRUUHODWLRQFRHIILFLHQWRI\LHOGVDQ([SHFWHG9DOXHRI3HUIHFW,QIRUPDWLRQ(93,RI
PLOOLRQ,IWKHFRUUHODWLRQEHWZHHQSULRUDQGVLJQDOLVWKH(9,,LVPLOOLRQ,IWKHFRUUHODWLRQ
FRHIILFLHQWLVPHDQLQJWKHVLJQDOLVLQGHSHQGHQWRIWKHSULRUWKHQDVVKRXOGEHH[SHFWHG(9,, 











Figure 3 - EVII as a function of correlation between the prior and the observed signal.
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ZKHUHߠଵ LVWKHVPDOOHVWIUDFWLOHDQGଵWKHZHLJKWSODFHGRQWKDWIUDFWDO7KHDERYHHTXDWLRQRQO\GHSHQGV
XSRQȰିଵ ሺߠଵ ሻEHFDXVHȰିଵ ሺߠଶ ሻ ൌ ͲDQGߠଵ ൌ ߠଷ 
7KH GLVFUHWL]DWLRQ VKRUWFXWV GR QRW UHTXLUH DQ\ FDOFXODWLRQ RI SHUFHQWLOHV RU SUREDELOLWLHV 7KHVH
VKRUWFXWVZHUHRULJLQDOO\GHYHORSHGWRDSSUR[LPDWHQRUPDOGLVWULEXWLRQV%LFNHOLQYHVWLJDWHGWKHXVHRI
WKUHHFRPPRQ GLVFUHWL]DWLRQ VKRUWFXWV WKH([WHQGHG3HDUVRQ7XNH\ (37  0F1DPHH&HORQD 0&6 
DQG ([WHQGHG 6ZDQVRQ0HJLOO (60  7DEOH  VKRZV WKH SHUFHQWLOHV DQG SUREDELOLWLHV IRU WKHVH
GLVFUHWL]DWLRQVKRUWFXWV

Table 1 - Discretization shortcuts
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LQWURGXFHGHDUOLHU7KHUHVXOWVDUHVKRZQLQ)LJXUH
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Figure 4 - Comparison of approximate EVII to exact EVII for commonly used discretization methods.

7KHDSSUR[LPDWLRQVFDQJLYHYHU\GLIIHUHQW9R,HVWLPDWHV7KHVHGLIIHUHQFHVPD\RUPD\QRWOHDGWR
GLIIHUHQWGHFLVLRQVUHJDUGLQJLQIRUPDWLRQJDWKHULQJGHSHQGLQJRQWKHFRVWRIWKHLQIRUPDWLRQ$V%LFNHO
 H[SODLQVIRUH[DPSOHZLWKDFRVWRIPLOOLRQERWK(37DQG(60ZRXOGUHFRPPHQGJDWKHULQJ
WKHLQIRUPDWLRQZKLOH0&6ZRXOGQRW FRQVLVWHQWO\ZLWKWKHH[DFW(9,, 

Discussion
$ NH\ DVVXPSWLRQ EXLOW LQWR WKH DQDO\WLFDO DSSURDFK LV WKDW WKH REVHUYHG VLJQDO LV MRLQWO\ QRUPDOO\
GLVWULEXWHG ZLWK WKH SULRU ZLWK D SRVLWLYH OLQHDU FRUUHODWLRQ FRHIILFLHQWߩ 7KLV GLIIHUV IURP WKH PRUH
FRPPRQGHFLVLRQWUHHDSSURDFKLQWKDWWKHOLNHOLKRRGLVQRWH[SOLFLWO\VSHFLILHG1RULVWKHUHDQHHGWR
FDOFXODWH WKH SUHSRVWHULRU RU SRVWHULRU 7KH FRUUHODWLRQ IXQFWLRQ HPERGLHV WKH DPRXQW RI LQIRUPDWLRQ
FRQWDLQHG LQ WKH LQIRUPDWLRQ V\VWHP WKDW LV WKH reliability RI WKH LQIRUPDWLRQ ,I WKH UHOLDELOLW\ RI WKH
LQIRUPDWLRQJDWKHULQJH[SHULPHQWLVVPDOOWKHFRUUHODWLRQFRHIILFLHQWZLOOEHFORVHWR]HURZKHUHDVWKH
FRUUHODWLRQFRHIILFLHQWZLOOEHFORVHWRLIWKHLQIRUPDWLRQFRQWHQWLVODUJH
$OWKRXJKQRWUHTXLUHGIRUFDOFXODWLQJWKH9R,IRUDߩ,6$SSHQGL[$VKRZVWKHDQDO\WLFDOH[SUHVVLRQ
IRUWKHMRLQWGLVWULEXWLRQܲሺܼǡ ܺሻ %HUWVHNDV ±(T$:HFDQXVH(T$RUWKHOLQHDUUHODWLRQVKLSV
EHWZHHQWKHPHDQDQGYDULDQFHRIWKHOLNHOLKRRGDQGWKHSULRUVKRZQLQ(TV$DQG$WRFDOFXODWHWKH
OLNHOLKRRGDQGSRVWHULRU7KHNH\HOHPHQWVRIWKHPHWKRGDUHVXPPDUL]HGEHORZ

x$VVXPSWLRQV
o 7KH REVHUYHG LQIRUPDWLRQ VLJQDO LV MRLQWO\ QRUPDOO\ GLVWULEXWHG ZLWK WKH SULRU ZLWK WKH
SRVLWLYHOLQHDUFRUUHODWLRQFRHIILFLHQWߩZKLFKFDQEHTXDQWLILHG7\SLFDOO\WKHDVVHVVPHQW
RIߩZLOOFRPHIURPSULRUREVHUYDWLRQVDQGNQRZOHGJHWKHVDPHZD\WKHOLNHOLKRRGIXQFWLRQ
LVHVWLPDWHG
o /LQHDUYDOXHIXQFWLRQ
x3URV
o $QDO\WLFDO
o 3URYLGHVDQLQWXLWLYHPHDQVRIVSHFLI\LQJWKHUHODWLRQVKLSEHWZHHQWKHJDWKHUHGLQIRUPDWLRQ
DQGWKHXQGHUO\LQJXQFHUWDLQW\
x&RQV
o /LPLWHGWRMRLQWO\QRUPDOGLVWULEXWLRQVDQGOLQHDUYDOXHIXQFWLRQV







o /LPLWHGWRDVLQJOHXQGHUO\LQJXQFHUWDLQW\
+LJK5HVROXWLRQ3UREDELOLW\7UHH0HWKRG +537 
7KHDQDO\WLFDOPHWKRGKDVOLPLWDWLRQVLQWHUPVRIWKHFKRLFHRISULRUDQGOLNHOLKRRGGLVWULEXWLRQVDQGLQ
WKHVSHFLILFDWLRQRIWKHYDOXHIXQFWLRQ,QWKLVVHFWLRQZHSUHVHQWDJHQHUDOPHWKRGWKDWFDQEHXVHGWR
FDOFXODWHWKH9R,IRUDQ\VHWRISULRUDQGOLNHOLKRRGSDLUVDQGDQ\YDOXHIXQFWLRQDVZHOODVDQ\QXPEHU
RIXQGHUO\LQJXQFHUWDLQWLHVDQGGHFLVLRQDOWHUQDWLYHV:HXVHDVLPSOHH[DPSOHWRLQWURGXFHDQGLOOXVWUDWH
WKHPHWKRGDQGFRPSDUHWKHUHVXOWLQJ9R,ZLWKWKHDQDO\WLFDOVROXQWLRQ
$V LQGLFDWHG E\ RXU FKRLFH RI WHUPLQRORJ\ WKH +537 PHWKRG LV VLPSO\ D KLJKHUOHYHO UHVROXWLRQ
ELJJHU1 YHUVLRQRIWKH/537PHWKRGLQZKLFKFRQWLQXRXVGLVWULEXWLRQVDUHDSSUR[LPDWHGE\DVSHFLILHG
QXPEHURIGLVFUHWHRXWFRPHV$VZHOODVEHLQJDEOHWRXVHDQ\SUREDELOLW\GLVWULEXWLRQIRUWKHSULRURU
WKHOLNHOLKRRGVZHGRQ¶WQHHGWRGRDQ\DQDO\WLFDOLQWHJUDWLRQWRJHWWKHSRVWHULRURUWKH9R,LWVHOI7KH
SUHSRVWHULRULVDVXPRYHUPDQ\GLVFUHWHRXWFRPHVLQVWHDGRIDQLQWHJUDO
Deriving the Signal or Likelihood Distributions
,QXVLQJWKHSUHYLRXVO\GLVFXVVHGߩ െ ܵܫDSSURDFKZHZRUNHGZLWKWKHSULRUDQGVLJQDOGLVWULEXWLRQVDQG
WKHUHZDVQRQHHGWRVSHFLI\WKHOLNHOLKRRGIXQFWLRQDVZHFRXOGFDOFXODWHWKHSRVWHULRUGLVWULEXWLRQXVLQJ
WKHMRLQWGLVWULEXWLRQ (T$ DQGWKHVLJQDO SUHSRVWHULRU $VZHZLOOGLVFXVVEHORZZKHQZRUNLQJZLWK
D PRUH JHQHUDO DSSURDFK WR FDOFXODWH WKH 9R, EDVHG RQ FRQWLQXRXV LQSXW GLVWULEXWLRQV ZH FDQ FKRRVH
ZKHWKHUWRVSHFLI\HLWKHUWKHVLJQDOGLVWULEXWLRQRUWKHOLNHOLKRRGIXQFWLRQ
7R UHIUHVK D OLNHOLKRRG LV D FRQGLWLRQDO SUREDELOLW\ WKDW UHSUHVHQWV RXU GHJUHH RI EHOLHI WKDW WKH
LQIRUPDWLRQ HJ VHLVPLF VXUYH\ RU DSSUDLVDO ZHOO  ZLOO LQGLFDWH D VSHFLILF VLJQDOݖ  IRU D JLYHQ SULRU
RXWFRPHݔ  HJ+,3 7KDWLVܲሺܼ ൌ ݖ ȁܺ ൌ ݔ 7KHFROOHFWLRQRIܲሺܼ ൌ ݖ ȁܺ ൌ ݔ ሻRYHUDOOݖ LVWKH
OLNHOLKRRGIXQFWLRQJLYHQݔ 3ULRUWRJDWKHULQJWKHLQIRUPDWLRQDOLNHOLKRRGIXQFWLRQLVQHHGHGIRUHDFK
ݔ 7KHPDLQFKDOOHQJHLQWKH+537DSSURDFKLVWRVSHFLI\DQDSSURSULDWHOLNHOLKRRGIXQFWLRQ WKLVLVQR
OHVV D FKDOOHQJH LQ WKH /537 DSSURDFK   +RZHYHU RQFH VSHFLILHG LI LW LV FRQWLQXRXV LW LV UHODWLYHO\
VWUDLJKWIRUZDUGWRGLVFUHWL]HLWXVLQJRQHRIWKHPHWKRGVVXJJHVWHGEHORZ7KHFROOHFWLRQRIDOOOLNHOLKRRG
IXQFWLRQVFDQEHVWRUHGDVDQܾܰܰݕRIFRQGLWLRQDOSUREDELOLWLHVWKDWPDNHFDOFXODWLRQRIWKHSRVWHULRUV
DQG WKXV WKH (9,, HIILFLHQW 7KH OLNHOLKRRGV DQG SULRUV DUH XVHG YLD %D\H¶V WKHRUHP WR LQIHU WKH
FRQGLWLRQDO SUREDELOLWLHV UHTXLUHG LQ D 9R, FDOFXODWLRQ WKDW LV SUREDELOLWLHV RI WKH IRUP
ܲሺܺ ൌ ݔ ȁܼ ൌ ݖ ሻ
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6SHFLI\LQJDQGGLVFUHWL]LQJWKHOLNHOLKRRGIXQFWLRQEHFRPHVLQFUHDVLQJO\GHPDQGLQJWKHODUJHU1LV
SDUWLFXODUO\LIZHDUHZRUNLQJZLWKRUSULRULQWHUYDOVDQGRU³VLJQDO´LQWHUYDOVIRU
HDFKRIWKHSULRULQWHUYDO7KXVZHQHHGDQHIILFLHQWPHFKDQLVPWRVSHFLI\WKHOLNHOLKRRGZKLOVWHQVXULQJ
WKDWLWVWLOOLVUHSUHVHQWDWLYHRIWKHWHFKQRORJ\WHVWRUPRGHOEHLQJXVHGWRJDWKHUWKHGDWDDQGLQWHUSUHW
WKHLQIRUPDWLRQ
Discretization
'LIIHUHQW GLVFUHWL]DWLRQ PHWKRGV ZHUH EULHIO\ GLVFXVVHG LQ WKH LQWURGXFWLRQ RI WKLV SDSHU ,Q XVLQJ WKH
+537PHWKRGDOOGLVWULEXWLRQVPXVWEHGLVFUHWL]HGDQGLQSULQFLSOHDQ\GLVFUHWL]DWLRQPHWKRGFRXOGEH
XVHG+RZHYHUDVWKHUHVROXWLRQLQFUHDVHVDQGWKHQXPEHURIGHJUHHJHWVODUJHLWVKRXOGQRWPDWWHUZKLFK

ʹ$VVHYHUDORIWKH9R,PHWKRGVGLVFXVVHGKDYHVHYHUHFRQVWUDLQWVRQERWKWKHSUREDELOLW\GLVWULEXWLRQVDQGYDOXHIXQFWLRQVDQ\H[DPSOHRQZKLFKZH
ZRXOGZDQWWRDSSO\WKHPHWKRGVPXVWILWZLWKWKHVHFRQVWUDLQWV
͵2UDQܰ  ܰݔWDEOHLIZHXVH13LQWHUYDOVIRUWKHSULRUDQG16LQWHUYDOVIRUWKHVLJQDO

ௌ







PHWKRGLVEHLQJXVHG,QWKLVZRUNZHDUHHPSOR\LQJDVWUDLJKWIRUZDUGEUDFNHWPHGLDQPHWKRGZKHUHWKH
YDOXHD[HVDUHGLYLGHGLQWR 1GLVFUHWHLQWHUYDOVRUEUDFNHWVDQGHDFKLQWHUYDOLVEHLQJUHSUHVHQWHGE\D
VLQJOHYDOXHSUREDELOLW\SDLUሼݔ ǡ  ሽZKHUHݔ LVWKHPHGLDQRIWKHLQWHUYDODQG LVWKHDVVLJQHGIURPWKH
XQGHUO\LQJFRQWLQXRXVGLVWULEXWLRQ:HXVHWKHVDPHQXPEHURILQWHUYDOVIRUWKHSULRUDQGWKHVLJQDO RU
OLNHOLKRRGIXQFWLRQ 7KLVLVFRQYHQLHQWEXWQRWUHTXLUHG

General Methods for Discretizing the Likelihood
,QSULQFLSOHWKH+537ZRUNVZLWKDQ\OLNHOLKRRGIXQFWLRQ+RZHYHULQOLJKWRIWKHGLVFXVVLRQDERYHZH
KDYHIRXQGLWXVHIXOWRZRUNZLWKWKUHHGLIIHUHQWPHWKRGVIRUGLVFUHWL]LQJWKHOLNHOLKRRGIXQFWLRQ

Likelihood derived through the correlation coefficient
$VSHUWKH7$//1SUREOHP%LFNHO  LQWURGXFHVWKHFRUUHODWLRQFRHIILFLHQWDVDPHDQVRIVSHFLI\LQJ
WKHUHODWLRQVKLSEHWZHHQWKHSULRUDQGWKHSUHSRVWHULRU REVHUYHGVLJQDO +HZDVDSSO\LQJDQLQIRUPDWLRQ
V\VWHP ZKRVH GDWD LV MRLQWO\ QRUPDOO\ GLVWULEXWHG ZLWK WKH XQGHUO\LQJ XQFHUWDLQW\ ZLWK D SRVLWLYH
FRUUHODWLRQFRHIILFLHQWߩ7KHVSHFLILFYDOXHRIߩWKDWLVXVHGFRXOGFRPHIURPWKHRUHWLFDOFRQVLGHUDWLRQV
REVHUYHGFRUUHODWLRQVRULWPD\EHLQWXLWLYHO\DVVHVVDEOHE\DVXEMHFWPDWWHUH[SHUW*LYHQWKHSULRUDQG
WKHSUHSRVWHULRUZHFDQFDOFXODWHWKHLUMRLQWSUREDELOLWLHVDQGWKHQFHWKHSRVWHULRU7KLVGLIIHUVIURPWKH
/537DSSURDFKLQWKDWWKHUHLVQRQHHGWRVSHFLI\WKHOLNHOLKRRGIXQFWLRQH[SOLFLWO\+RZHYHUWRHQDEOH
FRPSDULVRQZLWKWKH+537PHWKRGLWLVXVHIXOWRVSHFLI\WKHLPSOLHGOLNHOLKRRGPDWUL[GLUHFWO\
%LFNHO¶V   DSSURDFK LV OLPLWHG WR MRLQWO\ QRUPDOO\ GLVWULEXWHG IXQFWLRQV ,W DVVXPHV WKHUH LV D
OLQHDUUHODWLRQVKLSEHWZHHQWKHPHDQRIWKHSUREDELOLW\GLVWULEXWLRQRIWKHREVHUYHGVLJQDOܧሾܼሿDQGWKH
PHDQRIWKHSULRUܧሾܺሿ7KHOLQHDUUHODWLRQVKLSDOORZVXVWRGHULYHWKHDQDO\WLFDOIRUPRIWKHPHDQDQG
YDULDQFHRIWKHLQIRUPDWLRQܧሾܼሿܸܽ݊݀ܽݎሾܼሿDVZHOODVWKHMRLQWGLVWULEXWLRQEHWZHHQWKHLQIRUPDWLRQ
DQGWKHSULRUܲሺܼǡ ܺሻ7KLVLQWXUQVLPSOLILHVWKHFDOFXODWLRQRIWKHSRVWHULRU
'UDZLQJRQWKHDSSURDFKSUHVHQWHGE\%LFNHO  ZHFDQVSHFLI\WKHLQIRUPDWLRQV\VWHPIRUDQ\
SULRU GLVWULEXWLRQ E\ VLPSO\ VSHFLI\LQJ WKH UHODWLRQVKLS EHWZHHQ WKH H[SHFWHG YDOXH RI WKH OLNHOLKRRG
IXQFWLRQRIWKHREVHUYHGVLJQDODQGH[SHFWHGYDOXHVRIWKHVLJQDODQGWKHSULRU
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)RUH[DPSOHLIZHDVVXPHWKDWWKHSULRUDQGWKHREVHUYHGVLJQDODUHJLYHQE\WKHVDPHGLVWULEXWLRQZH
FDQDSSUR[LPDWHWKHOLQHDUUHODWLRQVKLSEHWZHHQWKHH[SHFWHGYDOXHVRIWKHSULRUDQGREVHUYHGVLJQDOIRU
DQ\ WZR GLVWULEXWLRQV E\ XVLQJ D SRVLWLYH FRUUHODWLRQ FRHIILFLHQW ߩ  'UDZLQJ IURP WKH MRLQW QRUPDO
DSSURDFKZHOHWWKHPHDQDQGYDULDQFHRIWKHOLNHOLKRRGEH
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UHVSHFWLYHO\$VVXPLQJDIXQFWLRQDOIRUPZLWKWKHDERYHPHDQDQGYDULDQFHZHFDQQRZGLVFUHWL]HLW
XVLQJDQ\RIWKHPHWKRGVGHVFULEHGSUHYLRXVO\

,Q)LJXUHZHSUHVHQWSORWVRIWKHOLNHOLKRRGMRLQWDQGSRVWHULRUSUREDELOLWLHVEHWZHHQDQRUPDOSULRU
DQG QRUPDO LQIRUPDWLRQ V\VWHP HDFK ZLWK PHDQ  VWDQGDUG GHYLDWLRQ   XVLQJ WKH UHODWLRQVKLSV
SUHVHQWHGLQ(TVDQG,WFDQEHVHHQWKDWIRUߩ ൌ Ͳ QRUHODWLRQVKLSEHWZHHQWKHSULRUDQGWKHREVHUYHG
VLJQDO WKHVLJQDOFDUULHVQRLQIRUPDWLRQWKDWZRXOGPDNHXVFKDQJHRXUEHOLHIVLHSRVWHULRU SULRUIRU







DQ\YDOXHRIܼDVLWVKRXOG)RUߩ̱ͳ REVHUYHGVLJQDOUHSUHVHQWVSHUIHFWLQIRUPDWLRQ RXUEHOLHIVVKRXOG
EHXSGDWHGWRH[DFWO\ZKDWWKHVLJQDOWHOOVXVLHSRVWHULRU OLNHOLKRRGDVLWVKRXOG)RUͲ ൏ ߩ ൏ ͳWKH
REVHUYHGVLJQDOUHSUHVHQWVLPSHUIHFWLQIRUPDWLRQDQGRXUEHOLHIVVKRXOGEHXSGDWHGDFFRUGLQJO\VXFKDV
VKRZQLQWKHPLGGOHSDQHOVZKLFKDUHIRUߩ ൌ ͲǤ

General likelihood for any functional form
$VPHQWLRQHGDERYHWKH+537PHWKRGLVHQWLUHO\JHQHUDO7KDWLVWKHVXEMHFWPDWWHUH[SHUW 60( RU
DQDO\VWFDQVSHFLI\DQ\ܲሺܼȁܺ ൌ ݔ ሻDWHDFKݔ 3UDJPDWLFDOO\WKLVFDQEHDFKLHYHGE\VSHFLI\LQJD
IXQFWLRQDOIRUPIRUWKH3') HJ1RUPDO/RJQRUPDO7ULDQJXODU $ULOGHWDO 3HUWHWF ZKHUH
WKHSDUDPHWHUVWKDWGHILQHWKH3')DUHFRQVWDQWRUFRXOGEHDIXQFWLRQRIܺLIWKHUHLVHYLGHQWLDORU
WKHRUHWLFDOVXSSRUWIRUWKDW7KDWLVWKHPHWKRGSHUPLWVWKHXVHRIDQ\IXQFWLRQWKDW³PDNHVVHQVH´WRWKH
60(LQWHUPVRIGHILQLQJWKHUHOLDELOLW\RIWKHGDWDIRUDJLYHQݔ OLNHDQ\RWKHUVXEMHFWLYHSUREDELOLW\
LWGHVFULEHVWKH60(¶VGHJUHHRIEHOLHI&DUHPXVWEHWDNHQLQGHILQLQJWKHIXQFWLRQVRWKDWLVGRHVQRW
LPSO\SUREDELOLWLHVIRUQRQSHUPLVVLEOHYDOXHVRIWKHXQFHUWDLQTXDQWLW\HJQHJDWLYHYROXPHV
:HVXJJHVWWKDWLQPDQ\FDVHVLWPDNHVVHQVHWRWKLQNRIWKHOLNHOLKRRGDWDJLYHQݔ LQWHUPVRIWKH
UHOLDELOLW\RIWKHVLJQDOZLWKWKHSDUDPHWHUVRIWKHFRQGLWLRQDO3')VLQGHSHQGHQWRIܺ)RUSHUIHFW
LQIRUPDWLRQWKHGLDJRQDOPXVWKDYHYDOXHVRIDQGDOORIIGLDJRQDOWHUPVEH$VWKHVLJQDOEHFRPHV
OHVVUHOLDEOHWKHRIIGLDJRQDOWHUPVEHFRPHQRQ]HURDQGWKHGLDJRQDOWHUPVEHFRPHOHVVWKDQZLWKWKH
FRQVWUDLQWWKDWWKHVXPRIWKHSUREDELOLWLHVHTXDOVDWHDFKݔ 7KLQNLQJLQWHUPVRIUHOLDELOLW\LWVHHPV
UHDVRQDEOHWKDW DJDLQIRUDJLYHQݔ WKHKLJKHVWSUREDELOLW\ZRXOGEHRQWKHGLDJRQDODQGVRVKRXOGEH
VHWWRWKHPRGHRIWKHGLVFUHWL]HGFKRVHQGLVWULEXWLRQ H[SHFWHGYDOXHLIV\PPHWULF 
,IWKHSDUDPHWHUVRIWKHGLVWULEXWLRQDUHWKRXJKWWREHDIXQFWLRQRIܺWKHQDVSHFLILHGIXQFWLRQDO
UHODWLRQVKLSFDQEHLPSRVHGRQWKHVHSDUDPHWHUVWKDWGHILQHWKHFRQGLWLRQDO3'),IWKH60(KDV
HYLGHQFHRUDUJXPHQWWKDWWKHUHODWLRQVKLSEHWZHHQWKHFRQGLWLRQDO3')SDUDPHWHUVDQGܺGRHVQRW
IROORZDVSHFLILFIXQFWLRQDOIRUPWKHQWKHERXQGLQJHQYHORSPHWKRG 9RVH FDQEHHPSOR\HG

Validation of the HRPT approach
*LYHQWKDWWKHDQDO\WLFDOVROXWLRQVSUHVHQWHGLQWKH9R,OLWHUDWXUHDQGVXPPDUL]HGKHUHDUHFRQVWUDLQHG
WR D IHZ VSHFLDO FDVHV ZH FDQQRW SURYLGH D JHQHUDO 9R, YDOLGDWLRQ 7KXV ZH ZLOO YDOLGDWH WKH +537
PHWKRGE\  FRPSDULQJZLWKWKH7$//1DQDO\WLFDOVROXWLRQDQG  YDOLGDWLQJWKH%D\HVLDQXSGDWLQJ
VWHSLHWKHFDOFXODWLRQRIWKHSRVWHULRUIRUDORJQRUPDOORJQRUPDOSULRUOLNHOLKRRGSDLUZKHUHWKH
UHVXOWRIWKH%D\HVLDQXSGDWLQJFDQEHFRPSDUHGZLWKH[LVWLQJDQDO\WLFDOVROXWLRQV

(TJLYHVܫܸܲܧ௫௧ ൌ ̈́͵ǤͻͷPLOOLRQDQGܫܫܸܧ௫௧ ൌ ̈́ͳǤ͵ͷͻPLOOLRQ0HDQZKLOHXVLQJܰ ൌ ͳͲͲ
LQWKH+537DSSURDFKUHVXOWVLQܫܸܲܧଵ ൌ ̈́͵ǤͻͷͷPLOOLRQDQGܫܫܸܧଵ ൌ ̈́ͳǤ͵ͷͺPLOOLRQVRFRUUHFW
WRVLJQLILFDQWGLJLWV)LJXUHFRPSDUHVWKH9R,UHVXOWVXVLQJWKH+537DSSURDFKZLWKWKHDQDO\WLFDO
VROXWLRQLQ(TIRUGLIIHUHQWYDOXHVRIߩDQGܰ












Figure 5 - Likelihood, Joint and Posterior probability density functions for different correlation coefficients between the
uncertain quantity of interest, ࢄ, and the signal, ࢆ.
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Figure 6 - Comparison of approximate EVII to exact EVII for different values of ࣋ࢇࢊࡺ.


)URPWKHJUDSKZHVHHWKDWIRUܰ ൏ ʹͲWKHUHFDQEHVLJQLILFDQWHUURUVLQWKH(9,,7DEOHSURYLGHV
WKHGHWDLOHGUHVXOWV

Table 2 – Percent error when using the HRPT approach in a TALL-N, ࣋ െ ࡵࡿ problem for different ࣋ and ࡺ.
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ͲǤ
ͲǤͻ

͵
ϮϮϬ͘ϳϵ
ϰϳ͘ϮϮ
ϭϬ͘ϳϵ

ͷ
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ͲϬ͘ϲϮ
Ϭ͘Ϭϴ

ͷͲ
Ϯ͘ϯϬ
ϭ͘Ϯϱ
Ϭ͘ϳϭ

ͳͲͲ
Ϭ͘ϯϲ
Ϭ͘ϯϴ
Ϭ͘Ϭϳ


)RUܰ  ʹͲWKHUHDUHVLJQLILFDQWHUURUVLQ(9,,)RUܰ ൌ ͷͲDQGܰ ൌ ͳͲͲWKHSHUFHQWHUURUVDUHOHVV
WKDQ  DQG  UHVSHFWLYHO\ )RU DOO SUDFWLFDO SXUSRVHV XVLQJܰ  ͷͲZLOO HQVXUH D JRRG (9,,
HVWLPDWHUHVXOWLQJLQWKHVDPHLQIRUPDWLRQJDWKHULQJGHFLVLRQDVWKHFORVHGIRUPVROXWLRQ (T 
5HFDOO WKDW ZKDW KDV EHHQ FDOFXODWHG VR IDU DQG VKRZQ LQ WKH DERYH JUDSKV LV WKH YDOXH RI IUHH
LQIRUPDWLRQ$VZKDWLVLPSRUWDQWLQDQDSSUR[LPDWH9R,DVVHVVPHQWLVQRWWKH9R,LWVHOIEXWZKHWKHULW
ZLOO OHDG WR WKH VDPH LQIRUPDWLRQ JDWKHULQJ GHFLVLRQ DV WKH H[DFW VROXWLRQ )URP )LJXUH  ZH VHH WKDW
UHJDUGOHVVRIܰWKHYDOXHRIIUHHLQIRUPDWLRQEHFRPHVSRVLWLYHDWߩ ͳ ͷ
,Q RUGHU WR LQYHVWLJDWH WKH YDOXH RI LQIRUPDWLRQ WKDW FRPHV DW D FRVW ZH QHHG WR LQWURGXFH D FRVW
IXQFWLRQ /HW WKH FRVW RI WKH LQIRUPDWLRQ EH D OLQHDU IXQFWLRQ RI LWV TXDOLW\ VR WKDW ܿ ൌ ͲǤʹ  ͵ߩLQ
PLOOLRQ:HFDQWKHQDGGWKHFRVWWRWKH(9,,IRUGLIIHUHQW1¶VDVVKRZQLQ)LJXUH
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Figure 7 - Comparison of approximate EVII to exact EVII for different value of N when the information gathering cost is
included.

)URPWKHJUDSKZHVHHWKDWLUUHVSHFWLYHRIܰWKHLQIRUPDWLRQZLOOQRWDGGYDOXHLIߩLVOHVVWKDQ
DERXWDQGZLOODGGYDOXHLIߩLVJUHDWHUWKDQDERXW,IߩLVEHWZHHQDQGWKHFRPPRQO\
XVHGDQGSRLQWGLVFUHWL]DWLRQPHWKRGVZLOOUHVXOWLQGLIIHUHQWLQIRUPDWLRQJDWKHULQJGHFLVLRQVWKDQ
WKH+537DVVHVVPHQW

1RQ1RUPDO3ULRU±/LNHOLKRRG&RPELQDWLRQV
,QWKLVVHFWLRQZHLQYHVWLJDWHWKHDFFXUDF\RIWKH/537DSSURDFKZLWKGLIIHUHQWGLVFUHWL]DWLRQPHWKRGVIRU
PRUHJHQHUDODQGFRPPRQO\XVHGFRQWLQXRXVGLVWULEXWLRQVDQGYDOXHIXQFWLRQV:HGUDZRQWKHUHVXOWV
IURP WKH YDOLGDWLRQ VHFWLRQ DQG WUHDW WKH 9R, FDOFXODWHG XVLQJ WKH +537 DSSURDFK ZLWK ܰ ൌ ͳͲͲ 
ܴܶܲܪଵ DVWKHFRUUHFWRQH

&RPSDULVRQ&DVHV
:HLQYHVWLJDWHWKH9R, DFFXUDF\ XVLQJWKH3(57±3(57SULRU±OLNHOLKRRGSDLU DQGWKHORJQRUPDO ±
ORJQRUPDOSULRU±OLNHOLKRRGSDLU
PERT – PERT prior – likelihood pair
6XSSRVHDQRLOFRPSDQ\LVIDFLQJDGHFLVLRQZKHWKHUWRLQYHVWRUQRWLQDSURMHFWZKHUHWKHXQFHUWDLQW\LQ
WKH SULRU 139 KDV EHHQ DVVHVVHG DV D 3(57   GLVWULEXWLRQ 7KLV 139 GLVWULEXWLRQ LV
UHSUHVHQWDWLYHRIW\SLFDOH[SORUDWLRQSURMHFWVZKHUHWKHXSVLGHLVODUJHEXWZLWKDORZSUREDELOLW\DQGWKH
GRZQVLGHLVUHODWLYHO\VPDOOEXWZLWKDKLJKSUREDELOLW\7KH(>139@RIWKHSULRULVPLOOLRQ,IWKH
FRPSDQ\ FKRRVHV QRW WR LQYHVW WKH\ ZLOO JHW  IRU VXUH $V D SDUW RI WKH DQDO\VLV WKH FRPSDQ\ LV
FRQVLGHULQJJDWKHULQJLQIRUPDWLRQWRUHGXFHWKHLUXQFHUWDLQW\7KHFRPSDQ\H[SHUWVEHOLHYHWKHUHOLDELOLW\
OLNHOLKRRGIXQFWLRQ RIWKHLQIRUPDWLRQLVQRUPDOO\GLVWULEXWHGZKHUHWKHSDUDPHWHUVDUHGHVFULEHGXVLQJ
WKHFRQGLWLRQDO H[SHFWDWLRQ PHWKRG DV LQ (T 7KHFRVW RI WKH LQIRUPDWLRQ LV D OLQHDUIXQFWLRQ RI LWV
TXDOLW\DQGLVܿ ൌ ͲǤͷ  ͵ߩLQPLOOLRQ)LJXUHVKRZVWKHFRVWDQGWKHܴܶܲܪଵ DVIXQFWLRQVRIߩ










Figure 8 - VoI from HRPT vs cost of information gathering – PERT – PERT prior – likelihood pair.

Lognormal – lognormal prior – likelihood pair
,Q WKLV FDVH WKH GLVWLQFWLRQ RI LQWHUHVW LV UHVHUYHV /HW WKH SULRU DVVHVVPHQW RI UHVHUYHV EH ORJQRUPDOO\
GLVWULEXWHGZLWKDPHDQRIPLOOLRQDQGDVWDQGDUGGHYLDWLRQRIPLOOLRQLH/1  7KH139
LVDOLQHDUIXQFWLRQRIUHVHUYHVDQGLVJLYHQE\ܸܰܲ ൌ െͳͷͲ  ܺZKHUHܺLVWKHUHVHUYHVDQGWKH139
LVLQPLOOLRQ$VEHIRUHWKHFRVWRILQIRUPDWLRQLVDIXQFWLRQRILWVUHOLDELOLW\DQGLVJLYHQE\ܿ ൌ ͲǤͷ 
͵ߩLQPLOOLRQ7KHUHVXOWVDUHVKRZQLQ)LJXUH




Figure 9 - VoI from HRPT vs cost of information gathering – lognormal – lognormal prior – likelihood pair.


*HQHUDO'LVFUHWL]DWLRQ0HWKRGV
:HQRZSURYLGHDEULHIRYHUYLHZRIVRPHPRUHJHQHUDOGLIIHUHQWGLVFUHWL]DWLRQPHWKRGV7KHLQWHUHVWHG
UHDGHUVKRXOGFRQVXOW%LFNHOHWDO  IRUPRUHGHWDLOV
%LFNHO HW DO   SUHVHQW DQG GHVFULEH WKUHH JHQHUDO GLVFUHWL]DWLRQ PHWKRGV 0RPHQW 0DWFKLQJ
%UDFNHW0HDQDQG%UDFNHW0HGLDQ

Moment Matching
,QWKHPRPHQWPDWFKLQJ 00 PHWKRGWKHSUREDELOLWLHVDQGYDOXHVIRUHDFKRIWKHGHJUHHV GLVFUHWL]DWLRQ
SRLQWV  DUH FDOFXODWHG VR WKDW WKH PRPHQWV RI WKH GLVWULEXWLRQV DUH SUHVHUYHG 7KHVH SUREDELOLWLHV DQG
YDOXHVFDQEHFDOFXODWHGXVLQJ*DXVVLDQ4XDGUDWXUH *4 DVZHOODVE\XVLQJDQRSWLPL]DWLRQIRUPXODWLRQ



7KHPRPHQWVDUHWKHPHDQYDULDQFHVNHZQHVVNXUWRVLVHWF







8VLQJWKH00PHWKRGDQQGHJUHHVGLVFUHWL]DWLRQPDWFKQPRPHQWV:HXVHWKH00PHWKRGZLWK
DQGGHJUHHVLQRXULQYHVWLJDWLRQ

Bracket Mean and Bracket median
7KH LQWXLWLRQ EHKLQG WKH %UDFNHW 0HDQ %0Q  DQG %UDFNHW 0HGLDQ %0G  PHWKRGV LV TXLWH
VWUDLJKWIRUZDUG7KHܨܦܥRIWKHSUREDELOLW\GLVWULEXWLRQVLVGLYLGHGLQWRܰLQWHUYDOV)RUHDFKܰLQWHUYDOV
ZHKDYHWKHSUREDELOLW\DQGYDOXHWKDWUHSUHVHQWLQJWKRVHLQWHUYDOV7KHSUREDELOLW\DWLQWHUYDO݅LVJLYHQ
E\ܨܦܥ െ ܨܦܥିଵ ZKLOVWWKHYDOXHLVGHVFULEHGZLWKWKHPHDQ %0Q RUPHGLDQ %0G RIݔ WRݔିଵ 
7DEOHVKRZVWKHSHUFHQWLOHDQGSUREDELOLW\RIWKH%0QDQG%0GIRUERWK3(57SULRUDQGORJQRUPDO
SULRUFDVH

Table 3- PERT prior and lognormal prior discretization methods

DŶϯ



WĞƌĐĞŶƚŝůĞĂŶĚWƌŽďĂďŝůŝƚǇƵƐĞĚĨŽƌWZdWƌŝŽƌĂƐĞ
WĞƌĐĞŶƚŝůĞ WƌŽďĂďŝůŝƚǇ
WĞƌĐĞŶƚŝůĞ WƌŽďĂďŝůŝƚǇ
Ϭ͘ϭϲϬϭ
Ϭ͘ϯϯϯϬ
DŶϱ
Ϭ͘Ϭϵϰϴ
Ϭ͘ϮϬϬϬ
Ϭ͘ϱϬϰϰ
Ϭ͘ϯϯϰϬ
Ϭ͘ϯϬϬϭ
Ϭ͘ϮϬϬϬ
Ϭ͘ϴϲϭϰ
Ϭ͘ϯϯϯϬ
Ϭ͘ϱϬϭϱ
Ϭ͘ϮϬϬϬ
Ϭ͘ϳϬϯϱ
Ϭ͘ϮϬϬϬ
Ϭ͘ϵϭϳϯ
Ϭ͘ϮϬϬϬ

DŶϯ

WĞƌĐĞŶƚŝůĞĂŶĚWƌŽďĂďŝůŝƚǇƵƐĞĚĨŽƌ>ŽŐŶŽƌŵĂůWƌŝŽƌĂƐĞ
WĞƌĐĞŶƚŝůĞ WƌŽďĂďŝůŝƚǇ
WĞƌĐĞŶƚŝůĞ WƌŽďĂďŝůŝƚǇ
Ϭ͘ϭϰϰϰ
Ϭ͘ϯϯϯϬ
DŶϱ
Ϭ͘Ϭϴϰϰ
Ϭ͘ϮϬϬϬ
Ϭ͘ϱϬϮϴ
Ϭ͘ϯϯϰϬ
Ϭ͘Ϯϵϴϱ
Ϭ͘ϮϬϬϬ
Ϭ͘ϴϲϵϳ
Ϭ͘ϯϯϯϬ
Ϭ͘ϱϬϭϬ
Ϭ͘ϮϬϬϬ
Ϭ͘ϳϬϯϳ
Ϭ͘ϮϬϬϬ
Ϭ͘ϵϮϯϬ
Ϭ͘ϮϬϬϬ

DĚϯ

Ϭ͘ϭϲϲϱ
Ϭ͘ϱϬϬϬ
Ϭ͘ϴϯϯϱ

Ϭ͘ϯϯϯϬ
Ϭ͘ϯϯϰϬ
Ϭ͘ϯϯϯϬ

DĚϱ

Ϭ͘ϭϬϬϬ
Ϭ͘ϯϬϬϬ
Ϭ͘ϱϬϬϬ
Ϭ͘ϳϬϬϬ
Ϭ͘ϵϬϬϬ

Ϭ͘ϮϬϬϬ
Ϭ͘ϮϬϬϬ
Ϭ͘ϮϬϬϬ
Ϭ͘ϮϬϬϬ
Ϭ͘ϮϬϬϬ

DĚϯ

Ϭ͘ϭϲϲϱ
Ϭ͘ϱϬϬϬ
Ϭ͘ϴϯϯϱ

Ϭ͘ϯϯϯϬ
Ϭ͘ϯϯϰϬ
Ϭ͘ϯϯϯϬ

DĚϱ

Ϭ͘ϭϬϬϬ
Ϭ͘ϯϬϬϬ
Ϭ͘ϱϬϬϬ
Ϭ͘ϳϬϬϬ
Ϭ͘ϵϬϬϬ

Ϭ͘ϮϬϬϬ
Ϭ͘ϮϬϬϬ
Ϭ͘ϮϬϬϬ
Ϭ͘ϮϬϬϬ
Ϭ͘ϮϬϬϬ

DDϯ

Ϭ͘ϬϱϬϬ
Ϭ͘ϱϬϬϬ
Ϭ͘ϵϱϬϬ

Ϭ͘ϭϴϯϬ
Ϭ͘ϲϯϯϳ
Ϭ͘ϭϴϯϰ

DDϱ

Ϭ͘ϬϱϬϬ
Ϭ͘ϮϱϬϬ
Ϭ͘ϱϬϬϬ
Ϭ͘ϳϱϬϬ
Ϭ͘ϵϱϬϬ

Ϭ͘ϭϰϭϱ
Ϭ͘Ϯϯϭϯ
Ϭ͘Ϯϱϰϳ
Ϭ͘ϮϯϮϮ
Ϭ͘ϭϰϬϯ

DDϯ

Ϭ͘ϭϭϳϮ
Ϭ͘ϳϭϱϱ
Ϭ͘ϵϵϬϬ

Ϭ͘ϯϳϰϬ
Ϭ͘ϱϳϱϱ
Ϭ͘ϬϱϬϱ

DDϱ

Ϭ͘ϬϮϴϳ
Ϭ͘ϯϱϴϮ
Ϭ͘ϴϰϳϯ
Ϭ͘ϵϵϮϭ
ϭ͘ϬϬϬϬ

Ϭ͘ϭϭϮϭ
Ϭ͘ϱϯϯϲ
Ϭ͘ϯϮϯϬ
Ϭ͘ϬϯϭϬ
Ϭ͘ϬϬϬϯ




5HVXOWV
:HXVHWZRPHDVXUHVWRLQYHVWLJDWHWKH9R,DFFXUDF\DFKLHYHGZLWK/537GLVFUHWL]DWLRQPHWKRGV7KH
ILUVW PHDVXUH LQWURGXFHG E\ %LFNHO   LV WKH UDWLR RI WKH DSSUR[LPDWH WR WKH H[DFW 9R,
ܸܱܫோ் Τܸܱܫா௫௧ $VDQH[DPSOHDܸܱܫோ் Τܸܱܫா௫௧ ൌ ͳǤʹWHOOVXVWKDWWKH9R,UHVXOWLQJIURP/537
LVRYHUHVWLPDWHGE\
7KHVHFRQGPHDVXUHZHXVHLVWRFDSWXUHWKH9R,GHFLVLRQLPSDFWLHDUHWKHUHFDVHVZKHUHWKHH[DFW
VROXWLRQZRXOGKDYHUHVXOWHGLQ\HVRUQRLQIRUPDWLRQJDWKHULQJGHFLVLRQZKLOVWWKH/537FRQFOXGHVWKDW
PRUHLQIRUPDWLRQKDVQRYDOXHRULVYDOXDEOH")RUH[DPSOHLIWKHH[DFWVROXWLRQLQGLFDWHVWKDWLQIRUPDWLRQ
LVYDOXDEOHIRUDOOߩ  ͲǤͷZKLOVWWKH/537UHVXOWLQDSRVLWLYHLQIRUPDWLRQJDWKHULQJGHFLVLRQIRUߩ 
ͲǤͷ ZH VD\ WKDW WKH /537 VROXWLRQ LV PRUH ³DJJUHVVLYH´ LQ WHUPV RI LQIRUPDWLRQ JDWKHULQJ DFWLYLWLHV
FRPSDUHGZLWKWKHH[DFWVROXWLRQ:HLQYHVWLJDWHWKLVPHDVXUHE\ORRNLQJDWWKHUDWLRߩோ் Ȁߩுோ் ,IWKH
UDWLRLVJUHDWHU OHVV WKDQRQHWKH/537PHWKRGLVPRUH OHVV DJJUHVVLYHWKDQWKHH[DFWVROXWLRQLH
XVLQJ WKH /537 ZLWK WKH JLYHQ GLVFUHWL]DWLRQ PHWKRG ZLOO UHVXOW LQ D SRVLWLYH QHJDWLYH  LQIRUPDWLRQ
JDWKHULQJGHFLVLRQIRUORZHU KLJKHU YDOXHVRIߩ
)LJXUHDQG)LJXUHVKRZWKH9R,UDWLRIRUWKHILYHSRLQWVJHQHUDOGLVFUHWL]DWLRQPHWKRGVXVLQJ
WKH3(57DQGORJQRUPDOSULRU UHVSHFWLYHO\)LJXUHDQG)LJXUHVKRZWKH9R,UDWLRIRUWKHWKUHH
SRLQWVJHQHUDOGLVFUHWL]DWLRQPHWKRGVXVLQJWKH3(57DQGORJQRUPDOSULRUUHVSHFWLYHO\7KHEODFNOLQH
UHSUHVHQWVWKHH[DFW VROXWLRQ&OHDUO\ IRUWKLVFDVHQRQHRIWKHGLVFUHWL]DWLRQPHWKRGVLQYHVWLJDWHGDUH
YHU\DFFXUDWHDFURVVWKHHQWLUHUDQJHRIɏDOWKRXJKWKH00PHWKRGLVFORVHUWRWKHH[DFW9R,IRUɏ 
ͲǤͶ






Figure 10 - VoI error for the general discretization
methods with PERT Prior, 5 points discretization

Figure 12 - VoI error for the general discretization
methods with PERT Prior, 3 points discretization





Figure 11 - VoI error for the general discretization methods
with lognormal Prior, 5 points discretization

Figure 13 - VoI error for the general discretization methods
with lognormal prior, 3 points discretization



)LJXUHDQG)LJXUHSURYLGHWKHVDPHFRPSDULVRQIRUWKHWKUHHVKRUWFXWGLVFUHWL]DWLRQPHWKRGV7KH
HUURUV UHVXOWLQJ IURP WKH XVH RI VKRUW FXWV FRPSDUHG ZLWK WKH H[DFW VROXWLRQ ZLWK D 3(57 SULRU DUH
UHODWLYHO\FRQVWDQWIRUߩ  ͲǤ͵)RUERWKSULRUVWKH(37VKRUWFXWDGGVYDOXHDWDORZHUߩWKDQWKHRWKHU
WZRVKRUWFXWV






Figure 14 - VoI error for the discretization shortcuts
with PERT prior







Figure 15 - VoI error for the discretization shortcuts with
lognormal prior





0RVWRIWKHWKUHHWRILYHGLVFUHWL]DWLRQPHWKRGVDERYHKDYH9R,ZKHQߩ!DQGWKXVZHGHFLGHGWRVHH
WKHPLQLPXPDQGPD[LPXPRIWKHUHODWLYHHUURUVIRUWKLVUDQJH ,WZRXOGEHXQUHDVRQDEOHWRFRPSDUHWKH
UDQJHRIHUURUIRUHDFKGLVFUHWL]DWLRQPHWKRGVDWDQ\YDOXHRIߩ)LJXUHDQG)LJXUHVKRZWKHUDQJH
RIUHODWLYHHUURUVIRUߩ 7KHEDUVVKRZWKHUDQJHIURPWKHPD[LPXPUHODWLYHXQGHUHVWLPDWHWRWKH
PD[LPXP UHODWLYH RYHUHVWLPDWHIRUHDFK RI WKH GLVFUHWL]DWLRQ PHWKRGV LQYHVWLJDWHG $JDLQ ZH FDQQRW
GUDZDQ\JHQHUDOFRQFOXVLRQVH[FHSWWKDWQRQHRIWKHGLVFUHWL]DWLRQPHWKRGVDUHGRLQJDSDUWLFXODUO\JRRG
MRELQHVWLPDWLQJWKHFRUUHFW9R,



Figure 16 - Range of relative errors using the PERT prior



Figure 17 - Range of relative errors using the lognormal
prior


,Q JHQHUDO LQFUHDVLQJ WKH QXPEHU RI GLVFUHWL]DWLRQ GRHV KHOS WR UHGXFH WKH HUURU +RZHYHU LW LV
LQWHUHVWLQJWRQRWHWKDWLQ00ORJQRUPDOFDVHDQLQFUHDVHLQWKHQXPEHURIGHJUHHVGRHVQRWOHDGWRDQ
LQFUHDVHLQ9R,DFFXUDF\,QGHHGIRUWKLVFDVHPDWFKLQJ  ± PRPHQWVRIWKHSULRUXQFHUWDLQW\
OHDGV WR D SRRUHU HVWLPDWH WKDQ PDWFKLQJ RQO\    ±   PRPHQWV :H DGGUHVV WKLV TXHVWLRQ LQ WKH
GLVFXVVLRQVHFWLRQEHORZ
1RQHWKHOHVVWKH9R,YDOXHHUURULVQRWLPSRUWDQWLQDQGRILWVHOI:KDWZHVKRXOGEHFRQFHUQHGDERXW
LVLWVSRWHQWLDOLPSDFWRQWKHLQIRUPDWLRQJDWKHULQJGHFLVLRQ(YHQWKRXJKWKH/5379R,LQPDQ\FDVHV
KDVDODUJHHUURUUDQJHDVZLWQHVVHGE\)LJXUHDQG)LJXUHWKHLPSDFWRIWKLVHUURURQWKHGHFLVLRQ
WRJDWKHULQIRUPDWLRQPD\EHOHVVSURQRXQFHG
1H[WZHORRNDWWKHGHFLVLRQLPSDFWRIXVLQJ/537ZLWKWKHGLVFUHWL]DWLRQPHWKRGV)RUDJLYHQFRVW


ͷ5HODWLYHHUURUVLQYHVWLJDWLRQZKHQߩ ͲǤLVDOVRPRUHUHDOLVWLFDVWKHUHVKRXOGEHQRUHDVRQIRUXVWRFRQVLGHUWKHLQIRUPDWLRQVRXUFHLIWKH\KDYHORZ
DFFXUDF\ ORZߩ VHWWLQJV

5HODWLYHHUURUVLVGHILQHGDVሺܸܱܫோ் Τܸܱܫ௫௧ െ ͳሻ ൈ ͳͲͲΨ







& PLOOLRQ RILQIRUPDWLRQZHFDQLGHQWLI\WKHPLQLPXPߩVXFKWKDW9R,!&LHWKHSRLQWZKHUHWKH
GHFLVLRQFKDQJHVIURP³GRQRWJDWKHULQIRUPDWLRQ´WR³JDWKHULQIRUPDWLRQ´,Q)LJXUHDQG)LJXUHZH
VKRZWKH+5379R,DQGFRVW&RIWKHLQIRUPDWLRQLQWKHVDPHJUDSK)LJXUHVKRZVWKHPLQLPXP
ߩ െUDWLR ߩோ் Ȁߩுோ் WRJHW9R,!&IRUHDFKRIWKHGLVFUHWL]DWLRQPHWKRGVIRUWKH3(57SULRU


Figure 18 - Effect of VoI error on the information gathering decision



7KHEODFNOLQHFRUUHVSRQGLQJWRDUDWLRRIZKLFKFRUUHVSRQGVWRWKHH[DFWVROXWLRQ:KHQHYHUWKH
ߩ െUDWLRLVJUHDWHU OHVV WKDQWKH/537PHWKRGZLOOUHFRPPHQGD³JDWKHULQIRUPDWLRQ´GHFLVLRQDWD
ORZHU KLJKHU ߩWKDQWKHH[DFWVROXWLRQ,IDPHWKRGKDVQREDUIRUDJLYHQSULRUVXFKDVWKH00DQG
%0GIRUWKHORJQRUPDOGLVWULEXWLRQQRWHYHQSHUIHFWLQIRUPDWLRQߩ ൌ ͳLVZRUWKHQRXJKWRLQYHVWLQ
LQIRUPDWLRQJDWKHULQJ
$VEHIRUHWKHPDLQREVHUYDWLRQLVWKDWLQJHQHUDOWKHDSSUR[LPDWHPHWKRGVXVHGLQ/537ZLOOUHVXOW
LQPDNLQJWKH³JDWKHULQIRUPDWLRQ´GHFLVLRQZLWKHLWKHUOHVVRUPRUHUHOLDEOHLQIRUPDWLRQ ORZHURUKLJKHU
ߩ WKDQZKDWZHJHWIURPWKHH[DFW9R,FRPSXWDWLRQ)XUWKHUPRUHWKHUHLVQRIL[HGSDWWHUQLQWKHVHHUURUV
$ JLYHQ GLVFUHWL]DWLRQ PHWKRG PD\ QRW EH FRQVLVWHQWO\ ³HDUO\´ RU ³ODWH´ LQ WULJJHULQJ WKH ³JDWKHU
LQIRUPDWLRQ´GHFLVLRQIRUGLIIHUHQWSULRUV

$FFXUDF\RI0RQWH&DUOR0HWKRGV
6RIDUZHKDYHEHHQIRFXVLQJRQ9R,DQDO\VLVZKHUHGHFLVLRQWUHHLVXVHGDVDPDLQHQJLQHRIWKH9R,
DQDO\VLV$OWHUQDWLYHO\IHZKDYHLQWURGXFHG0&PHWKRGVIRU9R,DQDO\VLV$ULOGHWDO  LQWURGXFH
9R,DQDO\VLVZKHUHWKH\XVLQJ0&VDPSOLQJIRUFRPSXWLQJWKH%D\HV¶5XOH:HFDOOHGWKHPHWKRGE\
$ULOGHWDO  DV%D\HV0RQWH&DUOR %0& %DUURVHWDO DE LQWURGXFHG0&EDVHG
9R,DQDO\VLVXVLQJ(Q.)DOJRULWKP /DWHU+RQJHWDO  LPSURYHWKHIRUPXODWLRQRI%DUURV HWDO
D WRPDNHLWPRUHUREXVWDQGFRQVLVWHQWZLWK9R,DQDO\VLVLQGHFLVLRQDQDO\VLV
 7KHVH0&EDVHGPHWKRGVGRKDYHLWVEHQHILW,QRLO JDVFRQWH[WV9R,DQDO\VLVLQYROYLQJDODUJH
QXPEHU RI XQFHUWDLQWLHV LV RIWHQ UHTXLUHG 6LQFH WKH FRPSXWDQLRQDO FRVWV RI WKH +537 DSSURDFK DUH
JURZLQJH[SRQHQWLDOO\LWLVQRWVXLWDEOHIRUVROYLQJSUREOHPVZLWKDODUJHQXPEHURIXQFHUWDLQWLHV0&
PHWKRGVDUHOHVVVHQVLWLYHWRWKHQXPEHURUXQFHUWDLQWLHVLQYROYHG1HYHUWKHOHVVWKHUHDUHDOZD\VFKRLFH
ZLWK 0& PHWKRGV WKDW LV QRW HDV\ WR DQVZHU +RZ PDQ\ 0& VDPSOHV LV UHTXLUHG WR JHW D JRRG 9R,
DSSUR[LPDWLRQ" 2U LQ WKH FDVH RI (Q.) +RZ PDQ\ PHPEHU RI HQVHPEOHV DUH UHTXLUHG 7KLV LV WKH
TXHVWLRQZHZRXOGOLNHWRDGGUHVVLQWKLVVHFWLRQ
 7KLVVHFWLRQLQYHVWLJDWHWKHDFFXUDF\RIWKH%0&DSSURDFKE\$ULOGHWDO  DQG(Q.)DSSURDFK

 ሺ݊ ሻn ǡk 

 Ǥ







XVLQJ)RUPXODWLRQ,RI+RQJ HWDO   ZKLFKLVDQLPSURYHPHQWRI%DUURVHWDO DE
  PHWKRGV 6SHFLILFDOO\ ZH ZLOO FRPSDUH DQDO\WLFDO PHWKRGV VROXWLRQ WR WKH UHVXOWV IURP +537
%0&DQG(Q.)RQWKH7$//1SUREOHPV7KHUHVXOWVLVWKHQXVHGWRFRPSDUHWKHHIIHFWLYHQHVVRI0&
EDVHGDSSURDFKWRWKH+537VROXWLRQ

Bayes Monte Carlo (BMC). $ULOG HW DO   LQWURGXFHG D 0& VLPXODWLRQ EDVHG PHWKRG IRU 9R,
FDOFXODWLRQVZLWKFRQWLQXRXVSULRUV7KH\LQWURGXFHDQHUURUIXQFWLRQ () WKDWUHSUHVHQWVWKHLPSHUIHFW
LQIRUPDWLRQ HPEHGGHG LQ WKH REVHUYHG VLJQDO 7KH () LV WKHQ FRPELQHG ZLWK WKH SULRU WR JHQHUDWH WKH
OLNHOLKRRG IXQFWLRQ ZKLFK LQ WXUQ LV XVHG WR FDOFXODWH WKH SUHSRVWHULRU DQG SRVWHULRU GLVWULEXWLRQV
,QWURGXFLQJDQHUURUIXQFWLRQLVVLPSO\DQRWKHUPHDQVRIVSHFLI\LQJWKHIXQFWLRQDOUHODWLRQVKLSEHWZHHQ
WKH SULRU DQG WKH OLNHOLKRRG VR LQ WKDW UHVSHFW WKLV %0& DSSURDFK LV VLPLODU WR WKH +537 PHWKRG
+RZHYHUWKH%0&DSSURDFKLVXVLQJ0RQWH&DUORVDPSOLQJWR³GLVFUHWL]H´WKHGLVWULEXWLRQV)LJXUH
LOOXVWUDWHVWKHGLVFUHWL]DWLRQRIDSUREDELOLW\GLVWULEXWLRQܲሺܺሻZKHUHܰ ൌ ͻDVZHOODVDVHWRI0RQWH
&DUOR VDPSOHV 7KH FRQWLQXRXV SUREDELOLW\ GLVWULEXWLRQ LV UHSUHVHQWHG E\ WKH EOXH FXUYH WKH +537
GLVFUHWL]HGRXWFRPHVE\WKHRUDQJHGRWVDQGWKH0RQWH&DUORVDPSOHVE\WKHEODFNULQJV7KHVKDSHRI
WKH FRQWLQXRXV SUREDELOLW\ GLVWULEXWLRQ LV EHWWHU SUHVHUYHG E\ WKH +537 GLVFUHWL]HG RXWFRPHV WKDQ WKH
0RQWH&DUORVDPSOHVEHFDXVHWKH+537GLVFUHWL]HGRXWFRPHVGLVWULEXWHHYHQO\WKURXJKRXWWKHUDQJHRI
ܺZKLOVWPRVWRIWKH0RQWH&DUORVDPSOHVFOXVWHUDURXQGWKHPRGH,IWKHQXPEHURIGHJUHHIRU+537
DQGWKHQXPEHURI%0&VDPSOHVDUHWKHVDPHWKHFRPSXWDWLRQDOWLPHIRU9R,HVWLPDWLRQXVLQJ+537
DQG %0& PHWKRG LV WKH VDPH 7KXV FRPSDUHG WR WKH %0& PHWKRG +537 FDQ HVWLPDWH 9R, PRUH
DFFXUDWHO\ZLWKLQDJLYHQFRPSXWDWLRQDOWLPH




Figure 19 - Illustration of HRPT discretized outcomes and Monte Carlo samples for a continuous probability distribution.

 7KHGHWDLOVRIWKHDOJRULWKPWRVROYH7$//1SUREOHPXVLQJ%0&LVGHVFULEHGLQ$SSHQGL[&

Ensemble Kalman Filter (EnKF). 7KH (Q.)DSSURDFKLVEDVHGRQD0&LPSOHPHQWDWLRQRIWKH.DOPDQ
ILOWHU .) ZKLFKZDVSLRQHHUHGE\(YHQVHQ  DQGGLVFXVVHGLQGHWDLOVE\2OLYHUHWDO  7KH
NH\ IHDWXUH RI .) LV WKDW LW SURYLGHV D FORVHGIRUP VROXWLRQ IRU XSGDWLQJ WKH SUREDELOLW\ WKURXJK D
SDUDPHWHUFDOOHG.DOPDQJDLQ.DOPDQJDLQLVGHULYHGIURPWKH%D\HV¶UXOH VHH%DUNHUHWDO 'XH
WRWKH.DOPDQJDLQWKHSUREDELOLW\XSGDWLQJLQ(Q.)LVYHU\HIILFLHQWDQGVXLWDEOHWREHXVHGIRUODUJH
SUREOHPV
 7KH(Q.)LVFRPPRQO\LPSOHPHQWHGLQDG\QDPLFDOV\VWHPZKHUHWKHSDUDPHWHUVDUHWLPHGHSHQGHQW
$VLQWKHRULJLQDO.DOPDQILOWHUDSSURDFKWKH(Q.)LVLPSOHPHQWHGWKURXJKWKHXVHRIWZRHTXDWLRQVWKH
SUHGLFWLRQ HTXDWLRQ DQG WKH REVHUYDWLRQ HTXDWLRQ 7KH REVHUYDWLRQ HTXDWLRQ QHHGV PHDVXUHPHQW HUURU
GHVFULEHGDVDQRUPDOGLVWULEXWLRQ7KLVPHDQVWKHPHDVXUHPHQWHUURULQ(Q.)LVWKHVDPHZLWK()LQWKH
%0& EXW LV UHVWULFWHG WR QRUPDO GLVWULEXWLRQ 6LQFH ZH DUH GHDOLQJ ZLWK 7$//1 SUREOHP ZKHUH







HYHU\WKLQJ LV GHVFULEHG WR EH QRUPDOO\ GLVWULEXWHG WKHQ (Q.) FDQ EH XVHG WR FDOFXODWH WKH 9R, 7KH
DOJRULWKPWKDWSURYLGHVWKHGHWDLORQFDOFXODWLQJWKH7$//1ZLWK(Q.)LVSURYLGHGLQ$SSHQGL[' 

Comparison to HRPT and Analytical VoI. 7KH 9R, FDOFXODWHG XVLQJ (Q.) ZLWK DQ HQVHPEOH VL]H RI
IRULPSHUIHFWLQIRUPDWLRQVD\ߪ௭ȁ௫ ൌ ͷLVZKLFKLVYHU\FORVHWRWKHH[DFWVROXWLRQ  
ZLWKDQHUURURIRQO\0HDQZKLOHIRUWKHVDPHFDVH%0&ZLWKVDPSOHVUHVXOWLQJLQ
DQHUURURIHUURU
 ,Q DSSO\LQJ %0& DQG (Q.) WR 9R, FDOFXODWLRQV IRU WKH QRUPDO GLVWULEXWLRQ ZH FDQ FRPSDUH WKH
QXPEHURIHQVHPEOHPHPEHUV 0&VDPSOHV ZLWKWKHQXPEHURIGHJUHHVLQWKH+537DSSURDFKDQGDVN
+RZPDQ\HQVHPEOHPHPEHUVRUQXPEHURIVDPSOHVDUHUHTXLUHGWRPDWFKWKHDQDO\WLFDO9R,DQGFRPSDUH
WKLVZLWKWKHQXPEHURIGHJUHHVUHTXLUHGE\WKH+537DSSURDFKIRUWKHVDPHSXUSRVH7KHVDPHWKLQJ
DOVRDSSOLHVWR%0&DSSURDFKLH+RZPDQ\0&VDPSOHVDUHUHTXLUHGWRPDWFKWKHDQDO\WLFDO9R,:H
VKRZWKLVFRPSDULVRQLQ)LJXUHEHORZZKHUHWKHUHODWLYHHUURUIURPWKHH[DFW9R,DUHFDOFXODWHGIRU
HDFKRIWKH9R,PHWKRGV

Figure 20 - VoI Mean Squared Error of VoI for HRPT and EnKF



$VZHFDQVHHIURP)LJXUHWKH+537LVIDUPRUHHIILFLHQWWKDQ(Q.)DVLWUHTXLUHVRQO\KLJKHUWKDQ
GHJUHHVWRJHWWKHVDPHDQVZHUDVWKHFORVHGIRUPVROXWLRQZLWKLQUDQJHRIHUURU+RZHYHUXVLQJ
WKH(Q.)UHTXLUHVKLJKHUWKDQHQVHPEOHPHPEHUVWRJHWWKHVDPHSUHFLVLRQ$QGDVIRU%0&DSSURDFK
WKH0&VDPSOHVUHTXLUHGDUHH[WHQVLYH(YHQZLWKPRUHWKDQVDPSOHVWKHUHODWLYHHUURUDUHPRUH
WKDQDQGVWLOOZRUVHWKDQWKH+537ZLWKGHJUHHVDQGZRUVHWKDQ(Q.)ZLWKHQVHPEOHVL]HRI
7KLVH[SODLQHGWKDWIRU9R,DQDO\VLVZLWKVPDOOQXPEHURIXQFHUWDLQWLHVWKH+537DSSURDFKLVSUHIHUUHG
+RZHYHUDVWKHQXPEHURIXQFHUWDLQWLHVLQFUHDVHVVRGRHVWKHFRPSXWDWLRQDOFRVWVZKLFKH[KLELWVOLQHDU
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+537PHWKRGSURYLGHVFRPSOHWHIOH[LELOLW\LQWKHFKRLFHRISULRUDQGOLNHOLKRRGIXQFWLRQDVZHOODVLQWKH
FKRLFHRIYDOXHIXQFWLRQ,WDOVRTXLFNO\FRQYHUJHVWRWKHH[DFWDQDO\WLFDO9R,IRUWKH7$//1SUREOHP
7KXV WKH +537 DSSURDFK SURYLGHV DQ DFFXUDWH HDV\ WR LPSOHPHQWV DQG YHU\ IOH[LEOH DSSURDFK WR
FDOFXODWLQJ9R,YDOXHVEDVHGRQFRQWLQXRXRVGLVWULEXWLRQVIRUSULRUVDQGOLNHOLKRRGIXQFWLRQV
,IWKHSUREOHPEHLQJHYDOXDWHGILWVZLWKWKHFRQVWUDLQWVRIWKHߩ െ ܵܫWKHFORVHGIRUPVROXWLRQLVDQ
REYLRXVFKRLFHGXHWRLWVDFFXUDF\DQGVLPSOLFLW\6LPLODUO\LIWKH9R,FDOFXODWLRQLVFRQFHUQHGZLWKD
ODUJHQXPEHURIXQFHUWDLQWLHVDQGILWVZLWKLQWKHFRQVWUDLQWVRIWKH(Q.)DSSURDFKWKLVLVDQDWXUDODQG
UREXVWDSSURDFKIRUFDOFXODWLQJWKH9R,+RZHYHULIWKHSULRUVDQGOLNHOLKRRGVDUHQRWQRUPDODQGWKH
GHFLVLRQLQYROYHVDODUJHQXPEHURIXQFHUWDLQWLHVWKHRQO\FKRLFHLVWKH%0&DSSURDFKGHVSLWHWKHIDFW
WKDWLWKDVKLJKHUURUUDWHV
1HLWKHUWKHJHQHUDOQRUWKHVKRUWFXWEDVHGGLVFUHWL]DWLRQPHWKRGVZLOOUHVXOWLQ9R,YDOXHVWKDWPDWFK
WKHGHFLVLRQVRUYDOXHVRIWKHH[DFW9R,FDOFXODWLRQVEDVHGRQFRQWLQXRXRVGLVWULEXWLRQV7KHIDFWWKDWWKH
PRPHQW PDWFKLQJ GLVFUHWL]DWLRQ PHWKRGV DUH VXSHULRU LQ PDWFKLQJ WKH VWDWLVWLFV RI WKH SULRU GRHV QRW
QHFHVVDULO\ PHDQ WKDW WKH\ ZLOO EH PRUH SUHFLVH LV YDOXLQJ LQIRUPDWLRQ RU LQ WULJJHULQJ LQIRUPDWLRQ
JDWKHULQJGHFLVLRQV,QGHHGLQVHYHUDOFDVHVWKHGLVFUHWL]DWLRQVKRUWFXWVUHVXOWLQVPDOOHU9R,HUURUWKDQ
WKHPRPHQWPDWFKLQJPHWKRGV
7KH VKDSH DQG SURSHUWLHV RI WKH GLVWULEXWLRQ RI WKH SULRU SDUWLFXODUO\ LQ ݔ൏ ݒUHJLRQ KDV D ODUJH
LPSDFWRQWKH9R,)LJXUHSURYLGHVDQH[DPSOHRIDORJQRUPDOYDOXHGLVWULEXWLRQ7KH9DOXHRI3HUIHFW
௩
,QIRUPDWLRQLVGHILQHGDVܸܱܲ ܫൌ ିஶ ݔሺݔሻ݀ݔZKLFKLVWKHLQWHJUDWLRQDFURVV ݔ൏ ݒUDQJH UHGDUHDLQ
)LJXUH :KDWZRXOGEHUHTXLUHGIRUDKLJKO\DFFXUDWH9R,FDOFXODWLRQXVLQJGLVFUHWL]DWLRQPHWKRGVLV
WRSUHVHUYHWKHVKDSHDQGSURSHUWLHVRIWKH ݔ൏ ݒUDQJH1RQHRIWKHGLVFUHWL]DWLRQPHWKRGVLQFRPPRQ
XVHKDYHEHHQGHYHORSHGZLWKWKHLQWHQWRISUHVHUYLQJWKHVKDSHDQGSURSHUWLHVRIWKLVDUHDDQGVRLWVKRXOG
EHQRVXUSULVHWKDWXVLQJWKHVHGLVFUHWL]DWLRQGRHVQRWOHDGWRDJRRGHVWLPDWHRI9R,YDOXHRUFKRLFH


Figure 21 - Linear loss integral of NPV distribution for lognormal case.



&RQFOXVLRQV
7KHFRQWULEXWLRQRIWKLVSDSHUDUHEHHQILYHIROG
x :HKDYHLQWURGXFHGDSUDFWLFDOIOH[LEOHHIILFLHQWDQGYHU\JHQHUDODSSURDFKIRUDQDO\]LQJWKH
9R,ZKHQWKHXQGHUO\LQJXQFHUWDLQWLHVDUHUHSUHVHQWHGE\FRQWLQXRXVYDULDEOHV
x :HKDYHLQYHVWLJDWHGDQGGLVFXVVHGWKHDFFXUDF\RIFRPPRQDQGJHQHUDOGLVFUHWL]DWLRQPHWKRGV
LQWKHFRQWH[WRI9R,FDOFXODWLRQV)URPWKHGLVFUHWL]DWLRQPHWKRGVWKDWZHLQYHVWLJDWHGZHIRXQG
QR FRPPRQ RU JHQHUDO GLVFUHWL]DWLRQ PHWKRGV WKDW LV DFFXUDWH LQ FDOFXODWLQJ WKH 9R, 0RUH
LPSRUWDQWO\WKHGLVFUHWL]DWLRQPHWKRGVZLOORIWHQOHDGWRGLIIHUHQWLQIRUPDWLRQJDWKHULQJGHFLVLRQV







FRPSDUHGZLWKWKRVHUHOXVWLQJIURPDPRUHDFFXUDWH9R,DVVHVVPHQW:HFDQQRWFRQFOXGHWKDWDQ\
RIWKHGLVFUHWL]DWLRQPHWKRGVDUHEHWWHURUZRUVHWKDQDQ\RWKHU
x :HKDYHDOVRLQYHVWLJDWHGWKHDFFXUDF\RI0&EDVHG9R,PHWKRGV7KLVLQYHVWLJDWLRQJLYHVLQVLJKW
RQWKHDFFXUDF\OHYHOIRUHDFK0&EDVHG9R,PHWKRGV
x *LYHQWKHDYDLODELOLW\RIWKHɏ െ (Q.)%0&DQG+537DSSURDFKHVWKRURXJKLQYHVWLJDWLRQ
IURPWKLVSDSHUSURYLGHEDVLVRIUHFRPPHQGDWLRQVIRUFKRRVLQJWKHDSSURSULDWH9R,DSSURDFK
x %\LOOXVWUDWLQJKRZFRQWLQXRXVYDULDEOHVWHFKQLTXHVFDQEHXVHGLQ9R,DQDO\VLVRXUSDSHUDOVR
KDVVRPHWXWRULDOYDOXHWKDWPD\KHOSLQVSLUHDQGLQFUHDVHWKHXVHRIWKHVHPHWKRGV

$FNQROHGJHPHQW
$RMLH+RQJZRXOGOLNHWRWKDQNWKH1DWLRQDO,25&HQWUHRI1RUZD\IRUVXSSRUWLQJKLVUHVHDUFK

5HIHUHQFHV
$ULOG2/RKQH+3DQG%UDWYROG5%$0RQWH&DUOR$SSURDFKWR9DOXHRI,QIRUPDWLRQ(YDOXDWLRQ3UHVHQWHGDW,QWHUQDWLRQDO
3HWUROHXP7HFKQRORJ\&RQIHUHQFH.XDOD/XPSXU0DOD\VLD'HFHPEHUKWWSG[GRLRUJ,37&06
%DUNHU$/%URZQ'(DQG0DUWLQ:1%D\HVLDQHVWLPDWLRQDQGWKH.DOPDQILOWHUComputers & Mathematics with Applications.
  KWWSZZZVFLHQFHGLUHFWFRPVFLHQFHDUWLFOHSLL6
%DUURV ( * '-DQVHQ - ' DQG 9DQ GHQ +RI 3 0 -  9DOXH RI ,QIRUPDWLRQ LQ 3DUDPHWHU ,GHQWLILFDWLRQ DQG 2SWLPL]DWLRQ RI
+\GURFDUERQ5HVHUYRLUVIFAC-PapersOnLine.  
%DUURV(*'/HHXZHQEXUJK29DQGHQ+RI30-HWDO9DOXHRI0XOWLSOH3URGXFWLRQ0HDVXUHPHQWVDQG:DWHU)URQW7UDFNLQJLQ
&ORVHG/RRS5HVHUYRLU0DQDJHPHQW6RFLHW\RI3HWUROHXP(QJLQHHUV
%DUURV(*'9DQGHQ+RI30-DQG-DQVHQ-'9DOXHRI,QIRUPDWLRQLQ&ORVHG/RRS5HVHUYRLU0DQDJHPHQWComputational
Geosciences.  ±
%HJJ6%UDWYROG5DQG&DPSEHOO-7KH9DOXHRI)OH[LELOLW\LQ0DQDJLQJ8QFHUWDLQW\LQ2LODQG*DV,QYHVWPHQWV3UHVHQWHGDW
63($QQXDO7HFKQLFDO&RQIHUHQFHDQG([KLELWLRQ6DQ$QWRQLR7H[DV6HSWHPEHU2FWREHUKWWSG[GRLRUJ
06
%HUWVHNDV'3DQG7VLWVLNOLV-1Introduction to probability%HOPRQW0DVV$WKHQD6FLHQWLILF
%LFNHO-(7KH5HODWLRQVKLS%HWZHHQ3HUIHFWDQG,PSHUIHFW,QIRUPDWLRQLQD7ZR$FWLRQ5LVN6HQVLWLYH3UREOHPDecision Analysis.
  KWWSSXEVRQOLQHLQIRUPVRUJGRLDEVGHFD
%LFNHO-('LVFUHWL]DWLRQ6LPXODWLRQDQGWKH9DOXHRI,QIRUPDWLRQSPE Economics & Management.  
%LFNHO-('HFLVLRQ$QDO\WLFV9DOXHRI,QIRUPDWLRQDQG3LORWLQJLQ8QFRQYHQWLRQDO5HVHUYRLUV3UHVHQWHGDW63(+\GURFDUERQ
(FRQRPLFVDQG(YDOXDWLRQ6\PSRVLXP+RXVWRQ7H[DV0D\KWWSG[GRLRUJ06
%LFNHO - ( /DNH / : DQG /HKPDQ -  'LVFUHWL]DWLRQ 6LPXODWLRQ DQG 6ZDQVRQ V ,QDFFXUDWH  0HDQ SPE Economics &
Management.  
%UDWYROG5%DQG%HJJ6Making good decisions5LFKDUGVRQ7;6RFLHW\RI3HWUROHXP(QJLQHHUV
%UDWYROG5%%LFNHO-(DQG/RKQH+39DOXHRI,QIRUPDWLRQLQWKH2LODQG*DV,QGXVWU\3DVW3UHVHQWDQG)XWXUHSPE Reservoir
Evaluation & Engineering.  
%XUJHUV*-DQYDQ/HHXZHQ3DQG(YHQVHQ*$QDO\VLV6FKHPHLQWKH(QVHPEOH.DOPDQ)LOWHUMonthly weather review.  

&KDYH]7DQG+HQULRQ0(IILFLHQWHVWLPDWLRQRIWKHYDOXHRILQIRUPDWLRQLQ0RQWH&DUORPRGHOV3UHVHQWHGDW3URFHHGLQJVRIWKH
7HQWKLQWHUQDWLRQDOFRQIHUHQFHRQ8QFHUWDLQW\LQDUWLILFLDOLQWHOOLJHQFH6HDWWOH:$
&OHPHQ57DQG5HLOO\7Making hard decisions with decision tools UG(GLWLRQ 0DVRQ2NODKRPD&HQJDJH/HDUQLQJ

(YHQVHQ*6HTXHQWLDO'DWD$VVLPLODWLRQZLWKD1RQOLQHDU4XDVLǦ*HRVWURSKLF0RGHO8VLQJ0RQWH&DUOR0HWKRGVWR)RUHFDVW(UURU
6WDWLVWLFVJournal of Geophysical Research: Oceans. & 
)LQN'$FRPSHQGLXPRIFRQMXJDWHSULRUV
*HOE$DQG7KH$QDO\WLF6FLHQFHV&RUSRUDWLRQ76$SSOLHGRSWLPDOHVWLPDWLRQ&DPEULGJH0$7KH0,73UHVV
5REHUW.+DPPRQG-(ULF%LFNHO  5HH[DPLQLQJ'LVFUHWH$SSUR[LPDWLRQVWR&RQWLQXRXV'LVWULEXWLRQV'HFLVLRQ$QDO\VLV  
KWWSVGRLRUJGHFD
+RQJ$%UDWYROG57KRPDV3HWDO9DOXHRI,QIRUPDWLRQIRU0RGHO3DUDPHWHU8SGDWLQJWKURXJK+LVWRU\0DWFKLQJ:RUNLQJ
3DSHU8QLYHUVLW\RI6WDYDQJHU
0F1DPHH3DQG&HORQD-Decision analysis for the professional—with supertree5HGZRRG&LW\&DOLIRUQLD6FLHQWLILF3UHVV

1HZHQGRUS3'DQG6FKX\OHU-5Decision analysis for petroleum exploration$XURUD&RORUDGR3ODQQLQJ3UHVV
3UDWW
-
:5DLIID
+
DQG
6FKODLIHU
5

,QWURGXFWLRQ
WR
VWDWLVWLFDO
GHFLVLRQ
WKHRU\
KWWSVHDUFKHEVFRKRVWFRPORJLQDVS["GLUHFW WUXH VFRSH VLWH GE QOHEN GE QODEN $1 
5DLIID + DQG 6FKODLIHU 5  Applied statistical decision theory %RVWRQ 'LYLVLRQ RI 5HVHDUFK *UDGXDWH 6FKRRO RI %XVLQHVV
$GPLQLWUDWLRQ+DUYDUG8QLYHUVLW\
6FKODLIHU5Probability and statistics for business decisions; an introduction to managerial economics under uncertainty1HZ<RUN
0F*UDZ+LOO







6WHQJHO5)Optimal control and estimation1HZ<RUN'RYHU3XEOLFDWLRQV
9RVH'Risk analysis : a quantitative guide&KLFKHVWHU>XD:LOH\
:LQNOHU5/An introduction to Bayesian inference and decision6XJDU/DQG7;3UREDELOLVWLF3XEOLVKLQJ

$SSHQGL[$²(TXDWLRQVIRU-RLQW1RUPDO'LVWULEXWLRQV





f x z

°

H[S ®



U
°¯


ª§ x  P · 
§ x  P x · § z  P z · § z  P z · º ½°
x
«¨
¸  U ¨
¸¨
¸¨
¸ »¾
«¬© V x ¹
© V x ¹ © V z ¹ © V z ¹ »¼ °¿

SV xV z   U 




E >Z _ X

xi @

E> Z @  U

VZ
x  E> X @
VX i



$ 

$ 




VAR> Z _ X @

  U  V X



$ 

$SSHQGL[%²&RQMXJDWH3ULRUIRU/RJQRUPDO3ULRUDQG/RJQRUPDO/LNHOLKRRG

,IܺLVORJQRUPDOO\GLVWULEXWHGSULRUZLWKܰܮሺ݉ǡ ݒሻWKHQ݈݊ሺݔሻLVQRUPDOO\GLVWULEXWHGZLWK

§
m
§ v ··

V
OQ ¨ 
% 
N ¨P
¸ ¸ 
¨
© m   ¹ ¸¹
v  m
©

,IZHGRRQHWLPHPHDVXUHPHQWDQGREVHUYH݈݊ሺݖሻZKHUHWKHPHDVXUHPHQWYDULDQFHLVNQRZQDQGHTXDO
ଶ
WRߪ୪୬
ሺ௭ሻ WKHQE\WKHFRQMXJDWHSULRUUHODWLRQVKLSWKHSRVWHULRULVGHWHUPLQHGDVWKHIROORZLQJ

§ P OQ z
·
¨  
¸
V
V


OQ z
N ¨¨

    ¸¸ 
% 

 V
V OQ z

¨ 
¸
V OQ z
¨V
¸
©
¹


$SSHQGL[&²%D\HV0RQWH&DUOR$SSURDFKIRU7$//19R, 

$VWKHQDPHLPSOLHV%0&XVHD0&LPSOHPHQWDWLRQRIWKH%D\HV¶5XOH,QWXLWLYHO\%0&LVD0RQWH
&DUORLPSOHPHQWDWLRQRI+537+537VDPSOLQJWKHSUREDELOLW\GLVWULEXWLRQLQWRILQHJULGVRIRXWFRPH
DQGLQWKHFDVHRI%0&WKHVDPSOLQJLVGRQHYLD0&PHWKRGV
7KHVWHSVRIXVLQJ%0&FDOFXODWHWKH9R,LVDVIROORZV
 'UDZ ܰ VDPSOHV IURP WKH SULRU GLVWULEXWLRQ VXFK WKDW ZH JHW D VHW RI SULRU VDPSOHV
ሾݔଵ  ݔଶ ǥ  ݔே ሿZKHUH ݔ LVDVDPSOHGUDZQIURPWKHSULRUሺݔሻ
 )RUHDFK ݔ ZHGUDZRQHVDPSOHIURPWKHHUURUIXQFWLRQGLVWULEXWLRQDQGDGGWKHP WR ݔ 7KLV
UHVXOWVLQܰVDPSOHVRIWKHPHDVXUHPHQWݖሾݖଵ ൌ ݔଵ  ߝ ଵ  ݖଶ ൌ  ݔଶ  ߝ ଶ ǥ  ݖே ൌ  ݔே  ߝ ே ሿ
7KHVHVDPSOHVUHSUHVHQWWKHSUHSRVWHULRUGLVWULEXWLRQ
 :HWKHQFDOFXODWHWKHOLNHOLKRRG ݖ ȁݔXVLQJSUHSRVWHULRUGLVWULEXWLRQWKDWZHREWDLQIURPVWHS
)RUH[DPSOHWKHOLNHOLKRRGݖଵ ȁ ݔሾݔଵ െ ݖଵ ǡ  ݔଶ െ ݖଵ ǡ ǥ ݔଵ െ ݖଵ ሿ
 &RQYHUWHYHU\WKLQJLQWRSUREDELOLW\GHQVLW\WREHXVHGLQWRWKH%D\HV¶5XOH







 7KHQZHFDOFXODWHWKHSRVWHULRUGHQVLW\XVLQJ%D\HV¶5XOHIRUHDFK ݖ ݂൫ݔȁ ݖ ൯ ݂ ןሺݔሻ݂൫ ݖ ȁݔ൯
 )RUHDFK ݖ ZHWKHQFDOFXODWHWKHYDOXHRIWKHRSWLPDODOWHUQDWLYHZLWKWKHIROORZLQJDUJXPHQWV

ݒ௧
ൌ ݉ܽݔ൫ܧൣݔȁ ݖ ൧ǡ ݒ൯,QRXUFDVH ݒൌ Ͳ
 Τ
ܰ െ ܧሾݔሿ
 9R,LVWKHQHTXDOWRܸܱ ܫൌ ݒ௧

:HDUHXVLQJWKHODWLQK\SHUFXEHVDPSOLQJDVRXUVDPSOLQJDOJRULWKPWRFUHDWHWKHFRPSDULVRQWR
DQDO\WLFDOVROXWLRQDQG+537,QWHUHVWHGUHDGHUVZKRZLVKWRVHHJHQHUDOLPSOHPHQWDWLRQRI%0&
DSSURDFKVKRXOGFRQVXOW$ULOGHWDO  

$SSHQGL['²(QVHPEOH.DOPDQ)LOWHU$SSURDFKIRU7$//19R,

Ensemble Kalman Filter (EnKF). 7KHSXUSRVHRIGLVFXVVLQJWKH(Q.)LQWKLVSDSHULVWRGHPRQVWUDWHWKH
FRQQHFWLRQZLWK9R,DQDO\VLVDQGWRGLVFXVVWKHDFFXUDF\ZHFDQH[SHFWIURPWKH(Q.)PRGHO5HDGHUV
ZKRDUHLQWHUHVWHGLQDSSOLFDWLRQRI(Q.)IRUPXOWLYDULDWH9R,DQDO\VLVVKRXOGFRQVXOW+RQJHWDO  
7KH(Q.)DSSURDFKLVEDVHGRQDUHFXUVLYH0RQWH&DUORLPSOHPHQWDWLRQRIWKH.DOPDQILOWHU .) 
ZKLFK LV D VROXWLRQ WR HVWLPDWH WKH EHKDYLRU RI D SURFHVV JLYHQ REVHUYDWLRQV ,Q 2 * WKH (Q.) ZDV
SLRQHHUHGE\(YHQVHQ  DQGGLVFXVVHGLQGHWDLOVE\2OLYHUHWDO  7KH(Q.)LVFRPPRQO\
LPSOHPHQWHGLQDG\QDPLFDOV\VWHP$VLQWKHRULJLQDO.DOPDQILOWHUDSSURDFKWKH(Q.)LVLPSOHPHQWHG
XVLQJWZRHTXDWLRQVWKHSUHGLFWLRQHTXDWLRQ (T' DQGWKHREVHUYDWLRQHTXDWLRQ (T' 
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7KHGHILQLWLRQRIWKHVHHTXDWLRQVLVDVIROORZ/HW ܓ ܠEHWKHYDOXHWKDWZHZDQWWRSUHGLFWDWWLPHNDQG
 ܓ ܠLV WKHQ SUHGLFWHG WKURXJK D IXQFWLRQ I ZKLFK GHVFULEHV WKH UHODWLRQVKLS DPRQJ  ܓ ܠWKH YDOXH IURP
SUHYLRXV SUHGLFWLRQV ିܓ ܠ DQG PRGHO SDUDPHWHUV P ZKLOH WKH PRGHO HUURU LV GHVFULEHG E\ QRUPDO
GLVWULEXWLRQିܓܟ  7KH REVHUYDWLRQ HTXDWLRQ WKHQ OLQNV WKH REVHUYDWLRQ ܓܢWR RXU SUHGLFWLRQ ܓ ܠXVLQJ D
IXQFWLRQJZKHUHWKHREVHUYDWLRQQRLVH ܓܞLVQRUPDOO\GLVWULEXWHG7KHHTXDWLRQVDUHH[SUHVVHGLQWKHVWDWH
VSDFH IRUP *HOE   DQG 6WHQJHO   SURYLGH D GHWDLO GLVFXVVLRQ LQ VWDWHVSDFH PRGHOOLQJ IRU
HQJLQHHULQJPRGHO
7KH DQDO\VLV VFKHPH RI (Q.) GHVFULEHV KRZ WKH SULRU LV XSGDWHG JLYHQ DQ REVHUYDWLRQ DQG LV
IRUPXODWHGDV %XUJHUVHWDO 
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ZKHUH܇ LVWKHIRUHFDVWHG܇PDWUL[ZKRVHHQWULHVDUHEDVHGRQWKHSULRU܇ୟ LVWKHDQDO\]HGRUXSGDWHG
܇PDWUL[ZLWKXSGDWHGLQIRUPDWLRQJLYHQDQREVHUYDWLRQ۹LVWKH.DOPDQJDLQZKLFKDFWVDVDZHLJKLQJ
IDFWRUܢ୮ LVDPDWUL[FRQWDLQLQJWKHSHUWXUEHGREVHUYDWLRQVDQG۶LVDPDWUL[ZLWKHQWULHVRIHLWKHURU
VXFKWKDW۶ ܇ൌ ሾܢଵ  ܢଶ ǥ   ܢሿ7KH܇PDWUL[LVFRQVWUXFWHGDV
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)RUWKHSUDFWLFDOLVVXHRIXVLQJWKH(Q.)DQREVHUYDWLRQKDVWREHSHUWXUEHGZLWKLWVFRUUHVSRQGLQJVWDWLVWLFVLQRUGHUWRDYRLGWRRORZYDULDQFH %XUJHUVHW
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ZKHUHWKHVXSHUVFULSWLVWKHVDPSOHLQGH[DQGLVWKHWRWDOQXPEHURIVDPSOHV7KH.DOPDQJDLQܭLV
FDOFXODWHGDV
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ZKHUH۾ LVWKHFRYDULDQFHPDWUL[RI܇ DQG۱୷ LVWKHFRYDULDQFHPDWUL[RIWKHREVHUYDWLRQV

EnKF formulation to Analytical VoI for TALL-N
7KHIROORZLQJIRUPXODWLRQGHVFULEHGWKHZRUNIORZWRREWDLQWKH(Q.)VROXWLRQIRUWKH7$//1SUREOHP
SUHVHQWHGDQGGLVFXVVHGE\%LFNHO  :HGURSWKHYHFWRUIRUPEHFDXVHZHDUHRQO\FRQFHUQHGZLWK
DVLQJOHVRXUFHRIXQFHUWDLQW\)RU7$//1SUREOHPWKHUHLVQRWHPSRUDOXSGDWHRIݔDQGWKHUHIRUHZH
GRQ¶WQHHGWRSUHGLFWWKHQH[WHVWLPDWHXVLQJ(T'2XUREVHUYDWLRQzIRUWKH7$//1SUREOHPLVHTXDO
WRWKHYDOXHRILQWHUHVW XQGHUO\LQJXQFHUWDLQW\ SOXVDQRUPDOO\GLVWULEXWHGHUURU7KHUHIRUHZHFDQZULWH
WKHREVHUYDWLRQHTXDWLRQIRUWKH7$//1SUREOHPDVIROORZV
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/HW WKH REVHUYDWLRQ QRLVHɂEH QRUPDOO\ GLVWULEXWHG ZLWK D ]HUR PHDQ DQG D VWDQGDUG GHYLDWLRQߪఌ  LH
ሺߝሻ̱ܰሺͲǡ ߪఌ ሻ1RWHWKDWWKLVLVWKHOLNHOLKRRGIXQFWLRQH[SUHVVHGDVDQHUURUIXQFWLRQLHWKHVDPHDV
WKHRQHXVHGLQWKH0&9R,DSSURDFK7KDWLVLIZHDVVLJQDGLVWULEXWLRQRYHUWKHPHDVXUHPHQWQRLVH
ሺߝሻ̱ܰሺͲǡ ߪ௭ȁ௫ ሻ  ZH FDQ GHVFULEH WKH OLNHOLKRRG RI DQ REVHUYDWLRQ JLYHQ WKH UHDO YDOXHV DV
ሺݖȁݔሻ̱ܰሺݔǡ ߪ௭ȁ௫ ሻ
7KHVWHSRIXVLQJ(Q.)WRFDOFXODWHWKH9R,LVDVIROORZV
 ܰVDPSOHVDUHGUDZQIURPWKHSULRUGLVWULEXWLRQVRZHJHWDSULRUHQVHPEOHሾݔଵ  ݔଶ ǥ  ݔே ሿ
ZKHUH ݔ LVDVDPSOHGUDZQIURPWKHSULRUሺݔሻ
 )RUHDFK ݔ ܰVDPSOHVDUHGUDZQIURPWKHHUURUIXQFWLRQDQGDGGWKHPWR ݔ 7KLVUHVXOWVLQܰ
VDPSOHV RI   ݖሾ ݖଵ ൌ  ݔ  ߝ ଵ  ݖଶ ൌ  ݔ  ߝ ଶ ǥ  ݖே ൌ  ݔே  ߝ ே ሿ  ,Q WRWDO ZH KDYH ܰ ଶ 
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Abstract
The oil and gas (O&G) industry spends billions of dollars on data (e.g., production data, seismic data and tracer
data) gathering and analysis for the purpose of reducing uncertainty and improving their understanding of the most
salient features of the subsurface. Yet, the O&G industry spends minimal effort and investment to assess whether the
benefit of this data gathering and analysis exceeds the cost. One form of data gathering and analysis is history
matching (HM), which has been an essential reservoir management tool for decades. This paper addresses the value
of HM by applying the value-of-information (VOI) framework originally developed in the decision sciences.
There are several challenges involved in assessing the VOI in the HM context. Although reservoir management
(HM and production optimization) and decision analysis (DA) use many of the same methods, the two domains
involve different terminology used in fluid flow modeling and application of state-of-the-art HM and optimization
methods. Furthermore, most applications of VOI analysis have focused on static, as opposed to time-dependent,
analysis. Finally, some recent publications in the O&G industry that have illustrated and discussed VOI from HM
have not been consistent with the original definition of VOI.
In this paper, we illustrate and discuss the use of a consistent, DA-based, VOI analysis framework to assess the
VOI in HM contexts. In order to make the VOI framework understandable and accessible to both the reservoir
management and DA communities, we provide a ³EULGJH´EHWZHHQWKHQRPHQFODWXUHDQGterminology used in VOI
calculations and that used in state-of-the-art HM and optimization methods.
The paper includes four VOI analysis examples. The first illustrates the implementation of the general VOI
framework for a simple HM problem. The second illustrates and discusses the difference between the calculations
presented by other authors and the standard VOI definition used in the DA community. The third illustrates the
implementation of VOI calculations in more realistic settings, including a sensitivity analysis of measurement noise.
The fourth illustrates the application of VOI assessment in a case where a reservoir simulation model is involved.
Introduction
Petroleum engineers and geoscientists involved in reservoir management continually ³DFTXLUe´LQIRUPDWLRQZLWKWKH
aim of improving decision makLQJ ³,QIRUPDWLRQ acquisition´ LV broadly defined here, to cover such activities as
acquiring data, performing technical studies, hiring consultants, and performing diagnostic tests. In fact, other than
to meet applicable regulatory requirements, the main reason for collecting any information or doing any technical
analysis should be to make better decisions. The fundamental question for any information-gathering process is then
whether the likely improvement in decision making is worth the cost of obtaining the information. This is the
question that value-of-information (VOI) technique is designed to answer.
VOI analysis is an a priori1 analysis that evaluates the benefits of collecting additional information before one
actually gathers the data and makes a decision. Such information gathering might be worthwhile if it could change
the decision that would have been made without further information. Although many engineers and geoscientists
tend to believe that more information or data is always better, VOI assigns QRYDOXHWR³XQFHUWDLQW\UHGXFWLRQ´RU
³LQFUHDVHGFRQILGHQFH´SHUVH5DWKHUYDOXH is added by enabling the deciVLRQPDNHU '0 WR³WXQH´KLVKHUFKRLFH
to the underlying uncertainty. Thus, information value is forever an entanglement of uncertainty and decision
making; one cannot value information outside of a particular decision context (Bratvold et al. 2009).

1

³A priori´ meanV³before the data are gathered and interpreted´.
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The concept of VOI2 originates from the decision analysis (DA) community. Schlaifer (1959) was the first to
define VOI in the context of business decisions. Other early references to VOI analysis can be found in Raiffa and
Schlaifer (1961) and Howard (1966). Its use has been documented in wide areas of real-world application, from
nuclear waste storage assessment (Eppel and von Winterfeldt 2008) to biosurveillance (Willis and Moore 2013).
Grayson (1960) introduced this concept in the oil and gas (O&G) industry. Bratvold et al. (2009) presented the
definition of VOI as well as an overview of its use in the O&G industry. Eidsvik et al. (2015) provided a more
recent exposition of VOI in the earth sciences.
Although it is more than half a century since the VOI concept was first introduced in the petroleum literature, it
has seen limited use in the O&G industry. Most of the published papers that discuss and apply VOI analysis focus
on common exploration and development decisions, and most of these applications focus on static, as opposed to
time-dependent, analysis. Only recently has the concept been discussed in the context of history matching (HM)
which involves data gathered at different times (Barros et al. 2015a, 2015b, 2016a).
HM has been an essential reservoir management tool for decades. Originally, HM referred to the adjustment of
the production model parameters to reflect the historical production data (rates and pressures) as closely as possible.
Today, the term HM is often used in a broader context and includes model calibration 3 using any relevant data and
information (seismic data, log data, tracer behavior, etc.). Once the measured data have EHHQ³PDWFKHG´WKHPRGHO
is used to generate possible future production profiles and their probabilities; i.e., the future production uncertainty,
and thus support reservoir management decisions.
With the increase in available computing power over the past several decades, numerical techniques for modelbased optimization of subsurface hydrocarbon production have evolved rapidly. The traditional manual approach to
HM has in many companies been replaced by automatic or semi-automatic approaches based on robust and efficient
numerical algorithms that allow for the inclusion of geological and petrophysical uncertainties. A particularly
promising method for HM is the ensemble Kalman filter (EnKF) approach introduced by Evensen (1994). EnKF is
based on a Bayesian approach where data is used to quantify geological and petrophysical uncertainties, ensuring
consistency in the updated probabilities. The resulting production forecast captures these uncertainties and provides
possible production scenarios with associated probabilities; i.e., the uncertain future production.
Although operators in the O&G industry commit significant effort and cost to calibrating their production
models, few publications have discussed the a priori value of gathering the data and conducting the calibration. The
usefulness of information from HM has been quantified in terms of uncertainty reduction (Le and Reynolds 2014) or
by the fraction of information extracted from the measured data (Krymskaya et al. 2010). However, neither concept
constitutes an information valuation approach as defined by the DA community, nor is either of them an a priori
assessment of the value of the information.
Barros et al. (2015a, 2015b, 2016a) proposed a workflow to assess the VOI in the HM context using ensemblebased4 HM and optimization methods, and later on, Barros et al. (2016b) applied clustering techniques to speed up
the previous workflow. Although they have considered the impact of additional information on decision making, the
VOI assessed through their workflow is conceptually inconsistent with the definition of VOI as it will be discussed
later. Furthermore, they employed terminology and notation that differ significantly from those commonly used in
VOI analysis. Indeed, the work by Barros and co-authors is one of the few to claim the use of decision analytic
methods to assess VOI in the context of HM. Their workflow mimics in the best possible way the decision process
that will happen during reservoir management, but their work is lack of the DA touch and the clarity about why the
value they are calculating is VOI. It is important not only to show how the VOI should be assessed but also to
illustrate and discuss whether or not their approach is providing the VOI from HM. In this paper, we refer to their
workflow (particularly, the workflow introduced in Barros et al. (2015a) DV%DUURV¶s workflow. Since transparency
is a key feature of DA community, we try to SXW+0DQGSURGXFWLRQRSWLPL]DWLRQLQWKH³ZRUOG´RI'$E\VHWWLQJ
WKH³ULJKW´VFHQH, and to SURYLGHDWUDQVSDUHQWFRQQHFWLRQEHWZHHQ%DUURV¶s ZRUNIORZDQG92,¶VGHILQLWLRQE\ILUVW
GHULYLQJD ZRUNIORZ UHIHUUHGWRDVRXUSURSRVHGZRUNIORZ EDVHGRQ92,¶VGHILQLWLRQDQGIRUPXODWLRQ, and then
FRPSDULQJRXUSURSRVHGZRUNIORZZLWK%DUURV¶s workflow.
The main contributions of this paper are three-fold. First, we illustrate how VOI analysis can be applied to assess
the information value of gathering production data and performing HM. This requires reconciling the terms used in
VOI analysis versus those in state-of-the-art HM methods, especially EnKF for HM. 5 Second, we discuss the
This paper XVHV³YDOXH-of-iQIRUPDWLRQ´as the term is understood in the DA community.
,QRWKHUPRGHOLQJFRQWH[WVWKH³PDWFKLQJ´RIPRGHOVWRPHDVXUHGGDWDLVXVXDOO\UHIHUUHGWRDVPRGHOFDOLEUDWLRQ. We will use
³KLVWRU\PDWFKLQJ´DQG³PRGHOFDOLEUDWLRQ´LQWHUFKDQJHDEO\
4 An ensemble means a set of realizations.
5 Some of the terminology used in EnKF also appears in other approaches to HM in the O&G industry.
2
3

2

Value-of-Information for Model Parameter Updating through History Matching

3

differences and similarities between the analysis suggested by Barros et al. (2015a) and VOI analysis. Finally, we
present four VOI analysis examples: the first is illustrating the calculation steps of VOI analysis on a simple HM
case with the use of decision trees; the second illustrates the use of EnKF with a static model whose corresponding
VOI can be calculated analytically; the third uses a decline curve based dynamic model to illustrate a practical case
where EnKF combined with robust optimization (RO) is used to calculate the VOI from HM, followed by a
sensitivity analysis of the measurement noise²the sensitivity analysis provides a means for illustrating the two VOI
extremes: value of perfect information and the case where the information provides no value; and the fourth uses our
proposed workflow in a more realistic case where a reservoir simulation model is involved.
Following this introduction, we first clarify the distinction between VOI analysis and terminal analysis and then
specify the definition of VOI and present the general steps in VOI assessment. Next, we briefly review EnKF and
RO. Thereafter, we propose a procedure for assessing the VOI in HM contexts using ensemble-based methods,
which is compared and coQWUDVWHGZLWK%DUURV¶s workflow. The implementation of VOI analysis is then illustrated in
a decision-tree example and three Monte Carlo examples. Finally, we present a discussion and conclusions.
Value-of-Information Analysis versus Terminal Analysis
Bratvold et al. (2009) identified several papers in the O&G literature that present cases where the information value
is calculated after the information has been gathered. This might take the form of historical lookbacks to document
the impact of the information (Aylor 1999; Waggoner 2000). Raiffa and Schlaifer (1961) called this ³terminal
analysis.´ Terminal analysis involves the evaluation of and choice among alternatives after a test (actual or
hypothetical) has been conducted and the data gathered, whereas VOI analysis (which Raiffa and Schlaifer (1961)
called ³preSRVWHULRUDQDO\VLV´) considers the decision problem as it appears before a test has been conducted. 6
Fig. 1 illustrates the stages of VOI and terminal analysis. Fig. 2 depicts the decision-tree elements of VOI
analysis versus terminal analysis, where the circles represent uncertainty nodes and the squares represent decision
nodes. The data of concern in VOI analysis (Fig. 2a) are future data, therefore unknown and treated as uncertain. In
contrast, the data of concern in terminal analysis (Fig. 2b) are historical data, therefore already known and treated as
certain.
(a) VOI Analysis

(b) Terminal Analysis

Fig. 1²Stages of (a) VOI analysis, and (b) terminal analysis.

((a)) VOI Analysis
y

((b)) Terminal Analysis
y

Fig. 2²Decision-tree elements of VOI analysis versus terminal analysis.

Although it might be deemed valuable to conduct terminal analysis, it is not a replacement for VOI analysis.
Furthermore, it introduces a bias for two reasons. First, from a communication and publishing perspective, there is a
strong incentive not to publish or communicate unsuccessful (in the sense of not being able to demonstrate any value
creation) information gathering activities. Second, it ignores cases in which information was not gathered, but
should have been.
See Thomas et al. (2016) for a detailed discussion of how terminal analysis can be applied to historical
production data.
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Another case, which might be called, "post-hoc analysis," is where information is valued after the data have been gathered and
the decision has been made (e.g., Coopersmith et al. 2006).
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Value-of-Information (VOI) Analysis
HM is the process of acquiring information through updating uncertain model parameters on static and dynamic
data. The aim of acquiring information is to improve hydrocarbon production-related decision making. This raises
the question of whether the likely improvement in decision making is worth the cost of obtaining the information.
Because VOI analysis is designed to answer this, it is useful in the design phase in deciding whether a certain type
of data should be gathered for HM. VOI analysis considers a series of actions: data gathering, updating our beliefs
based on the gathered data (in our specific case, this is done by model parameter updating through HM), and using
the updated beliefs for decision making. If any one of these actions is missing, there will be no point in doing VOI
analysis.
VOI analysis is concerned with two fundamental uncertainties: (1) the uncertainties we hope to learn about but
cannot directly observe, which we call the distinctions (or events) of interest; and (2) the test results, referred to as
the observable distinctions (Bratvold et al. 2009). In reservoir management, the distinction of interest is future
production after time  ݐand the observable distinction is the data gathered until time ݐ. Future production is predicted
using a dynamic model (e.g., a decline curve model or a reservoir simulation model) with uncertain model
parameters and assuming that once we have established values for these parameters, the dynamic model itself will
FRUUHFWO\³SUHGLFW´IXWXUHSURGXFWLRQTherefore, the observed data until time  ݐis the observable distinction which is
used to establish values for the uncertain model parameters and the distinctions of interest we actually work on are
the uncertain model parameters. For a given set of uncertain model parameters, the future production is a
deterministic calculation.
The remainder of this paper uses VOI terminology. Table 1 lists terms common in VOI analysis, along with the
corresponding terms used in HM and optimization.

Table 1²Correspondence between terms used in VOI analysis and those used in model calibration and optimization.

The VOI is defined as the most that the DM should pay for additional information on the distinctions of interest.
If the DM is risk neutral, then7
 ݄ݐ݅ݓ
 ݐݑ݄ݐ݅ݓ
ܸܱ ܫൌ ቂ
ቃെቂ
ቃǤ
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This is not the general definition of VOI. This equation is true only if the decision maker is risk neutral or is risk-averse with an
exponential utility function (Bratvold et al. 2009).
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If the additional information is perfect (i.e., the information reveals the truth), we refer to the VOI as the valueof-perfect-information (VOPI) or the value-of-clairvoyance (VOC). No test, no matter how sophisticated, can be
worth more than the VOPI (Bratvold et al. 2009). In the context of HM, obtaining perfect information is usually
precluded by model noise8, measurement noise, or non-uniqueness of inverse modelling.
In mathematical form,
ܸܱ ܫൌ ሼͲǡ οሽ
οൌ  ܫܹܸܧെ ܫܱܹܸܧ

(1)
(2)

where  ܫܱܹܸܧis the expected value (EV) without additional information and  ܫܹܸܧis the EV with additional
information. The lower bound of VOI is always 0 EHFDXVHLI¨LVQHJDWLYHZKHQ ܫܱܹܸܧ ܫܹܸܧ, one can always
choose to not gather the information. VOI is an indicator of the maximal buying price or cost of an information
gathering activity. If the VOI is greater than the cost, the DM should gather the information; otherwise, he/she
should not do so.
In a decision making context, the decision without information (DWOI) is the alternative that optimizes EV over
the prior, and the EVWOI is the optimal EV over the prior, i.e.,
௧

ࢇ ൌ ሼܸܧሾݒሺ࢞ǡ ࢇሻሿሽ ൌ  ቊනݒሺ࢞ǡ ࢇሻሺ࢞ሻ݀࢞ቋ
ࢇא

ࢇא

௧

(3)

࢞

௧

 ܫܱܹܸܧൌ ܸܧሾݒ൫࢞ǡ ࢇ ൯ሿ ൌ නݒ൫࢞ǡ ࢇ ൯ሺ࢞ሻ݀࢞

(4)

࢞

௧

where ࢇ is an alternative from the decision space , ࢇ is the DWOI, ࢞ is the distinctions of interest, ݒሺ࢞ǡ ࢇሻ is the
value function that assigns a value to each alternative-outcome pair for a given ࢞, and ሺ࢞ሻ is the prior probability
distribution of ࢞. Similarly, for given observations, the decision with information (DWI) is the alternative that
optimizes EV over the posterior, i.e.,
௧

ࢇ௦ ሺ࢟ሻ ൌ ሼܸܧሾݒሺ࢞ǡ ࢇሻȁ࢟ሿሽ ൌ  ቊනݒሺ࢞ǡ ࢇሻሺ࢞ȁ࢟ሻ݀࢞ቋ
ࢇא

(5)

ࢇא

௧

௧

ܸܧ௦ ሺ࢟ሻ ൌ ܸܧൣݒ൫࢞ǡ ࢇ௦ ሺ࢟ሻ൯ȁ࢟൧ ൌ

࢞
௧
නݒ൫࢞ǡ ࢇ௦ ሺ࢟ሻ൯ሺ࢞ȁ࢟ሻ݀࢞
࢞

(6)

௧

where ࢇ௦ ሺ࢟ሻ is the DWI given observations ࢟, ሺ࢞ȁ࢟ሻ is the posterior probability distribution (i.e., the probability
௧
distribution of the model parameters given the observations), and ܸܧ௦ is the optimal EV over the posterior. The
SRVWHULRUSUREDELOLW\GLVWULEXWLRQLVDVVHVVHGE\XVLQJ%D\HV¶UXOH
ሺ࢞ȁ࢟ሻ ൌ

ሺ࢞ǡ ࢟ሻ ሺ࢟ȁ࢞ሻሺ࢞ሻ
ൌ
ሺ࢟ሻ
ሺ࢟ሻ

(7)

where ሺ࢟ȁ࢞ሻ is the likelihood function that encodes the reliability of model calibration, 9 ሺ࢞ǡ ࢟ሻ is the joint
probability distribution, and ሺ࢟ሻ is the preposterior probability distribution calculated as
ሺ࢟ሻ ൌ නሺ࢞ǡ ࢟ሻ݀࢞ ൌ නሺ࢟ȁ࢞ሻሺ࢞ሻ݀࢞Ǥ
࢞

(8)

࢞

Then, the EVWI is
By ³PRGHOQRLVH´ZHPHDQDQ\GLVWXUEDQFHWKDWDIIHFWVWKHG\QDPLFV:HGRQ¶WNQRZWKHH[DFWGHWDLOVRIWKHGLVWXUEDQFHVR
we have to treat it as a random process. The lower the model noise, the better that the model represents the reality, and the more
reliable the model is. In reservoir management, the model noise is usually ignored.
9 The reliability of model calibration includes the reliability of the model, the reliability of the measurements, and the nonuniqueness of inverse modelling.
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௧

 ܫܹܸܧൌ නܸܧ௦ ሺ࢟ሻሺ࢟ሻ݀࢟ ൌ න නݒ൫࢞ǡ ࢇ௦ ሺ࢟ሻ൯ሺ࢞ȁ࢟ሻ݀࢞ ሺ࢟ሻ݀࢟Ǥ
࢟

(9)

࢟ ࢞

Eq. 9 can be rewritten as
௧

௧

 ܫܹܸܧൌ න නݒ൫࢞ǡ ࢇ௦ ሺ࢟ሻ൯ሺ࢞ȁ࢟ሻ݀࢞ ሺ࢟ሻ݀࢟ ൌ න නݒ൫࢞ǡ ࢇ௦ ሺ࢟ሻ൯ሺ࢞ȁ࢟ሻሺ࢟ሻ݀࢞ ݀࢟
࢟ ࢞

࢟ ࢞
௧

ൌ න නݒ൫࢞ǡ ࢇ௦ ሺ࢟ሻ൯ሺ࢞ǡ ࢟ሻ݀࢞ ݀࢟ ൌ න
࢟ ࢞

௧

(10)

ݒ൫࢞ǡ ࢇ௦ ሺ࢟ሻ൯ሺ࢞ǡ ࢟ሻ݀ሺ࢞ǡ ࢟ሻ

ሺ࢞ǡ࢟ሻ

where ሺ࢞ǡ ࢟ሻ denotes a joint space of ࢞ and ࢟, and ሺ࢞ǡ࢟ሻή ݀ሺ࢞ǡ ࢟ሻ stands for the integration over all combinations of ࢞
and ࢟. The expressions in Eqs. 1±10 do not show explicitly the time-dependent components. Each component of the
௧
decision vector ࢇ௦ ሺ࢟ሻ is a function of all the observations available at the time of evaluating the decision. Refer to
Bellman equation for a complete expression for a time-dependent system (Eidsvik et al. 2015).
%D\HV¶UXOH (T LVFHQWUDOWR92,DQDO\VLV2QHPXVWDVVHVVWKHSULRUDQGWKHOLNHOLKRRGIXQFWLRQLQRUGHUWR
draw the inference, so it is assumed that the prior accurately reflects the '0¶Vuncertainty about the distinction of
interest and that the likelihood function correctly indicates the strength of the evidence from the model calibration.
The general workflow of VOI analysis is illustrated in Fig. 3. The main steps of VOI analysis are (1) to identify
the DWOI (Eq. 3) and calculate the EVWOI (Eq. 4); (2) to conduct Bayesian inference (Eq. 7), identify the DWI
(Eq. 5) and calculate the EVWI (Eq. 9 or 10); and (3) to calculate the VOI (Eqs. 1 and 2).
EVWI can be calculated using either Eq. 9 or Eq. 10. In Formulation 1 (F1) (Eq. 9), the optimal EV over the
posterior is first calculated by integrating over all possible distinctions of interest given observations, and the EVWI
is then calculated by integrating over all possible observations. In Formulation 2 (F2) (Eq. 10), EVWI is calculated
by integrating over all possible combinations of the distinctions of interest and the observations. Mathematically,
these two formulations give the same value of EVWI. However, when Monte Carlo methods are used, the EVWIs
calculated using these two formulations might be very different, leading to different VOI estimates. This will be
further discussed later.

Fig. 3²General workflow of VOI analysis.
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There are two essential operations in VOI analysis: Bayesian inference (i.e., calculating the posterior probability
distribution) and decision making (i.e., identifying the optimal strategy). Reservoir management decision problems
that involve continuous probability distributions and continuous decision spaces require methods other than decision
trees for these two steps. EnKF for Bayesian inference and RO for decision making from closed-loop reservoir
management are more appropriate methods for building a VOI analysis environment in HM context (Barros et al.
2016a). The following sections will briefly present these two methods.
Bayesian Inference with Ensemble Kalman Filter (EnKF)
EnKF was introduced by Evensen (1994) as a means to conduct Bayesian inference (Eq. 7) using Monte Carlo
methods. The prior probability distribution is represented by a set of realizations of model parameters (i.e., the prior
or initial ensemble). The posterior probability distribution is represented by the updated realizations of model
parameters (i.e., the posterior or updated ensemble), which are obtained by (Burgers et al. 1998)
ࢅ ൌ ࢅ  ࡷሺ࢟ െ ࡴࢅ ሻ

(11)

where matrix ࢅ consists of the vectors containing the updated states,10 updated model parameters, and updated
observations corresponding to each realization in the posterior ensemble; matrix ࢅ contains the predicted states by
forward modelling, model parameters, and predicted observations by forward modelling corresponding to each
realization in the prior ensemble; ࡷ is the Kalman gain matrix, which weighs the influences of the prior predicted
observations and the real-time observations (i.e., measurement data); ࢟ is a matrix containing the perturbed
observations; 11 and ࡴ is an operator that links ࢅ to the predicted observations. Eq. 11 describes a linear
combination of the prior and the observations. The Kalman gain matrix ࡷ is calculated as
ࡷ ൌ ࡼ ࡴ் ሺࡴࡼ ࡴ்  ௬ ሻିଵ

(12)

where ࡼ is the covariance matrix of ࢅ encoding the covariance matrix of the prior predicted observations, and ௬
is the covariance matrix of the observations. As the measurements become noisier (i.e., the variance of an
observation increases) and/or the variance of a prior predicted observation decreases, more weight is given to the
prior; otherwise, more weight is given to the observations.
The EnKF embodies the prior in ࢅ , the likelihood in ௬ (when the model noise is ignored), and the posterior in
ࢅ ; and the preposterior is a normDOL]LQJ FRQVWDQW RI WKH SRVWHULRU 7KXV %D\HV¶ UXOH GHVFULELQJ WKH UHODWLRQVKLS
among the prior, the likelihood, the preposterior, and the posterior is no longer shown explicitly as in Eq. 7, but is
implicitly included in Eq. 11 and 12. A detailed description on the relationship between the formulation of Kalman
filter and Bayesian formulation can be found in Meinhold and Singpurwalla (1983). In our case, the inputs of EnKF
are the initial guess of the model parameters (i.e., the prior ensemble) together with a model that can predict both the
production and observations given a production strategy, observations, and their associated statistics; and the output
is the EnKF updated model parameters (i.e., the posterior ensemble). Using EnKF%D\HV¶LQIHUHQFHLV conducted
implicitly.
For a comprehensive introduction to EnKF, refer to Evensen (2009). Aanonsen et al. (2009) provided an
extensive review of the application of EnKF in reservoir engineering.
Decision Making with Robust Optimization (RO)
The purpose of HM, and any other information gathering activity, is to acquire information with the aim of
improving decision making. This generally requires explicit modeling of the decisions affected by the information
obtained from the calibration. This section considers how to optimize the decisions of what water injection strategy
to employ. The variables control water injection rates are commonly referred to as the control variables.
The goal of applying RO approach to water injection is to find an optimal strategy (i.e., a set of decisions) that is
robust to geological uncertainties (Van Essen et al. 2009). A commonly used measure of the value of a hydrocarbon
production project is net present value (NPV). We consider only the revenues from oil production and the costs of

10 Given a dynamic system, a state is an unobservable (in most cases) quantity that must be known currently in order to predict
the system behavior (i.e., the future state). A state can be a scalar or a vector.
11 When EnKF is used, an observation has to be perturbed with its corresponding statistics in order to avoid insufficient variance
(Burgers et al. 1998).
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water injection and production for a waterflooding case. The NPV for a single geological realization can be
calculated by


ݒሺ࢞ǡ ࢇሻ ൌ ܸܰܲሺ࢞ǡ ࢇሻ ൌ 
ୀଵ


 ሺ࢞ǡ
ሺ࢞ǡ ࢇሻܲ௪ ሻοݐ
ࢇሻܲ௪ െ ݍ௪
ሺݍ ሺ࢞ǡ ࢇሻܲ െ ݍ௪
Τ
ሺͳ  ܾሻ௧ೖ ఛ

(13)

where ݒሺήሻ is the value function for decision making; ࢞ is a vector of uncertain model parameters for a geological
realization; ࢇ is a vector of control variables (i.e., an alternative); ݊ ் is the number of time steps; ݇ is the index for
time step; the subscripts , ݓ, and  ݅ݓdenote oil, water production, and water injection, respectively;  ݍ is the
injection or production rate over time step length οݐ ; ܲ , ܲ௪ , and ܲ௪ are the oil price, water production cost, and
water injection cost, respectively; ܾ is the discount rate; ݐ is the cumulative time for discounting; and ߬ is the
reference time for discounting. For a risk-neutral DM, the objective function for RO is


ݒҧ ሺࢇሻ ൌ

ͳ
 ݒሺ࢞ ǡ ࢇሻ
݊

(14)

ୀଵ

where ݒҧ ሺήሻ is the EV of the value function over all realizations, ݅ is the index of a realization, and ݊ is the number
of realizations (i.e., the ensemble size). The objective of RO is thus to find an optimal ࢇ that maximizes the expected
NPV over an ensemble of geological realizations.
For computationally attractive models, the FMINCON-function of MATLAB® (2014) can be used to solve the
RO problem. For computationally intensive models, such as a grid-based finite difference or finite element model,
ensemble-based optimization approaches such as the EnOpt (Chen et al. 2009) are commonly used to significantly
reduce the number of reservoir simulations required for RO and hence reduce the computational costs.
VOI Analysis Using Ensemble-based Methods
In ensemble-based methods, a probability distribution is represented by an ensemble, which is a set of realizations.
Each realization in the ensemble (i.e., an ensemble member) is equi-probable with a probability of ͳȀ݊ . This is far
more tractable than it would be to weight all possible values according to the probability distribution.
The workflow of VOI analysis using ensemble-based methods is illustrated in Fig. 4. This workflow is a
modification of the general VOI analysis workflow shown in Fig. 3. The difference between Figs. 3 and 4 is that the
probability distribution appears in Fig. 3 are represented by ensembles in Fig. 4.
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Fig. 4²Workflow of VOI analysis using ensemble-based methods.

The prior probability distribution ሺ࢞ሻ is represented by the prior ensemble [࢞ଵ , ࢞ଶ , « ࢞ ], which consists of
the realizations drawn from ሺ࢞ሻ.
The likelihood function ሺ࢟ȁ࢞ሻ is assessed through a measurement noise distribution. A dynamic system with
model and measurement noise involves the following mathematical relationships:
ࣂ ൌ ݃ሺ࢞ǡ ࢇ ǡ ࣂିଵ ሻ  ࢿǡ
 ൌ ݄ሺࣂ ሻ
࢟
  ࢿ௬ǡ
࢟ ൌ ࢟

(15)
(16)
(17)

where the subscript ݇ is the index of time, ࣂ is a vector of the states, ࢿǡ is a vector of the model noise at time ݇,
݃ሺήሻ is a function that describes the relationship between current states ࣂିଵ and future states ࣂ given uncertain
 is a vector of predicted
parameters ࢞ and control variables ࢇ for the period between time ݇ െ ͳ and ݇ , ࢟
observations at time ݇, ݄ሺήሻ is a function that describes the relationship between states and predicted observations,
࢟ is a vector of observations (with measurement noise) at time ݇, and ࢿ௬ǡ is a vector of the measurement noise at
time ݇. Combining Eq. 15 and Eq. 16 yields
 ൌ ݂ሺ࢞ǡ ࢇǣ ǡ ࣂ ǡ ࢿǡ ሻ
࢟

(18)

where ݂ሺήሻ denotes a forward model that embodies ݃ሺήሻ and ݄ሺήሻ, ࢇǣ is a time-series of control variables from time
0 to time ݇, ࣂ is the initial state, and ࢿǡ encodes the model noise ࢿ from time 0 to time ݇. If ࣂ is uncertain, it
can be included in ࢞; if it is certain, it can be included in ݂ሺήሻ. Thus, Eq. 18 can be simplified to
 ൌ ݂൫࢞ǡ ࢇǣ ǡ ࢿǡ ൯Ǥ
࢟

(19)
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For example, when using EnKF together with a reservoir simulation model, standard practice is to assume that the
model is accurate (i.e. ࢿ ൌ ) and to assign a multivariate Gaussian distribution to ࢿ௬ǡ with zero mean and a
 ሻ̱ܰሺǡ ௬ǡ ሻ ); this yields ሺ࢟
 ȁ࢞ሻ̱ܰሺ݂ሺ࢞ǡ ࢇǣ ሻǡ ሻ and
diagonal covariance matrix ௬ǡ (i.e., ሺࢿ௬ǡ ȁ࢟
 ሻ̱ܰሺ࢟
 ǡ ௬ǡ ሻ, where ሺ࢟
 ȁ࢞ሻ is referred to as the reliability of the model and ሺ࢟ ȁ࢟
 ሻ as the reliability
ሺ࢟ ȁ࢟
of measurements, thus ሺ࢟ ȁ࢞ሻ̱ܰሺ݂ሺ࢞ǡ ࢇǣ ሻǡ ௬ǡ ሻ. Therefore, as long as the model and measurement noise are
assessed and a forward model is given, the likelihood function can be calculated.
The realizations representing the preposterior probability distribution (i.e., the realizations of observations) can
be generated by Monte Carlo simulation: (1) sample a realization of the uncertain model parameters ࢞ from ሺ࢞ሻ
(i.e., the same as generating a realization in the prior ensemble), (2) conduct forward modelling (Eq. 19 with ࢿ ൌ 
ǡ , (3) sample a
if the model noise is ignored) with ࢞ to time ݇ to obtain a realization of the predicted observations ࢟
ǡ ሻ, (4) add ࢿ௬ǡǡ to ࢟
ǡ (Eq. 17) to obtain a realization of
realization of the measurement noise ࢿ௬ǡǡ from ሺࢿ௬ǡ ȁ࢟
the observations with noise ࢟ǡ , and (5) repeat (1)±(3) to obtain a set of ࢟ , [࢟ǡଵ , ࢟ǡଶ «࢟ǡ ], which represents
the preposterior. Moreover, the realizations of (࢞,࢟ )-pairs [ሺ࢞ଵ ǡ ࢟ǡଵ ሻ, ሺ࢞ଶ ǡ ࢟ǡଶ ሻ«, ሺ࢞ ǡ ࢟ǡ ሻ] represent the joint
probability distribution ሺ࢞ǡ ࢟ ሻ. In this specific case, we use a 1:1 ratio between ࢞ and ࢟ , i.e., for a given ࢞ , only
one realization of ࢟ is drawn from ሺ࢟ ȁ࢞ ሻ . One can alternatively use a 1:݉ ratio, i.e., for a given ࢞ , ݉
realizations of ࢟ are drawn from ሺ࢟ ȁ࢞ ሻ. This results in a set of ࢟ with a total of ݉ ή ݊ realizations [࢟ǡଵ , ࢟ǡଶ ,
« ࢟ǡή ] and a set of ( ࢞ , ࢟ )-pairs with a total of ݉ ή ݊ realizations [ ሺ࢞ଵ ǡ ࢟ǡଵ ሻ ,
« ሺ࢞ଵ ǡ ࢟ǡ ሻ , ሺ࢞ଶ ǡ ࢟ǡାଵ ሻ « ሺ࢞ଶ ǡ ࢟ǡଶ ሻ  « ሺ࢞ ǡ ࢟ǡሺିଵሻାଵ ሻ « ሺ࢞ଶ ǡ ࢟ǡή ሻ ]. Using a 1:1 ratio is a
simplification that can lead to inaccuracies in the VOI estimate. However, using a 1:݉ ratio requires ݉ times more
Monte Carlo samples, ݉ times increasing the computational cost for the EVWI calculation accordingly. In practice,
the measurement noise tends to be quite small (i.e., the standard deviation of ࢟ ȁ࢞ is small compared to that of the
prior prediction); thus, a 1:1 ratio suffices.
ෝଵ ȁ࢟ , ࢞
ෝଶ ȁ࢟ «࢞
ෝ ȁ࢟ ] representing the posterior probability distribution ሺ࢞ȁ࢟ ሻ is
The posterior ensemble [࢞
generated by using EnKF to update the prior ensemble with the given observations and assessed measurement (and
model) noise.
With all the probability distributions represented by their corresponding realizations, the VOI analysis can be
conducted following the steps presented earlier. The following equations omit the time index ݇ for convenience.
First, we identify the DWOI and calculate the EVWOI. Converting Eqs. 3 and 4 into their corresponding Monte
Carlo forms gives


ͳ
௧
ࢇ ൌ  ቐ  ݒሺ࢞ ǡ ࢇሻቑǡ
݊
ࢇא

(20)

ୀଵ



ͳ
௧
 ܫܱܹܸܧൌ  ݒ൫࢞ ǡ ࢇ ൯Ǥ
݊

(21)

ୀଵ

Second, we conduct Bayesian inference, using EnKF to calculate the posterior ensemble members and identify the
DWI for the given observations, using the Monte Carlo form of Eq. 5,


௧
ࢇ௦ ሺ࢟ሻ

ͳ
ෝ ȁ࢟ǡ ࢇሻቑǤ
ൌ  ቐ  ݒሺ࢞
݊
ࢇא

(22)

ୀଵ

Again, the EVWI can be calculated using either of two formulations: the Monte Carlo form of F1 (Eq. 9),

 ܫܹܸܧൌ

or the Monte Carlo form of F2 (Eq. 10),





ୀଵ

ୀଵ

ͳ
ͳ
ෝ ȁ࢟ ǡ ࢇ௧
    ݒቀ࢞
௦ ൫࢟ ൯ቁ
݊
݊

(23)
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 ܫܹܸܧൌ

ͳ
௧
  ݒቀ࢞ ǡ ࢇ௦ ሺ࢟ ሻቁǤ
݊

(24)

ୀଵ

Based on the law of large numbers, Eqs. 23 and 24 give the same limit when the ensemble size ݊ approaches
infinity. However, the convergence rate can be different, resulting in different estimates when the ensemble size is
small. More details on this will be presented with an example later. Finally, we calculate VOI using Eqs. 1 and 2.
Care must be taken when calculating EVWOI and EVWI. If a production optimization problem entails
sequential decision making; i.e., the alternative ࢇ consists of a series of decisions, only the value corresponding to
decisions that can be affected by the observations should be considered. For example, if decisions ܽଵ and ܽଶ will be
made sequentially at time  ݐand  ݐ οݐ, respectively, then an observation obtained somewhere between time  ݐand
 ݐ ο ݐwill affect only ܽଶ and not ܽଵ ,. Therefore, when calculating the value of this observation, only the NPV
corresponding to the period from time  ݐ ο ݐforward should be considered.
Comparison with %DUURV¶s Analysis Workflow
Barros et al. (2015a) proposed a workflow for calculating VOI from HM using ensemble-based methods. The
authors have extensive experience in reservoir management. However, their paper did not elaborate on the
connection between the workflow they have applied and the definition of VOI. This section seeks to accomplish
that.
%DUURV¶s workflow is based on a twin experiment where the DWI and DWOI are valued based on a synthetic
truth and where the difference between the values corresponding to the DWI and DWOI, respectively, is calculated.
$V\QWKHWLFWUXWKLQ%DUURV¶s workflow is a realization drawn from the prior probability distribution. ݊ realizations
are first drawn from the prior probability distribution, and one of them is then chosen as a synthetic truth and the rest
form the prior ensemble with ݊ െ ͳ realizations. The procedure of conducting a twin experiment is repeated for all
݊ synthetic truths. For each synthetic truth, there is a corresponding difference between its values corresponding to
the DWI and DWOI. Barros et al. then calculated the VOI as the EV over all of these differences associated with
synthetic truths. Thus, in BaUURV¶s workflow, the concept of synthetic truth is central to the analysis.
However, WKH FRQFHSW RI ³synthetic truth´ has no meaning in VOI analysis. In reservoir engineering, a
synthetically true model is used to mimic the actual state of a reservoir, by which reservoir engineers can investigate
whether the actual outcome falls within the range that was predicted by updated models. This is not the case of VOI
analysis where the importance is to quantify uncertainty and how the changes in uncertainty will change decisions.
Moreover, VOI as defined by Barros et al. implies a distribution.12 However, as shown by Bratvold et al. (2009), the
VOI is not a distribution but WKHGLIIHUHQFHEHWZHHQWZRH[SHFWHGYDOXHV7KXV%DUURV¶s workflow is inconsistent
with the definition of VOI analysis. However, two small modifications to %DUURV¶s workflow can address this.
,Q 92, DQDO\VLV WKH SULRU UHIOHFWV WKH '0¶V ODFN RI NQRZOHGJH ZKLFK PHDQV WKDW WKH WUXWK LV LQFOXGHG LQ WKH
prior.13 Therefore, the first modification is to not exclude any synthetic truth from the prior ensemble. Because the
VOI is defined as the difference between the EVWI and EVWOI, the second modification is to calculate the VOI by
first calculating the EV over the values of the DWIs valued on the synthetic truths and the EV over the values of the
DWOI valued on the synthetic truths, and then calculating the difference between these two EVs instead of by first
calculating the difference between the values of DWI and DWOI valued on a synthetic truth, and then calculating
the EV over the synthetic truths. Although the second modification is only formula rewriting and causes no
difference in mathematical result, it makes conceptual difference. 7KH PRGLILHG %DUURV¶s workflow is identical to
calculating the VOI using F2. Because F2 is derived without introducing the concept of synthetic truth, there is no
need to include the concept of synthetic truth in VOI analysis.
%DUURV¶VZRUNIORZLVIURPWKHVWDQGSRLQWRIUHVHUYRLr engineers, whilst F2 is from the original definition of VOI.
'HVSLWHWKHLQFRQVLVWHQW92,GHILQLWLRQLPSOHPHQWHGWKURXJK%DUURV¶VZRUNIORZWKH similarity of it to F2 provides
an easier understanding of the VOI from HM for reservoir engineers.
The differences among F1, F DQG %DUURV¶V DSSURDFKHV are summarized in Table 2. The impact of using the
three approaches will be illustrated and discussed later.

12
13

Barros et al. (2015a, 2015b, 2016a) illustrated the percentiles of VOI.
As is common in VOI analysis, this work assumes that the probability assessors are unbiased.
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Formulation 1

Formulation 2

1

DWOI is identified and
EVWOI is calculated over all
݊ prior realizations (Eqs. 20
and 21).

DWOI is identified and
EVWOI is calculated over all
݊ prior realizations (Eqs. 20
and 21).

All ݊ prior realizations are
updated, resulting in ݊
posterior realizations.
DWI is identified over ݊
posterior realizations (Eq.
22).

All ݊ prior realizations are
updated, resulting in ݊
posterior realizations.
DWI is identified over ݊
posterior realizations (Eq.
22).

4

EVWI is calculated using Eq.
23.

EVWI is calculated using Eq.
24.

5

VOI is calculated as the
difference between EVWI
and EVWOI.

VOI is calculated as the
difference between EVWI
and EVWOI.

2

3

12

Barros et al.
DWOI is identified by optimizing the EV
over ሺ݊ െ ͳሻ prior realizations after a
synthetic truth is excluded. The DWOI is
valued on the synthetic truth, i.e., value
without information for the synthetic truth
(ܸܹܱܫ ) is calculated. This procedure is
repeated for all synthetic truths.
ሺ݊ െ ͳሻ prior realizations are updated,
posterior
resulting
in
ሺ݊ െ ͳሻ
realizations.
DWI is identified over ሺ݊ െ ͳሻ posterior
realizations.
The value with information for each
particular synthetic truth ( ܸܹܫ ) is
calculated.
The VOI for each synthetic truth (ܸܱܫ ) is
calculated as ܸܱܫ ൌ ܸܹܫ െ ܸܹܱܫ , and
the VOI is calculated as the EV of ܸܱܫ .

Table 2²'LVWLQFWLRQVDPRQJ)RUPXODWLRQ)RUPXODWLRQDQG%DUURV¶VDSSURDFKHV

Decision Tree Example
The following is a simple illustration of how decision trees can be used to assess the VOI in the HM context. For an
introduction to decision trees and tree flipping, refer to Clemen (1991), Bratvold and Begg (2010), and Howard and
Abbas (2016).
Assume that the prior has been assessed as three equi-probable sets of uncertain model parameters of a given
production model: ࢞ଵ , ࢞ଶ , and ࢞ଷ . We want to estimate the value of measuring and calibrating to the oil production
ǣ்
rate at time ݐ. The predicted oil production rates ݍ by these three realizations are shown in Fig. 5, where ݍǡ
is the
oil production rate predicted for the period from time 0 to ܶ, which is obtained from the production model ݂ሺήሻ with
parameters ࢞ and production strategy ࢇ. It is assumed that there is no model noise. For example, if ࢞ଵ describes the
true nature of the reservoir, ࢇଶ is the production strategy and there is no measurement noise, the observed oil
௧
at time ( ݐi.e., any given set of values of model parameters ࢞ maps to only one
production rate will definitely be ݍǡ
 ²a one-to-one relationship). Thus, we have the following model reliabilities:
set of predicted observations ࢟
௧
௧
௧
ȁ࢞ଵ ൯ ൌ ൫ݍǡ
ȁ࢞ଶ ൯ ൌ ൫ݍǡு
ȁ࢞ଷ ൯ ൌ ͳǡ else 0. However, the relationship from predicted observations to model
൫ݍǡ
௧
parameters might not be one-to-one, because of non-uniqueness of inverse modelling. For example, given ݍǡ
, the
corresponding set of model parameters can be either ࢞ଵ or ࢞ଶ . The reliabilities of the measurements are listed in
௧
), the probability of the measurement providing an
Table 3. For example, given the oil production rate is low (ݍǡ
௧
௧
exact UHVXOW³ORZ´ ݍǡ
) is 4/5 and that of a deviated UHVXOW³KLJK´ ݍǡு
) is 1/5. Given the reliabilities of the model
௧
௧
௧
and measurements, we can calculate the likelihoods. For example, ൫ݍǡ
ห࢞ଵ ൯ ൌ ൫ݍǡ
ǡ ݍǡ
ȁ࢞ଵ ൯ 
ସ

ଵ

௧
௧
௧
௧
௧
௧
௧
௧
൫ݍǡ
ǡ ݍǡு
ȁ࢞ଵ ൯ ൌ ൫ݍǡ
หݍǡ
൯൫ݍǡ
ȁ࢞ଵ ൯  ൫ݍǡ
หݍǡு
൯൫ݍǡு
ȁ࢞ଵ ൯ ൌ ή ͳ  ή Ͳ ൌ ͶȀͷ. The likelihood function
ହ
ହ
is listed in Table 4. The preposterior and posteriors are calculated using Eq. 8 and 7, respectively.
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Fig. 5²The oil production rate profiles of three equi-probable realizations for the decision tree example.

Reliabilities of Measurement
(says|is)
௧
« WKH PHDVXUHPHQW
³/RZ´ ݍǡ
)
௧
at time  ݐsays
³+LJK´ ݍǡு
)
Total

Given ݍ at time  ݐis «
௧
௧
Low (ݍǡ
) High (ݍǡு
)
4/5
1/5
1/5
4/5
1
1

Table 3²Reliabilities of measurement for the decision tree example.

Likelihood Function
(says|is)
௧
« WKH PHDVXUHPHQW
³/RZ´(ݍǡ
)
௧
at time  ݐsays
³+LJK´ ݍǡு
)
Total

Given the set of model parameters is «
࢞ଵ
࢞ଶ
࢞ଷ
4/5
4/5
1/5
1/5
1/5
4/5
1
1
1

Table 4²Likelihood function for the decision tree example.

Fig. 6a shows the probability tree with the prior and likelihoods in the assessed form. Its corresponding
inferential form (flipped tree) is shown in Fig. 6b, where the preposterior and posteriors are listed.
((a)) Assessed Form: Information we have

(b) Inferential Form: Information we need

Fig. 6²The uncertainty trees in (a) assessed form, and (b) inferential form for the decision tree example.

Because information cannot add value if it is not material, we must define the decision context before the VOI
can be calculated. This example will assume that we can choose one of three production strategies, denoted by ࢇଵ ,
ࢇଶ and ࢇଷ , that the strategies are the same for the time interval through ݐ, and that they differ for the remaining
period. Thus, we have two options: (1) to choose from ࢇଵ , ࢇଶ and ࢇଷ based on the prior (i.e. the case without
information), and (2) to measure the oil production rate at time  ݐand then, to choose from ࢇଵ , ࢇଶ and ࢇଷ based on
the measurement (i.e. the case with information). Let ݒሺ࢞ǡ ࢇሻ be the NPV of the project for the period from time  ݐto
the end of the production life-cycle, calculated with realization ࢞ and decision ࢇ. The NPVs for different alternatives
and realizations are listed in Table 5. The decision trees for the cases with and without information are shown in
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Fig. 7, where the triangles represent payoffs or values. These trees show only the branches for the optimal decision,
i.e., the alternative that maximizes the expected NPV. Recall that the VOI is assessed before any information is
gathered. The decision tree in Fig. 7b includes the observation uncertainty to the left of the decision nodes.
ݒ ൌ ܸܰܲሺ࢞ ǡ ࢇ ሻ
ࢇଵ
ࢇଶ
ࢇଷ

࢞ଵ
89
73
75

࢞ଶ
56
64
6

࢞ଷ
49
65
88

Table 5²NPVs for different alternatives and realizations [$ millions] for the
decision tree example.
(a) Without Information

((b)) With Information

Fig. 7²The decision trees for the cases (a) with information, and (b) without information for the decision tree example.

As shown in Fig. 7a, the DWOI is ࢇଶ , the EVWOI is $67.3 million, and the EVWI is $70.8 million. The EVWI
can be calculated using either F1 (Eq. 9):
௧
௧
௧
௧
൯ ή ቀݒሺ࢞ଵ ǡ ࢇଵ ሻ൫࢞ଵ หݍǡ
൯  ݒሺ࢞ଶ ǡ ࢇଵ ሻ൫࢞ଶ หݍǡ
൯  ݒሺ࢞ଷ ǡ ࢇଵ ሻ൫࢞ଷ หݍǡ
൯ቁ 
 ܫܹܸܧൌ ൫ݍǡ
௧
௧
௧
௧
൯ ή ቀݒሺ࢞ଵ ǡ ࢇଷ ሻ൫࢞ଵ หݍǡு
൯  ݒሺ࢞ଶ ǡ ࢇଷ ሻ൫࢞ଶ หݍǡு
൯  ݒሺ࢞ଷ ǡ ࢇଷ ሻ൫࢞ଷ หݍǡு
൯ቁ
൫ݍǡு
͵
Ͷ
Ͷ
ͳ
ʹ
ͳ
ͳ
ʹ
ൌ ή ൬ͺͻ ή  ͷ ή  Ͷͻ ή ൰  ή ൬ͷ ή   ή  ͺͺ ή ൰ ൌ ͲǤͺ
ͷ
ͻ
ͻ
ͻ
ͷ


͵

or F2 (Eq. 10):
௧
௧
௧
 ܫܹܸܧൌ ݒሺ࢞ଵ ǡ ࢇଵ ሻ൫ݍǡ
ห࢞ଵ ൯ሺ࢞ଵ ሻ  ݒሺ࢞ଶ ǡ ࢇଵ ሻ൫ݍǡ
ห࢞ଶ ൯ሺ࢞ଶ ሻ  ݒሺ࢞ଷ ǡ ࢇଵ ሻ൫ݍǡ
ห࢞ଷ ൯ሺ࢞ଷ ሻ 
௧
௧
௧
ሻ൫ݍ
ሻ
ሻ൫ݍ
ሻ
ሻ൫ݍ
ݒሺ࢞ଵ ǡ ࢇଷ
ǡு ห࢞ଵ ൯ሺ࢞ଵ  ݒሺ࢞ଶ ǡ ࢇଷ
ǡு ห࢞ଶ ൯ሺ࢞ଶ  ݒሺ࢞ଷ ǡ ࢇଷ
ǡு ห࢞ଷ ൯ሺ࢞ଷ ሻ
Ͷ ͳ
Ͷ ͳ
ͳ ͳ
ͳ ͳ
ͳ ͳ
Ͷ ͳ
ൌ ͺͻ ή ή  ͷ ή ή  Ͷͻ ή ή  ͷ ή ή   ή ή  ͺͺ ή ή ൌ ͲǤͺ
ͷ ͵
ͷ ͵
ͷ ͵
ͷ ͵
ͷ ͵
ͷ ͵

The VOI is $70.8 ± $67.3 = $3.5 million. If the cost of measurement is greater than $3.5 million, the measurement
of oil production rate should not be conducted; otherwise, the oil production rate should be measured. The value
increment of $3.5 million comes from the possible change in DWI. The optimal decision is alternative ࢇଶ for the
௧
) or ࢇଷ if the measurement says
case without information, whereas it is ࢇଵ LI WKH PHDVXUHPHQW VD\V ³/RZ´ ݍǡ
௧
). If irrespective of the information, ࢇଶ is retained for the decision nodes in Fig. 7b, this will yield
³+LJK´ ݍǡு
 ܫܹܸܧൌ  ܫܱܹܸܧand thus ܸܱ ܫൌ Ͳ, which means that the information has no value if it cannot change our
decision.
௧
௧
௧
௧
หݍǡ
൯ ൌ ൫ݍǡு
หݍǡு
൯ ൌ ͳ, else 0) is $10.4
The VOI of the case without noise in ݍ௧ measurement (i.e., ൫ݍǡ
million. The VOI of the case with perfect information (VOPI) is $13.0 million. The VOI increment from $3.5
million to $10.4 million is due to the elimination of measurement noise. The difference between the VOI without
measurement noise ($10.4 million) and VOPI ($13.0 million) is because having ݍ௧ data does not provide perfect
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information about the future production even though the ݍ௧ data have no noise. This imperfection can be ascribed to
the non-uniqueness of inverse modelling. If a given dataset mapped to only one set of model parameters (i.e.,
ሺ࢞ ȁ࢟ ሻ ൌ ͳ for all ݅), then the dataset would provide perfect information.
Monte Carlo Example with a Static Model
Assessing the VOI for the example above is straightforward because it is a discretized case having a single
uncertainty with only three possible outcomes. In practice, many hydrocarbon production relevant decision making
contexts involve continuous probability distributions (e.g., an uncertain permeability field can be a multivariate
Gaussian distribution). Monte Carlo method uses a number of equi-probable realizations to represent a continuous
probability distribution. A disadvantage of Monte Carlo method is that it can result in sampling errors, which could
for example cause the EVWIs calculated using F1 (Eq. 23) and F2 (Eq. 24) to differ. This section presents an
example where a simple static model is used so that the VOI can be easily calculated analytically. This VOI will
then be compared with those FDOFXODWHGXVLQJ%DUURV¶s workflow, F1, and F2.
Consider that the distinction of interest  ݔis the revenue of a project and that the observable distinction  ݕis the
information on the revenue. The relationship between  ݔand  ݕis
 ݕൌݔߝ

(25)

where  ݔis normally distributed with mean ݔҧ and standard deviation ߪ௫ , and ߝ is normally distributed with zero mean
and standard deviation ߪఌ : the prior ሺݔሻ̱ܰሺݔҧ ǡ ߪ௫ ሻ and the likelihood ሺݕȁݔሻ̱ܰሺݔǡ ߪఌ ሻ. The error term in Eq. 25
describes the reliability of the information. Using the relationships for the normal conjugate prior, the preposterior is
ሺݕሻ̱ܰሺݔҧ ǡ ඥߪ௫ଶ  ߪఌଶ ሻ and the posterior is ሺݔȁݕሻ̱ܰሺݔҧ  ሺ ݕെ ݔҧ ሻ

ఙೣమ
ఙೣమ ାఙഄమ

ǡ ටͳȀሺ

ଵ

ఙೣమ



ଵ
ఙഄమ

ሻሻ . The decision ܽ to be

made is whether the project will be conducted; ܽ ൌ ͳ and ܽ ൌ Ͳ FRUUHVSRQG WR ³FRQGXFW´ DQG ³QRW FRQGXFW´
respectively. If the expected revenue is positive, the project should be conducted; otherwise, it should not. Thus, the
value function is ݒሺݔǡ ܽሻ ൌ ܽݔ. The DM wants to know whether the information should be obtained against a cost of
1 (the monetary unit can be arbitrary here).
The VOI for this case can be calculated analytically:
మ

ܸܱ ܫൌ න ሼͲǡ ݔҧ  ሺ ݕെ ݔҧ ሻ
௬

ሺ௬ି௫ҧ ሻ
ି
ߪ௫ଶ
ͳ
మ
మ
ሽ
݁ ଶሺఙೣ ାఙഄ ሻ ݀ ݕെ ሼͲǡ ݔҧ ሽǤ
ଶ
ଶ
ଶ
ଶ
ߪ௫  ߪఌ ඥʹሺߪ௫  ߪఌ ሻߨ

(26)

With ݔҧ ൌ ͵, ߪ௫ ൌ ͳͲ, and ߪఌ ൌ ͷ, the VOI is 2.267. Because the cost of information is lower than the VOI, the DM
should buy the information.
For comparison, we use Monte Carlo method to calculate the VOI. First, we sample ݊ realizations from the
prior ሺݔሻ to get the prior ensemble [ݔଵ , ݔଶ «ݔ ], with the probability of each ݔ being ͳȀ݊ . Second, the DWOI
is obtained using Eq. 20, and the EVWOI is calculated using Eq. 21. Third, for each ݔ , we sample one realization
from the likelihood ሺݕȁݔ ሻ to get the preposterior ensemble [ݕଵ , ݕଶ «ݕ ], with the probability of each ݕ being
ͳȀ݊ as well as an ensemble of (ݔǡ )ݕ-pairs, [ሺݔଵ ǡ ݕଵ ሻ, ሺݔଶ ǡ ݕଶ ሻ«ሺݔ ǡ ݕ ሻ], with the probability of each (ݔ, )ݕpair being ͳȀ݊ (the 1:1 ratio mentioned earlier applies here). Fourth, we update the prior ensemble using EnKF for
each ݕ , yielding the posterior ensemble [ݔොଵ ȁݕ , ݔොଶ ȁݕ «ݔො ȁݕ ], and we identify the DWI using Eq. 22; this results
in ݊ posterior ensembles and ݊ DWIs. Fifth, the EVWI can be calculated using either F1 (Eq. 23) or F2 (Eq. 24).
Finally, we calculate the VOI using Eqs. 1 and 2.
:HILUVWWHVW%DUURV¶s workflow, F1 and F2 using a large ensemble size of 10,000. The results are listed in Table
6, where %DUURV¶s workflow gives a result almost identical to that of F2. This is because the impact of excluding a
synthetic truth (i.e., an ݔ ) from the prior ensemble is very small when the ensemble size is large. The VOIs
calculated using F1 and F2 are slightly different, for a reason to be discussed later. All three methods estimate the
VOI with an error smaller than 1%.
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Method

VOI

Error

Analytical

2.267

-

%DUURV¶s Workflow

2.283

0.71%

Formulation 1

2.246

0.93%

Formulation 2

2.283

0.71%

Table 6²VOI estimate with ݔҧ ൌ ͵, ߪ௫ ൌ ͳͲ,ߪఌ
the Monte Carlo example with a static model.

ൌ ͷ, and an ensemble size of 10,000 for

Then, a small ensemble size of 50 is used. The VOI calculation is repeated 10,000 times for each method. The
statistics of the VOI estimates are listed in Table 7, and the probability density functions (PDFs) are plotted in Fig.
8.14 Both F1 and F2 are shown to produce a VOI estimate with an error smaller than 0.5% on average. F2 leads to a
smaller standard deviation (SD) of the VOI estimate than does F1. This indicates that F2 is more stable than F1 with
respect to Monte Carlo sampling for small ensemble size because of WKHIRUPHU¶s sole use of the prior ensemble for
calculating EVWI, thereby excluding from that calculation the sampling errors associated with the preposterior and
posterior ensembles. In contrast, F1 uses both the preposterior and posterior ensembles for the EVWI calculation,
thereby propagating sampling errors from the preposterior and posterior ensembles. )RU %DUURV¶s workflow, the
resulting range and SD of VOI estimate are larger than in the other two methods, and the PDF includes a long tail to
the right as shown in Fig. 8, resulting in a larger error for the average VOI estimate. This long tail is induced by the
exclusion of the synthetic truths from the prior ensemble. This suggests that the impact of excluding the synthetic
truths from the prior ensemble can be large when the ensemble size is small. In reservoir management, small
ensemble size is usually used for EnKF, typically 100, as the computational costs increase with the ensemble size.
Method

Average

Error

SD

[Min, Max]

%DUURV¶V:RUNIORZ

2.323

2.47%

0.933

[0, 10.421]

Formulation 1

2.257

0.44%

0.776

[0, 5.497]

Formulation 2

2.259

0.35%

0.695

[0, 5.279]

Table 7²VOI estimate with ݔҧ ൌ ͵, ߪ௫ ൌ ͳͲ,ߪఌ ൌ ͷ, and an ensemble size of 50 (repeated 10,000
times) for the Monte Carlo example with a static model.

Fig. 8²The PDF of VOI estimate for the Monte Carlo example with a static model.

This example has demonstrated that the three methods give almost equivalent results for large ensembles.
However, these methods can lead to quite different results when the ensemble size is small. As there are no
significant computational increases resulting from F2 (Eq. 24) for calculating the VOI from HM when Monte Carlo
is used, this would be our method of choice.
14 The uncertainty in the VOI estimate is due to the sampling error associated with Monte Carlo method. As discussed earlier, the
VOI itself is not a distribution but the difference between two expected values.
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Monte Carlo Example with a Toy Dynamic Model
This section illustrates how the VOI from HM is calculated. We adopt the decline curve model used by Barros et al.
(2016a) for modeling oil and water production. The predicted oil and water production rates, ݍ and ݍ௪ ,
respectively, are functions of time  ݐand a control (decision) variable ܽ,:
ݍ ሺܽǡ ݐሻ ൌ ൫ݍǡ  ܿଵ ܽ൯݁ ି௧ΤሺఉାΤమሻ
ܽത
ݍ௪ ሺܽǡ ݐሻ ൌ  ܪ ݐെ ݐ௧ ൬ͳ െ ൰൨ ൫ݍ௪ǡஶ  ܽ൯ൣͳ െ ݁ ିሺ௧ି௧್ሺଵିതΤయሻሻΤሺరఉିΤఱ ሻ ൧
ܿଷ

(27)
(28)

where ݍǡ is the initial oil production rate for ܽ ൌ Ͳ; ݍ௪ǡஶ is the ultimate water production rate for ܽ ൌ Ͳ; ݐ௧ is
the water breakthrough time for ܽ ൌ Ͳ; ߚ, ܿଵ , ܿଶ , ܿଷ , ܿସ and ܿହ are coefficients; ܽത is the average of ܽ in all the
control intervals before ݐ௧ ; and ܪሾήሿ is the Heaviside step function. The water injection rate ݍ௪ is the sum of ݍ and
ݍ௪ . The constants and uncertain model parameters are listed in Table 8. The production life-cycle is 80 months,
and  א ݐሾͳǡ ʹǡ ǥ ǡ ͺͲሿ. We include eight control intervals, and the single control variable ܽ is thus replaced by a
control vector ࢇ ൌ ሾܽଵǣଵ ǡ ܽଵଵǣଶ ǡ ǥ ǡ ܽଵǣ଼ ሿ் . That is, when a decision is made at time  א ݐሾͲǡ ͳͲǡ ǥ ǡͲሿ, it cannot be
changed over the next 10 time intervals. The upper and lower bounds of ܽ are 10 bbl/mo and 50 bbl/mo,
respectively. The observations are oil and water production rates at a certain time. In the form of Eqs. 19 and 17, we
 ൌ ሾݍ ǡ ݍ௪ ሿ் , observations
have the distinctions of interest ࢞ ൌ ሾݍǡ ǡ ߚǡ ݍ௪ǡஶ ǡ ݐ௧ ሿ் , predicted observations ࢟
  ࢿ௬ , and a forward model to time ݐ, ݂௧ ሺ࢞ǡ ࢇሻ described by Eqs. 27 and 28.
(with noise) ࢟ ൌ ሾݍ ǡ ݍ௪ ሿ் ൌ ࢟

ܿଵ
ܿଶ
ܿଷ
ܿସ
ܿହ
ܲ
ܲ௪
ܲ௪
ܾ
߬

Constant Parameters
0.1
[-]
4
[bbl/mo2]
150
[bbl/mo]
2
[-]
1.33
[bbl/mo2]
70
[$/bbl]
10
[$/bbl]
10
[$/bbl]
0.1
[-]
8
[mo]

ݍǡ
ߚ
ݍ௪ǡஶ
ݐ௧

Uncertain Parameters
N(100, 8)
[bbl/mo]
N(30.5, 3.67)
[mo]
N(132, 6)
[bbl/mo]
N(32, 6)
[mo]

Table 8²Constant and uncertain parameters for the decline curve model.

ሻ̱ܰሺǡ ۱௬ ሻ where ۱௬ ൌ
We use a Gaussian distribution for the reliability of measurements, i.e., ሺࢿ௬ ȁ࢟
Ͳ
ଶ , with ߪ and ߪ௪ being the SDs of oil and water rate measurements, respectively. For this example, we
ߪ௪
ଵ

assume that the SD ߪ is a percentage ܲܿݐఙഄ of the EV of the prior predicted observation (i.e., ߪ ൌ ܲܿݐఙഄ ή σୀଵ
ݍ )
ߪଶ
ቈ
Ͳ



for both the oil and water production rates, and set ܲܿݐఙഄ ൌ ͷΨ. Model noise is ignored.
An ensemble size of 100 is used. Realizations are sampled from the prior ሺ࢞ሻ (Gaussian distributions listed in
Table 8) to form the prior ensemble [࢞ଵ , ࢞ଶ  «࢞ଵ ]. RO is performed over the prior ensemble to identify the
௧
optimal strategy ࢇ (i.e., DWOI) that optimizes the EV over the prior ensemble (Eq. 20).
The VOI calculation will be for information gathered at time ݐ. For a sequential decision making context, the
information gathered at time  ݐwill affect the decisions made only after the time when we gather the information.
Thus, we care about the value only for the period where decisions are changeable, and the value function should be
defined as the NPV for that period. For example, decisions that can be affected by information gathered at time  ݐൌ
ͷͷ, are {ܽଵǣ , ܽଵǣ଼}, so we consider the value function for only the period after time  ݐൌ Ͳ. All monetary values
are discounted to time 0.
We first do forward modeling to time  ݐwith the prior ensemble members and DWOI to generate the realizations
௧
௧
ଵ௧ ൌ ݂௧ ൫࢞ଵ ǡ ࢇ௧
௧ଶ ൌ ݂௧ ൫࢞ଶ ǡ ࢇ௧
ଵ
of the predicted observations [࢟
ൌ ݂௧ ൫࢞ଵ ǡ ࢇ ൯] and then sample one
 ൯, ࢟
 ൯«࢟
௧
௧
௧
௧
௧
 ሻ and add it to ࢟
 to obtain [ ࢟ଵ , ࢟ଶ  « ࢟ଵ
] which is the
realization of measurement noise from ሺࢿ௬ ȁ࢟
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preposterior ensemble. For each ࢟௧ , we use EnKF to update the prior ensemble to obtain the posterior ensemble
ෝଵ ȁ࢟௧ , ࢞
ෝଶ ȁ࢟௧ «࢞
ෝଵ ȁ࢟௧ ] and perform RO over the posterior ensemble to identify the optimal strategy after time ݐ
[࢞
for the posterior ensemble. Again, using information gathered at time  ݐൌ ͷͷ as an example, the DWI after time  ݐൌ
௧

௧

௧

்

ͷͷ is ൫ࢇ௦ ൯
ൌ ቂ൫ܽ௦ ൯
ǡ ൫ܽ௦ ൯
ቃ .
ଵǣ଼
ଵǣ
ଵǣ଼
The EVWOI can then be calculated using Eq. 21, and the EVWI using F1 (Eq. 23) or F2 (Eq. 24). The VOI is
calculated using Eqs. 1 and 2.
Both F1 and F2 are used to calculate the ο defined in Eq. 2. From Eq. 1, ܸܱ ܫൌ ሼοǡ Ͳሽ. The calculation of ο
at time  ݐൌ ͳͲ using our proposed workflow is repeated 100 times for each formulation. The ensembles used in any
two runs are different. The statistics of the ο estimates are listed in Table 9. 15 As was found in the previous
example, the average of the estimates calculated using F1 is close to that of F2; however, the SD of the estimates
calculated using F1 is much larger than that of F2, due to the small ensemble size. Different VOI estimates can lead
to different decisions. Taking one of the 100 runs as an example, we get a VOI estimate of $621.4 using F1 and
$107.6 using F2, even though the same set of realizations is used; if the cost of gathering data and conducting model
calibration is $150, the decision made based on the VOI calculated using FLV³WRJDWKHUGDWDDQGFRQGXFWHM´EXW
the decision made based on that using FLV³WRQRWJDWKHUGDWD´ In practice, ZHZRQ¶WUHSHDWWKHFDOFXODWLRQRIο
because we want to minimize the computational cost. Thus, the formulation which has the higher chance to produce
a good estimate (i.e. smaller SD in estimate) should be used.
Method

Average

SD

[Min, Max]

Formulation 1

64.7

480.3

[-1181.9, 1049.6]

Formulation 2

58.4

31.5

[-64.6, 148.8]

Table 9²Statistics of the ¨HVWLPDWHV UHSHDWHGWLPHV for the Monte
Carlo example with a dynamic model.

We use F2 to calculate the VOI at different times using the same prior ensemble, to answer the following
questions: (1) If we can conduct the measurements of oil and water production rates only once at some time during
the production life-cycle (i.e., we can get only a single value of ࢟ ൌ ሾݍ ǡ ݍ௪ ሿ் ), when should this be done? (2) How
much value can be created by the measurements? Repeating the VOI calculation for data gathered at different times
yields the graph shown in Fig. 9. It indicates that the value of imperfect information with ܲܿݐఙഄ ൌ ͷΨ peaks at time
30 with a value of $217.5. If the cost of gathering data and conducting model calibration is less than $217.5, we
should gather data and conduct model calibration at time 30; otherwise, we should not gather data at all. The value
that can be created by the measurements is the difference between its VOI and cost. For example, if the cost is $118,
then the created value is $217.5 ± $118 = $99.5. The VOPI is the upper bound of VOI. Not surprisingly, the graph
indicates that if we have access to perfect information, we should gather data as soon as possible (between time 0
and 10) if the information can be obtained at a cost of no more than $674.3. There are sharp drops in both VOI with
measurement noise and VOPI at time 11, 21, 31 and 41. This is because one more decision in the series of decisions
of production strategy cannot be affected by the data gathered at these times (Barros et al. 2016a). For example, the
injection rate decision for the period from time 20 to 30 is made at time 20, so the data gathered before time 20 can
affect this decision whilst the data gathered after time 20 cannot affect this decision but only the decisions made
after that.

15

See footnote 14.
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Fig. 9²VOI with ࡼࢉ࢚࣌ࢋ ൌ Ψ and VOPI at different times for the Monte Carlo example with a dynamic model.

How would different levels of measurement noise impact VOI? To investigate this, we conducted a sensitivity
analysis of the measurement noise (i.e., the value of ܲܿݐఙഄ ) on VOI. VOI at different times is shown for three values
of ܲܿݐఙഄ (1%, 5%, and 9%) in Fig. 10. The smoothness of the curve decreases with increasing measurement noise.
We believe this is because of the sampling errors associated with sampling the measurement noise. As the
measurement noise increases, larger sampling errors will be introduced when the measurement noise is sampled
using the same ensemble size for Monte Carlo method, resulting in larger errors in VOI estimate. Fig. 10 shows that
VOI increases as ܲܿݐఙഄ decreases, and that the VOI peaks at time 30 no matter how large ܲܿݐఙഄ is. This is because
water break-through will have occurred over the majority of the realizations at time 30, and the water rate data
gathered at this time provides relevant and material information on the future water production. Thus, we focus on
VOI at time 30 and calculate it for different values of ܲܿݐఙഄ . The results, shown in Fig. 11, indicate that as
measurement noise increases, VOI approaches 0 (i.e., the information is immaterial). Because the measurement
noise tends to be quite small in practice, we consider ܲܿݐఙഄ only between 0% and 22% for further analysis. The VOI
estimates are indicated by blue dots in Fig. 12, and the red dashed line is the second-order polynomial trendline
corresponding to the VOI estimates. The cost of reducing measurement noise is represented by the green solid line
in Fig. 12, showing that VOI and the cost intersect at ܲܿݐఙഄ ൌ ͳǤʹΨ. For ܲܿݐఙഄ ൏ ͳǤʹΨ, the measurement cost is
greater than the VOI, indicating that paying for a more accurate measure does not add value. For ܲܿݐఙഄ  ͳǤʹΨ, the
measurement cost is lower than the VOI. The difference between VOI and cost is shown in Fig. 13. The information
value increases as ܲܿݐఙഄ increases until ܲܿݐఙഄ it reaches 9.1%, corresponding to an optimal value of $105.8 (the red
dot in Fig. 13). The sensitivity analysis indicates that a more accurate measure does not necessarily create more
value and that a tradeoff exists between measurement accuracy and costs.

Fig. 10²VOI at different times for different levels of
measurement noise for the Monte Carlo example with a
dynamic model.

Fig. 11²VOI at time 30 for different levels of
measurement noise for the Monte Carlo example with a
dynamic model.
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Fig. 12²VOI at time 30 and measurement cost for
different levels of measurement noise for the Monte
Carlo example with a dynamic model.

Fig. 13²VOI at time 30 less measurement cost for
different levels of measurement noise for the Monte
Carlo example with a dynamic model.

Monte Carlo Example with a Reservoir Simulation Model
We use our proposed workflow to estimate VOI from HM for a more realistic case where a reservoir simulation
model is involved. The reservoir simulation model (a synthetic 2D model) is shown in Fig. 14. Eight injectors are
placed in line at one end of the reservoir and eight producers in line at the opposite end. The permeability field is
uncertain and its prior uncertainty is described by a multivariate normal distribution. The prior ensemble consists of
50 realizations sampled from the prior distribution, 3 of which are illustrated in Fig. 15.

Fig. 14²Synthetic 2D model for the Monte Carlo example with a reservoir simulation model.

Fig. 15²Three of 50 sampled realizations of the permeability field in md.

We assume that the periods of water pre-flushing, polymer injection and water post-flushing have already been
set: 1,200 GD\V¶ ZDWHU SUH-IOXVKLQJ IROORZHG E\  GD\V¶ SRO\PHU LQMHFWLRQ DQG WKHQ IROORZHG E\  GD\V¶
water post-flushing. The injection rate is fixed at 15 m3/day for each injector and the producer bottom hole pressure
is fixed at 200 bars for each producer. At the end of water pre-flushing, the DM needs to decide what polymer
concentration should be used in each injector for the whole period of polymer injection. Thus, there are totally 8
control variables. The polymer concentration is bounded between 0 kg/m3 and 6.5 kg/m3.
Oil and water production rates in each producer will be measured every 240 days during the water pre-flushing
period. These data can be used for HM and inform the decision on polymer concentration. In addition to oil and
water production rate data, the DM is considering to gather another type of data: water saturations in the grid-blocks
circled by the red rings in Fig. 14 by placing saturation measuring devices at these locations. If the devices are
placed, water saturations in these grid-blocks will be measured every 240 days as well. The questions are: What is
the value of additional water saturation data? Should the saturation measuring devices be placed?
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The value function is defined as the NPV with revenue from oil production and costs for water production, water
injection and polymer injection, i.e.,


ݒሺ࢞ǡ ࢇሻ ൌ ܸܰܲሺ࢞ǡ ࢇሻ ൌ 
ୀଵ



 ሺ࢞ǡ
ሺ࢞ǡ ࢇሻܲ௪ െ ݍ
ሺ࢞ǡ ࢇሻܲ ሻοݐ
ࢇሻܲ௪ െ ݍ௪
ሺݍ ሺ࢞ǡ ࢇሻܲ െ ݍ௪
Τ
ሺͳ  ܾሻ௧ೖ ఛ

(29)


where ݍ
is the total polymer injection rate over time step length οݐ and ܲ is the polymer injection cost. The
parameter values used in this specific example are listed in Table 10.

220
$/m3
ܲ
47.5
$/m3
ܲ௪
12.5
$/m3
ܲ௪
12
$/kg
ܲ
8%
±
ܾ
365
days
߬
30
days
οݐ
Table 10² Parameter values for NPV calculation in the Monte Carlo example with a reservoir simulation model.
The measurement noise of oil and water production rate is assumed to be normally distributed with zero mean
and a SD of 1 m3/day, and the measurement noise of water saturation to be normally distributed with zeros mean
and a SD of 0.01. Model noise is ignored.
VOI is calculated using our proposed workflow combined with EnKF and EnOpt. The resulting VOIs for rate
data only, saturation data only, and both rate and saturation data, and VOPI are listed in Table 11.
Data Type

Rate

Saturation

Rate and Saturation

Perfect Information

VOI >Â5]

3.10

3.36

4.11

6.12

Table 11²VOI estimates for Monte Carlo Example with a Reservoir Simulation Model.

It can be see that the values of rate data and saturation data are very close to each other. Although the saturation
data has a value of $3.36Â5 when it is considered individually, it adds a value of only $1.01Â5 (= $4.11Â5 ±
$3.10Â5) in addition to rate data. This indicates that VOI is not additive (Samson et al. 1989). The VOI analysis
informs the DM that he/she should not gather saturation data in addition to rate data if the cost of placing saturation
measuring devices is greater than $1.01Â5.
Discussion and Conclusions
This paper has introduced a workflow for calculating VOI from HM and that is consistent with the original
definition of VOI in the decision sciences. The workflow employs ensemble-based methods and Monte Carlo
sampling. Two formulations (F1 and F2), both of which are consistent with VOI analysis, can be used to calculate
the EVWI. In the limit where the ensemble size approaches infinity, the EVWIs calculated using these two
formulations are identical. However, the numerical results may be different, and consequently different VOI
estimates will be calculated when the ensemble size is small. The VOI calculated using F2 is less sensitive with
regard to ensemble size than is F1. F2 is thus our method of choice for calculating the VOI from HM using Monte
Carlo method.
FZDVFRPSDUHGZLWK%DUURV¶s workflow. We noted that %DUURV¶s workflow, which relies on twin experiments,
is inconsistent with VOI analysis because VOI is a value, not a distribution. Nevertheless, two small modifications
to %DUURV¶s workflow will make it consistent with VOI analysis and consequently, equivalent to F2.
A decision tree was used to illustrate the implementation of the general workflow for VOI analysis in HM
contexts%D\HVLDQLQIHUHQFHZDVH[SOLFLWO\SHUIRUPHGE\DSSO\LQJ%D\HV¶UXOH The use of decision trees provides
clarity in communicating the detailed steps for VOI analysis.
We conducted a sensitivity analysis of the impact of different levels of measurement noise. Due to the nonuniqueness inherent in the HM inverse problem, a zero measurement noise will not result in perfect information
about future production. As the measurement noise increases, VOI is reduced; and once measurement noise exceeds
a threshold, the gathered production data will be immaterial and thus worthless. The sensitivity analysis thus
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confirmed that applying the ensemble-based approach for HM in a VOI framework is consistent with classical VOI
analysis. The sensitivity analysis also illustrated that the value of a measure (its VOI less its cost) does not
necessarily increase as measurement accuracy is improved.
Two Monte Carlo examples demonstrated the application of F2 for VOI assessment. The first example analyzed
the optimal timing of conducting data measurement, and the second example investigated the value of obtaining
additional type of data.
Although we used EnKF for HM (Bayesian updating) and EnOpt for RO (decision making), the proposed VOI
workflow could employ any Bayesian updating method or optimization method. The performance of the calibration
method can affect the accuracy of VOI assessment. EnKF is derived from the Kalman filter, which is designed for
Gaussian distributions. Thus, any inherent non-Gaussianity (e.g., value truncation) can introduce errors in Bayesian
updating and consequent errors in the VOI calculation. When VOI is calculated using Monte Carlo method, the
number of realizations used to represent the probability distributions affects the accuracy of the VOI calculation. We
used an ensemble size of 100, which has been regarded as a reasonable compromise between fairly representing the
probability distribution and limiting computational costs for EnKF. However, given that Bickel (2012) showed that
more than 1,000 realizations are required for a good estimate of VOI in a case where only one uncertain quantity is
involved, an ensemble size of 100 is unlikely to provide an accurate assessment of VOI from HM. The accuracy of
VOI estimate using EnKF and EnOpt should be further investigated in future reseach.
A significant constraint on the routine use of VOI in the HM context is its high computational cost (Barros et al.
2016a). An ensemble size of ݊ , would entail ݊ ensemble-based HM and optimizations over all ݊ realizations. If a
production model needs hours to run, as in many real cases, the CPU time for assessing the VOI for observations
obtained at a certain time will be years. Thus, using parallel computing for VOI calculation can significantly reduce
the waiting time because both the EnKF and RO parts of the workflow can be done in parallel across realizations. If
parallel computing is unavailable, one possible approach is to use fast proxy models (e.g., an upscaled model or a
decline curve model) for production modeling. If this can reduce model run time from hours to seconds, the CPU
time would be reduced from years to hours, making it acceptable for a practical setting. Another possible solution is
to reduce the number of realizations using an efficient discretization method (Bratvold and Thomas 2014). This
works well when only a few uncertain quantities are involved. However, this approach can also be computationally
very expensive when numerous uncertain quantities are involved because the number of discretization points
increases exponentially with the number of uncertain quantities. Barros et al. (2016b) reduced the number of
realization needed using clustering techniques to select representative models from an ensemble.
The computational cost is even higher for a sequential decision making context. Because of this, we only
illustrated VOI assessment for the case with only one decision point. Although Barros et al. (2015b) has extended
their workflow to incorporate sequential decisions using the closed loop reservoir management (CLRM) approach,
we argue that CLRM is a myopic or naïve decision policy where the uncertainties associated with current available
data is considered but the uncertainties associated with future data is not. Fig. 16 illustrates the decision tree
representation for CLRM. The advantage of CLRM is that it greatly simplifies the structure of a sequential decision
making problem and consequently, requires less computational cost for solving the problem. Its significant
drawback is that it does not reflect the full structure of a sequential decision making problem and thus, may lead to a
sub-optimal production strategy. Fig. 17 illustrates the decision tree representation for the full structure of a
sequential decision making problem. The full structure explicitly considers both the uncertainties associated with
current available data and that with future data, i.e., it allows for learning over time. Therefore, the current decision
does not depend on only the uncertainties that a decision maker have learnt so far but also the uncertainties that the
decision maker will learn in the future. Solving the fully structured decision tree gives the optimal production
strategy. Per the strict definition of VOI, it is referred exclusively to that associated with the optimal decision policy
(i.e. the solution of the fully structured decision tree). The VOI assessed using the CLRM approach is a special case
and only for the CLRM production strategy. The VOI associated with the CLRM production strategy may be lower
than the generally defined VOI (i.e. the VOI associated with the optimal production strategy). Therefore, using the
CLRM approach is a simplification of solving a sequential decision making problem but not a replacement. Solving
for the optimal production strategy may create more value than the CLRM production strategy but requires more
computational cost.
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Fig. 16²Decision tree representation for CLRM.

Fig. 17²Decision tree representation for the full structure of a sequential decision making problem.

Another significant constraint is the difficulty in Bayesian inference when a large number of uncertain
parameters (e.g., the porosity and permeability in each grid block of a reservoir simulation model) is involved.
Although many publications have shown promising results of updating a large number of uncertain parameters using
EnKF, it may lead to statistic bias and consequently reduce the accuracy of VOI calculation. Any other Bayesian
updating methods, e.g., the ensemble smoother (Skjervheim and Evensen 2011) or Markov-chain Monte Carlo
methods (Oliver et al. 1997), can be adopted into our proposed workflow. Thus, a possible direction for further
research is to investigate the impact of different updating methods on VOI estimate.
Many producing fields and most new fields gather some types of data (e.g., water, oil, and gas production rate
and well bottom-hole pressure) for monitoring and other purposes. VOI analysis plays no role for these types of
measurements, because the data already have been or definitely will be gathered. However, VOI analysis is very
relevant and useful for other types of costly data, such as 4D seismic surveys.
Although issues remain in the context of developing a broad and deep understanding and routine application of
the concept, we remain optimistic about the value of VOI analysis in the O&G industry.
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